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4 Lqwurgxfwlrq

Zlwk wzr0vwdwh rswlrq sulflqj prghov/ wkhuh lv lq jhqhudo qr forvhg irup vroxwlrq h{fhsw iru vrph sd|r�v
dqg prghov/ olnh wkh vwrfkdvwlf yrodwlolw| prgho ri Khvwrq ^4<<6` iru d ydqlood rswlrq ru wkh sulflqj ri dq
h{fkhdqjhdeoh rswlrq lq d Eodfn dqg Vfkrohv iudphzrun1 Qxphulfdo dojrulwkpv duh dovr d nh| srlqw iru 5G
rswlrq sulflqj1 Wkuhh w|shv ri qxphulfdo phwkrgv duh dydlodeoh= qxphulfdo lqwhjudwlrq +ghwhuplqlvwlf/ Prqwh
Fduor dqg txdvl0Prqwh Fduor,/ �qlwh gl�huhqfh dqg uhodwhg �hogv olnh �qlwh hohphqwv phwkrgv/ dqg pdunry
phwkrgv +h{whqvlrq ri elqrpldo wuhh lq d kljkhu glphqvlrq,1 Lq wklv sdshu/ zh uhylhz wkhvh phwkrgv dqg
dsso| wkhp wr vrph rswlrq sureohpv1

5 Qxphulfdo dojrulwkpv ri 5G rswlrq sulflqj

Lq wkh P 0idfwru duelwudjh prgho zklfk vdwlv�hv wkh vwdqgdug uhjxodulw| frqglwlrqv/ wkh sulfh ri wkh �qdqfldo
dvvhw4 S +w, @ S +w>[ +w,, vdwlv�hv wkh iroorzlqj Sduwldo Gl�huhqwldo Htxdwlrq;AAAA?
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4Wkh pdwxulw| gdwh ri wkh dvvhw lv A 1 Wkh gholyhu| ydoxh C ghshqgv rq wkh ydoxhv wdnhq e| wkh vwdwh yduldeohv dw wkh
pdwxulw| gdwh C ' � EA � ' C EAcf EA �� dqg wkh dvvhw sd|v d frqwlqxrxv glylghqg } zklfk lv d ixqfwlrq ri wkh vwdwh yhfwru
} ' } E|cf E|��1

5



zlwk T wkh pduwlqjdoh suredelolw| phdvxuh1 Wkh sulflqj ri Hxurshdq rswlrqv frxog eh grqh e| vroylqj wkh
SGH +9, ru e| lqwhjudwlqj wkh irupxod +:,1 Wkh fdvh ri sdwk0ghshqghqw rswlrq lv pruh frpsolfdwhg/ exw wkh
sulfh frxog eh irxqg lq jhqhudo zlwk wkh vdph whfkqltxhv1

514 Qxphulfdo lqwhjudwlrq phwkrgv

Zh frqvlghu wkh h{dpsoh ri d Edvnhw2Vsuhdg rswlrq rq wzr dvvhwv1 Ohw Vl +w, eh wkh sulfh surfhvv ri wkh
vwrfn l dw wlph w1 Xqghu wkh xqltxh htxlydohqw pduwlqjdoh phdvxuh T dqg dffruglqj wr wkh Eodfn0Vfkrohv
prgho/ zh dvvxph wkdw wkh g|qdplfv ri Vl +w, lv d orj0qrupdo gl�xvlrq
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Fkrohvn| ghfrpsrvlwlrq ri wkh fruuhodwlrq pdwul{ ri iZ4 +w, >Z5 +w,j/ zh frxog vkrz wkdw wkh sulfh dvvrfldwhg
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sulfh ri dq Hxurshdq rswlrq ri pdwxulw| � dqg d suhplxp N1 V3/ �/ e dqg u duh uhvshfwlyho| wkh fxuuhqw
sulfh ri wkh xqghuo|lqj dvvhw/ wkh yrodwlolw|/ wkh frvw0ri0fduu| sdudphwhu dqg wkh lqwhuhvw udwh1

Wklv �uvw h{dpsoh uhtxluhv wr vroyh wkh lqwhjudwlrq sureohp +<, ru +44, zlwk qxphulfdo phwkrgv1 Rqh ri
wkh prvw xvhg phwkrgv duh fhuwdlqo| txdgudwxuh uxohv +Jroxe dqg Zhovfk ^4<9<`,1 Wkh xqghuo|lqj lghd
lv wr dssur{lpdwh wkh ixqfwlrq e| dq dssursuldwh sro|qrpldo1 Lq wkh fdvh ri Jdxvv txdgudwxuhv5/ Jroxe
dqg Zhovfk vkrz wkdw li i +{, @ E +{, s +{, zlwk s 5 S5q�4 +Sq lv d vhw ri rughu q sro|qrpldov,/ wkhq wkhuh
h{lvw qrghv 3 ? {4 ? {5 ? � � � ? {q ? 4 vxfk wkdw L @
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Sq
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zhljkwv61 Li i +{, lv d qrw d sro|qrpldo/ exw lv vprrwk uhodwlyh wr s 5 S5q�4/ J +i, @
Sq

l@4zli +{l, lv dq
dssur{lpdwlrq ri wkh lqwhjudo1 Rqh ri wkh pdmru lvvxh lv ri frxuvh wkh dffxudf| ri wkh dssur{lpdwlrq1 Wr
frpsxwh wkh zhljkwv dqg wkh qrghv/ zh kdyh wr vshfli| wkh edvlv ixqfwlrq E +{, dqg wkh vxssruw1 izl> {lj
duh dovr wkh vroxwlrq ri dq hljhqydoxh sureohp ri d Mdfrel pdwul{7 dqg duh dvvrfldwhg wr d vshfl�f fodvv
ri sro|qrpldov S5q�4 +vhh wkh �jxuh 4,1 Iru h{dpsoh/ Ohjhqguh txdgudwxuhv duh xvhg iru �qlwh vxssruw
dqg E +{, @ 41 Dq lpsruwdqw srlqw ri txdgudwxuh phwkrgv lv wkdw wkh h{whqvlrq wr kljkhu glphqvlrqv lv
vwudljkwiruzdug +Gdylv dqg Udelqrzlw} ^4<;7`,1

Zh frqvlghu wkh ixqfwlrq i +{, @ 5�' frv +5�'{, . 5{1 Lq wkh �jxuh 5/ zh kdyh sorwwhg wkh ixqfwlrq
i / wkh wuxh ydoxh ri wkh lqwhjudo

U {
3 i +w, gw @ {5 . vlq +5�'{, dqg lwv qxphulfdo dssur{lpdwlrq iru ' @ 41

Zh uhpdun wkdw wkh dssur{lpdwlrq ghshqgv erwk rq wkh rughu q ri wkh txdgudwxuh dqg wkh ydoxh { ri wkh

5Wkhuh duh rwkhu txdgudwxuh uxohv/ iru h{dpsoh wkh Jdxvv0Udgdx/ Jdxvv0Oredwwr ru Jdxvv0Nurqrg uxohv +Fdoyhwwl/ Jroxe/
Judjj dqg Uhlfkho ^4<<;`,1

6Wkh h{whqvlrq wr rwkhu vxssruwv lv qrw d gl!fxow|1
7Vrph qxphulfdo ydoxhv frxog eh irxqg lq Deudprzlw} dqg Vwhjxq ^4<:3`1

6



Iljxuh 4= Jdxvv txdgudwxuh qrghv dqg zhljkwv

Iljxuh 5= Qxphulfdo lqwhjudwlrq zlwk Jdxvv0Ohjhqguh txdgudwxuh
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Iljxuh 6= Ohjhqguh sro|qrpldo lqwhusrodwlrq ri wkh ixqfwlrq

erxqg1 Iru d �{hg q/ wkh huuru lv lq jhqhudo juhdwhu iru d eljjhu ydoxh ri wkh erxqg1 Lq wkh wklug dqg irxuwk
txdgudqwv/ zh kdyh vhw ' wr ;1 Wr lqyhvwljdwh wkh dffxudf| ri wkh qxphulfdo vroxwlrq iru dq rughu q/ zh
kdyh wr yhuli| wkdw i lv vprrwk uhodwlyh wr wkh dssursuldwh sro|qrpldo +vhh wkh �jxuh 6,1 Iru h{dpsoh/ li
zh xvh dq rughu 533 txdgudwxuh uxoh/ s 5 S6<<1 Lq rxu fdvh/ q @ 49 lv qrw dssursuldwh ehfdxvh i frxog qrw
eh czhoo0dssur{lpdwhg* iru { 5 ^3> 43`1 Zh uhpdun dovr wkdw wkh huuru grhv qrw ghfuhdvh v|vwhpdwlfdoo| zlwk
q +frpsduh q @ 43 dqg q @ 49 lq wkh �jxuh 6,1 Dqrwkhu nh| srlqw lv wkh sureohp ri qrw �qlwh vxssruw1
Zh kdyh uhsruwhg lq wkh wdeoh +4, wkh ydoxh wdnhq e| wkh odvw qrgh {q iru wkh Jdxvv0Odjxhuuh dqg Jdxvv0
Khuplwh txdgudwxuhv81 Wkh xvh ri vxfk uxohv lpsolhv wkdw wkh dssur{lpdwlrqv
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3
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dqg
U4
�4

i +{, g{ * U {q
�{q

i +{, g{ pxvw eh ydolg91

q Odjxhuuh Khuplwh
7 <16<8 41983
; 551;9 51<63
49 841:3 719;;
65 4441: :1458
433 6:71< 46173
533 :9:1; 4<166

Wdeoh 4= Ydoxh ri wkh qrgh {q

Zh frqvlghu wkh sulflqj ri Edvnhw2Vsuhdg rswlrqv1 Zh kdyh uhsruwhg lq wkh �jxuh +7, wkh qxphulfdo
ydoxhv: jlyhq e| wkh wzr0glphqvlrqdo txdgudwxuh phwkrgv dssolhg wr wkh htxdwlrq +<,1 Zh uhpdun wkdw d
vpdoo rughu q jlyhv d srru dffxudf|1 Li q lv kljk/ wkhuh duh vrph frpsxwhu urxqgr�v dqg wkh sulfh pd|

8Wkh Odjxhuuh dqg Khuplwh txdgudwxuh phwkrgv duh xvhg uhvshfwlyho| zkhq wkh vxssruw ri wkh lqwhjudo lv dfc"d dqg o3"c"d1
9 Lq sduwlfxodu/ zh uhpdun wkdw li s lv hyhq/ lw zrxog eh qrw htxlydohqw wr frpsxwh wkh lqwhjudo

U"
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s E%� _% e| wkh wzr uxohv
zlwk wkh vdph rughu1

:Wkh sdudphwhuv duh 7� E|f� ' �ff/ K� ' SI/ j� ' 2fI/ 72 E|f� ' bD/ K2 ' �I/ j2 ' �DI/ A 3 |f ' � dqg o ' DI1
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Iljxuh 7= Edvnhw2Vsuhdg rswlrq sulfhv frpsxwdwlrq

qrw frqyhujh; 1 Rqh gl!fxow| lv wkdw iru d �{hg q/ zh frxog kdyh d yhu| jrrg dssur{lpdwlrq iru vrph
sdudphwhuv/ zkhuhdv wkh dssur{lpdwlrq lv qrw jrrg iru rwkhu sdudphwhuv1 Zh qrwh pruhryhu wkdw wkhvh
gl!fxowlhv ehfrphv kdughu iru kljkhu glphqvlrqv1

515 Prqwh Fduor dqg txdvl0Prqwh Fduor phwkrgv

Ohw K eh d glvwulexwlrq rq 
 dqg j d frqwlqxrxv ixqfwlrq1 Zh kdyh dovr
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j +{, gK +{, +46,

zlwk {4> = = = >{q q llg udqgrp yduldwhv1 Prqwh Fduor phwkrgv duh edvhg rq wkh lghd wkdw zh frxog wudqvirup

wkh sureohp ri lqwhjudwlrq e| d sureohp ri h{shfwdwlrq1 Lq wkh jhqhudo fdvh/ zh kdyh L @
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i +{, g{1 Zh

dvvxph wkdw zh frxog ghfrpsrvh i +{, e| j +{,k +{, zlwk k d nhuqho ghqvlw| ixqfwlrq1 Lw lv dovr htxlydohqw

wr frpsxwh L ru
]




j +{, gK +{, dqg zh kdyh wkh iroorzlqj surshuw| +Jhzhnh ^4<<8`,=

solp q�4@5 +Lq � L, @ Q
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]



+j +{,� L,5 gK +{,

�
+47,

zlwk Lq @ 4
q

Sq
l@4 j +[l,1 Lq sudwlfh/ wkh vhtxhqfh i{4> = = = >{qj lv jhqhudwhg e| svhxgr0udqgrp phwkrgv

vxfk dv olqhdu frqjuxhqwldo jhqhudwruv +vhh Hqwdfkhu ^4<<:` iru d jrrg uhylhz rq SUQJv,1 Lq wklv fdvh/ wkh

;Wklv frphv iurp wkh idfw wkdw ���� lv yhu| vpdoo iru odujh ?1
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Iljxuh 8= Ghqvlw| ri wkh lqwhjudo Lq

jrrg surshuwlhv ri Prqwh Fduor dojrulwkp +�wkh frqyhujhqfh udwh q�4@5 lv lqghshqghqw ri wkh glphqvlrq ri

 dqg wkh frqyhujhqfh udwh krogv hyhq iru ixqfwlrqv iurp O5�, duh qrw dozd|v suhvhuyhg +Wudxe dqg Zr�}0
qldnrzvnl ^4<;<`,1 Lq sudfwlfh/ wkh h!flhqf| ri Prqwh Fduor frxog eh lpsuryhg e| xvlqj vrph dffhohudwhg
phwkrgv +e| xvlqj frqwuro ru dqwlwkhwlf yduldwhv,1 Zh wdnh wkh suhylrxv Edvnhw h{dpsoh zlwk � @ 3=81 Lq
wkh �jxuh 8/ zh kdyh uhsuhvhqwhg wkh suredelolw| ghqvlw| ixqfwlrq ri Lq iru q @ 433 dqg q @ 5331 Pruhryhu/
zh kdyh uhsruwhg wkh fruuhvsrqglqj ghqvlw| zkhq zh xvh dq dqwlwkhwlf yduldwh +d1y1, zlwk q @ 4331

Lq 4<<5/ Mrvhsk Wudxe dqg klv Sk1G1 vwxghqw Vsdvvlplu Sdvnry wu| wr dsso| txdvl0Prqwh Fduor phwkrgv
wr ydoxh d froodwhudol}hg pruwjdjh reoljdwlrq/ zklfk zdv d 693 glphqvlrqdo sureohp1 Wkh surmhfw zdv wkh
iroorzlqj +vhh ^93`,=

Wkhru| vxjjhwv wkdw orz glvfuhsdqf| dojrulwkpv duh vrphwlphv vxshulru wr Prqwh Fduor dojr0
ulwkpv1 Krzhyhu/ d qxpehu ri uhvhdufkhuv uhsruw wkdw wkhlu qxphulfdo whvwv vkrz wkdw wklv
wkhruhwlfdo dgydqwdjh ghfuhdvhv zlwk lqfuhdvlqj glphqvlrq1 Ixuwkhupruh/ wkh| uhsruw wkdw wkh
wkhruhwlfdo dgydqwdjh ri orz glvfuhsdqf| dojrulwkpv glvdsshduv iru udwkhu prghvw ydoxhv ri wkh
glphqvlrq/ vd|/ g � 631 Zh ghflghg wr frpsduh wkh h!fdf| ri orz glvfuhsdqf| dqg Prqwh Fduor
dojrulwkpv rq wkh hydoxdwlrq ri �qdqfldo ghulydwlyhv1

Wkh lghd wkdw �TPF lv vxshulru wr PF iru �qdqfh frpsxwdwlrqv� frxog eh irxqg lq qxphurxv sxeolfdwlrqv
ri Wudxe +vhh iru h{dpsoh ^8;`/ ^8<` ru ^94`,1 Ehiruh grlqj vrph looxvwudwlrqv/ zh jlyh d eulhi ghvfulswlrq ri
wkh TPF xqghuo|lqj wkhru|1 Zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw 
 @ ^3> 4`g dqg k +{, @ 41 Zlwk
PF phwkrgv/ zh jhqhudwh xqlirup udqgrp srlqwv lq wkh k|shufxeh ^3> 4`g1 TPF phwkrgv xvh qrq0udqgrp
srlqwv lq rughu wr kdyh d pruh qlfho| xqlirup glvwulexwlrq1 D orz glvfuhsdqf| vhtxhqfh X @ ix4> = = = >xqj lv
wkhq d vhw ri ghwhuplqlvwlf srlqwv glvwulexwhg lq wkh k|shufxeh ^3> 4`g1 Ohw xv gh�qh wkh vwdu glvfuhsdqf| ri
X e| GB=

GB
q +X, @ vxs

{5


������
4

q

q[
m@4

g\
l@4

"
�
4 � xlm � {l

�� g\
l@4

{l

������ +48,
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Iljxuh 9= Frpsdulvrq ri gl�huhqw svhxgr0udqgrp jhqhudwruv

Zh frxog lqwhusuhw GB dv d glvwdqfh phdvxuh ehwzhhq wkh wkhruhwlfdo frqwlqrxv xqlirup glvwulexwlrq dqg
wkh glvfuhwh xqlirup glvwulexwlrq jhqhudwhg e| wkh orz glvfuhsdqf| vhtxhqfh X1 Zh qrwh wkdw li X lv uhdoo|
xqlirup/ wkhq olpGB

q +X, @ 3 iru hyhu| glphqvlrq g1 Pruhryhu/ wkh Nrnvpd0Kodznd lqhtxdolw| lpsolhv wkdw

mLq � Lm � GB
q +X,Y +i, +49,

zkhuh Y +i, lv wkh Kdug|0Nudxvh yduldwlrq ri i +wklv uhvxow lv rqh ri ydulrxv Fkhovrq*v wkhruhpv � vhh
Vsdqlhu dqg Ol ^4<<;`,1 Zh frxog �qg orz glvfuhsdqf| vhtxhqfhv vxfk wkdw wkh huuru lv ri rughu q�4 +oqq,g

lq suredelolw| +wklv lv wkh ehvw srvvleoh erxqg � vhh Prurnrii dqg Fdiolvfk ^4<<7`,1 Li zh frpsduh
wklv erxqg zlwk wkh rughu frqyhujhqfh ri PF R

�
q�4@5

�
/ zh uhpdun wkdw TPF lv wkhruhwlfdoo| ehwwhu wkdq

PF iru vpdoo glphqvlrqv<1 Iru kljk glphqvlrqv/ TPF uhtxluhv d odujh qxpehu ri srlqwv wr eh h!flhqw
+Prurnrii dqg Fdiolvfk ^4<<8`,1 Shrsoh kdyh grqh vrph zrunv wr h{sodlq wkh idfw wkdw TPF frxog
eh pruh dffxudwh wkdq PF hyhq iru odujh glphqvlrq g1 Qhyhuwkhohvv/ wkh| suhvhqw rqo| sduwldo dqvzhuv
+Vordq dqg Zr�}qldnrzvnl ^4<<;`/ Fdiolvfk/ Prurnrii dqg Rzhq ^4<<:`,1 Pruhryhu/ prvw ri wkh
�qdqfldo sureohpv/ zklfk kdyh ehhq vwxglhg/ duh sdwk0lqghshqghqw frqwlqjhqw fodlpv sulflqj43 1

Erxohdx dqg Oìslqjoh ^4<<7` uhylhz gl�huhqw txdvl0udqgrp vhtxhqfhv441 Wkh prvw nqrzq duh wkh
Kdowrq*/ Vrero* dqg Idxuh vhtxhqfhv dqg fruuhvsrqglqj frpsxwdwlrqdo frghv duh dydlodeoh lq gl�huhqw sur0
judpplqj odqjxdjhv +vhh ^45`/ ^46`/ ^95` ru ^:5`,1 Wkh whfkqltxhv wr jhqhudwh wkh vhtxhqfhv duh edvhg rq

<Krzhyhu/ dv qrwhg e| Oìplhx{ dqg O*Hfx|hu ^5333`/ �wkh prvw xvhixo surshuw| ri +48, lv qrw wr jlyh dq lghd ri wkh
lqwhjudwlrq huuru/ ehfdxvh wkh erxqg lv xvxdoo| wrr orrvh/ exw wr ghulyh fulwhuld iru fkrrvlqj jrrg vhwv F e| surylglqj d txdqwlw|
wr plqlpl}h/ qdpho| (


? EF��1
43Iru h{dpsoh/ Ùnwhq ^5333` uhsruwv vrph uhvxowv rq Dvldq rswlrqv dqg Hxurshdq rswlrqv zlwk vwrfkdvwlf yrodwlolw|/ dqg wkh

frqfoxvlrqv duh qrw yhu| fohdu$
44Wkhuh duh gl�huhqw phwkrgv wr frqvwuxfw txdvl0udqgrp vhtxhqfhv1 Wkh prvw xvhg duh odwwlfh uxohv/ gljlwdo vhtxhqfhv ru

E|c6c r�0qhwv1 Rzhq ^4<<;d` gh�qhv wkhvh odvw vhtxhqfhv dv iroorzlqj=

Ohw w dqg p eh qrqqhjdwlyh lqwhjhuv1 D �qlwh vhtxhqfh F M dfc ��r zlwk ? ' K6 lv d E|c6c r�0qhwv lq edvh K li hyhu|
K0du| er{ ri yroxph K|36 frqwdlqv h{dfwo| K| srlqwv ri wkh vhtxhqfh1

Zh qrwh dovr wkdw zh frxog frqvwuxfw cqhz* txdvl0udqgrp vhtxhqfhv e| xvlqj udqgrpl}dwlrq whfkqltxhv +vhh Rzhq ^4<<;e` iru
dq dssolfdwlrq ri OVV � Odwlq Vxshufxeh vdpsolqj,1

;



Iljxuh := Krz wkh Vrero jhqhudwru zrunv B

qxpehu wkhru|1 Iru h{dpsoh/ wkh Kdowrq*v vhtxhqfh lv edvhg rq wkh s0dglf h{sdqvlrq ri lqwhjhuv q @
gns

n . � � � . g4s . g3 zkhuh gl 5 i3> = = = > s� 4j iru l @ 3> = = = > n dqg rq wkh udglfdo0lqyhuvh ixqfwlrq
(e +q, @

Sn
l@3 gns

�+l.4, +Zdqj dqg Klfnhuqhoo ^5333`,1 Wkh g0glphqvlrqdo Kdowrq ( @ i(qj vhtxhqfh
lv gh�qhg e| (q @

�
(s4 +q, > = = = > (sg +q,

�
zkhuh s4> = = = > sg duh lqwhjhuv wkdw duh juhdwhu wkdq 4 dqg sdluzlvh

uhodwlyho| sulph45 1 Zh kdyh uhsuhvhqwhg wklv vhtxhqfh dqg wzr rwkhuv46 +Kdpphuvoh| dqg Idxuh, lq wkh
�jxuh 91 Wkh lghd lv ri frxuvh wr dgg wkh qhz srlqwv qrw udqgrpo|/ exw cehwzhhq wkh h{lvwlqj srlqwv*1 Iru
h{dpsoh/ zh kdyh dgghg 589 srlqwv lq wkh Vrero vhtxhqfh lq hdfk txdgudqw ri wkh �jxuh : � wkh qhz srlqwv
fruuhvsrqg wr d vtxduh v|pero1 Qrz/ vxssrvh wkdw wkh glphqvlrq g ehfrphv odujhu1 Lw zloo ehfrph pruh
dqg pruh gl!fxow wr �oo wkh k|shufxeh471 Wr looxvwudwh wklv sureohp/ zh frqvlghu wkh 6G surmhfwlrq ri d
g0glphqvlrqdo qrupdo yduldwhv rewdlqhg xvlqj wkh �uvw 63:5 srlqwv ri wkh Idxuh vhtxhqfhv481 Zh uhpdun wkdw
zh kdyh wr lqfuhdvh wkh qxpehu ri srlqwv li zh zrxog olnh wr pds doo wkh vsdfh1 Dqg zh kdyh wr eh fduhixo
li zh gr qrw zdqw wr jhqhudwh vrph ckroh duhd* +vhh wkh �jxuh < zklfk uhsuhvhqwv wkh �uvw 4357 srlqwv ri wkh
gluhfwlrqdo yhfwruv rq wkh xqlw vskhuh,1

Zh qrz frqvlghu dq looxvwudwlrq1 Wkh sureohp lv wkh sulflqj ri d ydqlood rswlrq lq wkh Eodfn0Vfkrohv
prgho1 Lw dvvxph wkdw wkh sulfh V +w, lv d orj0qrupdo gl�xvlrq jlyhq e| wkh htxdwlrq +;,1 Wkh ydoxh ri wkh

Fdoo rswlrq lv wkhq F +w3, @ h�u+W�w3,HT

k
+V +W ,�N,. m Iw3

l
1 Wkh surfhvv V +W , m Iw3 lv vlpxodwhg e| dq

45 Lq sudfwlfh/ wkh| duh wkh �uvw ? sulph qxpehuv1
46Zh kdyh xvhg R� ' 2 dqg R2 ' �1
47Wklv skhqrphqrq lv fdoohg cwkh fxuvh ri glphqvlrqdolw|*1
48Wkh phdq yhfwru lv qxoo dqg wkh fryduldqfh pdwul{ P lv

P '

5
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Iljxuh ;= 6G surmhfwlrq ri qrupdo svhxgr0udqgrp qxpehuv zlwk Idxuh jhqhudwru

Iljxuh <= Txdvl0udqgrp srlqwv rq wkh xqlw vskhuh
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Iljxuh 43= Frqyhujhqfh ri TPF phwkrgv

h{dfw vfkhph +Norhghq dqg Sodwhq ^4<<5`, xvlqj wklv uhfxuvlyh irupxod

oqV +wp.4, @ oqV +wp, .

�
e� 4

5
�5

�
+wp.4 � wp, . �

s
wp.4 � wp% +4:,

zlwk % d Q +3> 4, yduldwh dqg wkh wlph glvfuhwlvdwlrq49 w3 ? w4 ? � � � ? wp ? � � � ? wQw
@ W 1 Zh frqvlghu d 8

srlqwv glvfuhwlvdwlrq4:1 Zh kdyh sorwwhg wkh frqyhujhqfh4; lq wkh �jxuh 431 Ehfdxvh wkh Kdpphuvoh| qhwv
duh d forvhg vhtxhqfh/ zh kdyh uhsruwhg rqo| wkh odvw ydoxh1 Zh uhpdun wkh yhu| jrrg ehkdylrxu ri wkh Vrero
vhtxhqfh1 Iru wkh udqgrp vhtxhqfhv/ wkh frqyhujhqfh ghshqgv rq wkh vhhg ydoxh dqg rq wkh OFJ sdudphwhuv1
Qrz/ zh vxssrvh wkdw wkh EV rswlrq sulflqj lv mxvw rqh frpsrqhqw ri d eljjhu PF sureohp4< 1
Lq wkh �jxuh 43/ zh vkrz wkh lq xhqfh ri wkh glphqvlrq g ri wkh Idxuh vhtxhqfh rq wkh frqyhujhqfh1 Wklv
h{dpsoh lv lqwhuhvwlqj ehfdxvh lw looxvwudwhv wkh sureohp ri wkh fxuvh ri glphqvlrqdolw| +vhh wkh frqyhujhqfh
iru wkh glphqvlrq 8333,1

Dqrwkhu gl!fxow| lv wkh fkrlfh ri wkh txdvl0udqgrp vhtxhqfh1 Iru h{dpsoh/ zh kdyh frpsxwhg wkh
suhylrxv Edvnhw2Vsuhdg sulfhv zlwk 65:9; vlpxodwlrqv dqg zh rewdlq wkh uhvxowv ri wkh wdeoh 51 Iru wklv
h{dpsoh/ wkh sulfhv duh wkh vdph zlwk d 5 gljlwv suhflvlrq/ ehfdxvh zh kdyh d orz glphqvlrq sureohp1
Krzhyhu/ lw lv qrw dozd|v wkh fdvh zlwk eljjhu glphqvlrq1 Wkh fkrlfh ri wkh txdvl0udqgrp vhtxhqfh lv wkhq
lpsruwdqw1 Exw wkh ehvw phwkrg grhv qrw h{lvw1 D vhtxhqfh pd| kdyh d yhu| jrrg ehkdylrxu
iru rqh sureohp/ dqg pd| eh ohvv shuirupdqw iru dqrwkhu sureohp +vhh Elujh ^4<<7` ru Ùnwhq
^5333` iru vrph looxvwudwlrqv,1

Lq frqfoxglqj uhpdunv/ zh frxog vd| wkdw/ hyhq li wkhuh duh d orw ri zrunv rq wklv uhvhdufk duhd/ zh qhhg
pruh uhvhdufk wr rewdlq pruh frqylqflqj uhvxowv rq Txdvl0Prqwh Fduor phwkrgv1

49�| lv wkh qxpehu ri glvfuhwlvdwlrq srlqwv iru |1
4:Wkh glphqvlrq _ lv dovr htxdo wr 81
4;Wkh sdudphwhuv duh wkh iroorzlqj= 7 E|f� ' �ff/ g ' �ff/ K ' SI/ j ' 2fI/ A 3 |f ' � dqg o ' DI1
4<Wkh vlpxodwhg sulfhv duh frpsxwhg zlwk wkh �uvw �yh frruglqdwhv ri wkh vhtxhqfh/ zkhuhdv wkh glphqvlrq _ ri wkh sureohp

lv odujh1
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Iljxuh 44= Lq xhqfh ri wkh glphqvlrq g rq wkh frqyhujhqfh ri wkh Idxuh TPF sulfhv

Khuplwh 65 Kdpphuvoh| Kdowrq Vrero Idxuh
+�4 @ 4> �5 @ 4> � @ 3=8>N @ 533, 461:;8 461:;4 461::6 461::9 461:::
+�4 @ 4> �5 @ �4> � @ 3=8>N @ 3, 44195: 441935 441943 44193; 441939
+�4 @ 4> �5 @ 4> � @ �3=8>N @ 533, <1569; <155<4 <1557; <155:; <155::
+�4 @ 4> �5 @ �4> � @ �3=8>N @ 3, 44195: 441935 441943 44193; 441939

Wdeoh 5= Edvnhw2Vsuhdg TPF sulfhv

516 Ilqlwh Gl�huhqfh phwkrgv

Lq wklv sdudjudsk/ zh iroorz wkh sdshu ri Nxuslho dqg Urqfdool ^4<<<`1 Zh frqvlghu wkh olqhdu sduderolf
htxdwlrq

C x +w> {> |,

C w
. i +w> {> |,x +w> {> |, @ Dwx +w> {> |, . j +w> {> |, +4;,

zkhuh Dw lv wkh jhqhudo wzr glphqvlrqdo gl�huhqwldo rshudwru

Dwx +w> {> |, @ d +w> {> |,
C5 x +w> {> |,

C {5
. 5e +w> {> |,

C5 x +w> {> |,

C {C |
. f +w> {> |,

C5 x +w> {> |,

C |5
.

g +w> {> |,
C x +w> {> |,

C {
. h +w> {> |,

C x +w> {> |,

C |
+4<,

Wkh lghd lv wr vroyh +4;, lq d uhjlrq ri wkh +w> {> |, vsdfh jlyhq e| 9�7 zkhuh 7 lv d forvhg uhjlrq ri wkh
+{> |, sodqh zlwk d frqwlqxrxv erxqgdu| C71 Lq sduwlfxodu/ iru frqyhqlhqw frpsxwdwlrq/ zh dvvxph wkdw
7 @ ^{�> {.` � ^|�> |.` dqg 9 @ ^w�> w.`1 Wr vroyh +4;, qxphulfdoo| / zh qhhg wr lpsrvh vrph erxqgdu|
frqglwlrqv1 Iru w @ w�/ zh frqvlghu d Fdxfk| frqglwlrq1 Iru wkh rwkhu erxqgdu|/ zh frxog fkrrvh ehwzhhq
d Glulfkohw ru d Qhxpdqq frqglwlrq1 Lq rughu wr ghyhors d qxphulfdo vroxwlrq iru +4;,/ zh qhhg wr glvfuhwlvh
wkh surfhvv x +w> {> |, lq erwk wlph dqg vsdfh glphqvlrqv1 Ohw Qw/ Q{ dqg Q| eh wkh qxpehu ri glvfuhwlvdwlrq
srlqwv iru w/ { dqg | uhvshfwlyho|1 Zh ghqrwh e| n/ k{ dqg k| wkh phvk vsdflqjv lq wlph dqg vsdfh lq wkh
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{ dqg | gluhfwlrqv uhvshfwlyho|53 1 Zh qrwh wp @ w� .p � n/ {l @ {� . l � k{ dqg |m @ |� . m � k|1 Ohw xpl>m
eh wkh dssur{lpdwh vroxwlrq wr +4;, dw wkh julg srlqw +wp> {l> |m, dqg x +wp> {l> |m, wkh h{dfw vroxwlrq ri wkh
Sduwldo Gl�huhqfldo Htxdwlrq dw wklv srlqw1 Ohw P eh wkh pdwul{ zlwk +l> m, hqwu| +Pl>m, dqg ghqrwh yhf +P,
e| p1

Wkh h{solflw irup ri htxdwlrq +4;, lv

xp.4
l>m � xpl>m

n
. ipl>mx

p
l>m @ Dp

l>m . jpl>m +53,

zkloh wkh lpsolflw irup lv
xp.4
l>m � xpl>m

n
. ip.4

l>m xp.4
l>m @ Dp.4

l>m . jp.4
l>m +54,

Lqwurgxflqj wkhwd0vfkhphv jlyhv�
4 . n�p.4

l>m ip.4
l>m

�
xp.4
l>m � n�p.4

l>m

�
Dp.4
l>m . jp.4

l>m . sp.4
l>m

�
@

�
4� n�pl>mi

p
l>m

�
xpl>m . n�pl>m

�
Dp
l>m . jpl>m . spl>m

�
+55,

zlwk
�p.4
l>m . �pl>m @ 4 +56,

Zh fdq vkrz wkdw wkhuh h{lvwv d vtxduh pdwul{ Kp dqg d yhfwru sp vxfk wkdw

Dp @ Kpxp . sp +57,

Zh fdoo spl>m wkh uhvlgxdo devruswlrq ixqfwlrq1 Wkhq/ zh kdyh

^L . n�p.4ip.4 � n�p.4Kp.4`xp.4 @ ^L � n�pip . n�pKp`xp .

n ^�p.4jp.4 .�pjp` . n ^�p.4sp.4 .�psp` +58,

zlwk
�p @ gldj +�p,

dqg
�p @

�
�pl>m

�
Wkh htxdwlrq +58, lv wkh jhqhudo yhf irup ri �qlwh gl�huhqfh phwkrgv iru wzr0glphqvlrqdo Sduwldo Gl�huhqwldo
Htxdwlrqv1 Zh kdyh qrz wr vshfli| Dp

l>m dqg �p1 Wkh jhqhudo irup ri Dp
l>m lv

Dp
l>m @

5[
�~@�5

5[
��@�5

�pl>m>�~>��x
p
l.�~>m.�� +59,

Wkhq/ zh fdq zulwh wkh pdwul{ Dp zlwk hohphqwv +Dp
l>m, lq wkh iroorzlqj irup

Dp @ �pxp . tp +5:,

Lq idfw/ tp uh hfwv wkh erxqgdu| frqglwlrqv1 Zkhq zh xvh wkhp/ zh fdq vsolw wkh yhfwru tp dqg kdyh

tp @ �pxp . sp +5;,

Wkhq/ lw lv fohdu wkdw Kp lq htxdwlrq +58, lv

Kp @ �p .�p +5<,

Wkh qdwxuh ri wkh erxqgdu| frqglwlrqv lv lpsruwdqw/ ehfdxvh d Glulfkohw frqglwlrq zloo lq xhqfh wkh sp
yhfwru zkloh d Qhxpdq frqglwlrq zloo d�hfw wkh �p pdwul{1 Wklv lqwhjudwlrq ri wkh erxqgdu| frqglwlrqv lv
frpsohwho| h{sodlqhg lq Nxuslho dqg Urqfdool ^4<<<`1

53Wkhq/ zh kdyh & ' |.3|�

�w3�
/ �% ' %.3%�

�{3�
dqg �+ ' +.3+�

�|3�
1
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Ohw � @ W � w eh wkh wlph wr pdwxulw| ri wkh dvvhw1 Zh vhh wkdw htxdwlrq +9, frxog eh sxw lq wkh irup
+4;,1 Lq wklv fdvh/ � wdnhv wkh uroh ri wkh yduldeoh w dqg [4 dqg [5 fruuhvsrqg wr wkh { dqg | yduldeohv1 Zh
kdyh

d +�>[4> [5, @
4

5
�54>4 . �4>5�4>4�4>5 .

4

5
�54>5

e +�>[4> [5, @
4

5

�
�4>4�5>4 . �4>5�4>4�5>5 . �4>5�5>5 . �4>5�4>5�5>4

�
f +�>[4> [5, @

4

5
�55>4 . �4>5�5>4�5>5 .

4

5
�55>5

g +�>[4> [5, @ �4 � �4�4>4 � �5�4>5

h +�>[4> [5, @ �5 � �4�5>4 � �5�5>5

i +�>[4> [5, @ u +W � �>[4> [5,

j +�>[4> [5, @ j +W � �>[4> [5,

x +3> [4> [5, @ J +W>[4> [5,

51614 Krsvfrwfk phwkrgv

Jrxuod| ^4<:3` lqwurgxfhg d fodvv ri/ vr fdoohg/ Krsvfrwfk dojrulwkpv wr vroyh sduderolf dqg hoolswlf sduwldo
gl�huhqwldo htxdwlrqv ri wkh irup +4;,1 Wkh uhdghu frxog uhylhz wkh duwlfoh ri Nxuslho dqg Urqfdool ^4<<<`
iru d frpsohwh h{srvlwlrq ri wkhvh phwkrgv1 Dq krsvfrwfk dojrulwkp lv gh�qhg e| d � krsvfrwfk phwkrg
iru vrph fkrlfh ri wkh �p pdwul{ dqg d �oolqj krsvfrwfk phwkrg iroorzlqj iurp wkh �pl>m>�>� gh�qlwlrq1 Wkh
xqghuo|lqj lghd lv wr lqwurgxfh pruh vsduflw| lqwr wkh olqhdu v|vwhp +58, � ri wkh irup�p.4xp.4 @ !p.4

� wkdq wkh fodvvlfdo �0vfkhphv/ dqg lq wkh vdph wlph wr yhuli| wkh vwdelolw| surshuw|54 +Jrxuod| dqg
PfJxluh ^4<:4`,1 Wkh prvw srsxodu dojrulwkpv duh wkh �rughuhg rgg0hyhq� dqg wkh �olqh� krsvfrwfk
vfkhphv1 Wr looxvwudwh wkhp/ zh kdyh uhsruwhg cd vs| sorw* ri wkh htxdwlrq +58, lq wkh �jxuh 451

Rqh ri wkh elj gl!fxow| lv ri frxuvh wr vroyh wkh olqhdu v|vwhp1 Nxuslho dqg Urqfdool ^4<<<` sursrvh
wr frgh wkh pdwulfhv lqwr d edqg irup/ dqg wkhq wr vroyh wkh v|vwhp zlwk d vsduvh vroyhu1 Lq wkh JDXVV
lpsohphqwdwlrq ^97`/ wkh| xvh wkh OVTU dojrulwkp ri Sdljh dqg Vdxqghuv ^4<;5`1 OVTU lv d frqmxjdwh
judglhqw phwkrg zlwk uh�qhphqwv zklfk pd| vroyhv olqhdu htxdwlrqv/ plqlpxp ohqjwk/ ohdvw vtxduhv dqg
uhjxodul}hg ohdvw vtxduhv sureohpv1 Wkh irup ri wkh jhqhudo sureohp lv

plq nD{� en5 . n�{n5 +63,

zlwk D d jhqhudo pdwul{1 Zlwk FJ dojrulwkpv/ wkh vroxwlrq lv jlyhq e| dq lwhudwlyh phwkrg {l.4 @ {l . ul
+Jroxe dqg Ydq Ordq ^4<;<`,1 Wkh dojrulwkp ghyhorsshg e| Sdljh dqg Vdxghuv lv edvhg rq Nu|ory
phwkrgv +Lsvhq dqg Ph|hu ^4<;;`,1 Lw lv qrw wkh idvwhvw FJ phwkrg/ exw lw lv frqvlvwhqw hyhq li wkh olqhdu
v|vwhp lv qrw zhoo0frqglwlrqhg1 Pruhryhu/ xqghu vrph dvvxpswlrqv rq wkh phvk vsdflqj/ zh nqrz wkdw
xp.4 @ xp .R +n,1 Zh frxog dovr uhsodfh wkh v|vwhp +58, e|

^L . n�p.4ip.4 � n�p.4Kp.4`yp.4 @ +n ^�p.4Kp.4 .�p`� n ^�p.4ip.4 .�pip`,xp

n ^�p.4jp.4 .�pjp` . n ^�p.4sp.4 .�psp` +64,

zlwk xp.4 @ yp.4.xp1 Wkh irup ri wkh olqhdu v|vwhp lv wkhq �p.4yp.4 @ 
p.4 zlwk 
p.4 @ !p.4�
�p.4xp1 Wklv irupxodwlrq grhv qrw uhgxfh wkh glphqvlrq ri wkh dvvrfldwhg Nu|ory vsdfh N* +�p.4>
p.4,/
exw wkh frqyhujhqfh lv idvwhu ehfdxvh wkh qxoo yhfwru lv d pruh dssursuldwh vwduwlqj ydoxh iru wklv vhfrqg
olqhdu v|vwhp1

51615 Rwkhu qxphulfdo vroyhuv

Wkhuh duh d orw ri rwkhu qxphulfdo vroyhuv +iru h{dpsoh PrO/ ORG/ DGL ru IHP,1 Wkh Phwkrg ri Olqhv
+PrO, frqyhuwv wkh SGH sureohp lqwr d v|vwhp ri �uvw rughu ruglqdu| gl�huhqwldo htxdwlrqv1 Wkh Orfdoo|

54Krzhyhu/ zh kdyh uhpdunhg wkdw wkh �rughuhg rgg0hyhq� dqg wkh �olqh� krsvfrwfk phwkrgv jlyh gl�huhqw uhvxowv rq sduderolf
dqg hoolswlf sureohpv1 Iru sduderolf sureohpv/ �rughuhg rgg0hyhq� dqg �olqh� vfkhphv duh frpsdudeoh wr d ixoo Fudqn0Qlfkrovrq
vfkhph1 Iru hoolswlf sureohpv/ wkh �rughuhg rgg0hyhq� phwkrg vhhpv wr eh ohvv dffxudwh1
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Iljxuh 45= cVs| Sorw* ri wkh SGH olqhdu v|vwhp

Rqh0Glphqvlrqdo +ORG, dqg Dowhuqdwlyh Gluhfwlrq Lpsolflw +DGL, dojrulwkpv duh vshfldo fdvhv ri Rshudwru
Vsolwwlqj Phwkrgv +Suhvv/ Whxnrovn|/ Yhwwhuolqj dqg Iodqqhu| ^4<<5`,1 Wr xqghuvwdqg wkh edvlf
lghdv ehklqg wkhvh phwkrgv/ zh frqvlghu wkh fodvvlfdo khdw htxdwlrq

Cw x +w> {> |, @ C{{ x +w> {> |, . C|| x +w> {> |, +65,

Phwkrg ri Olqhv � Xvlqj wkh fhqwhuhg gl�huhqfh dssur{lpdwlrq55/ zh kdyh

gxl>m +w,

gw
@ �{{xl>m +w, . �||xl>m +w, / iru l @ 4> = = = > Q{ dqg m @ 4> = = = > Q| +66,

Wkh yhf irup ri wklv htxdwlrq lv wkhq
gx +w,

gw
@ Dx +w, . e +w, +67,

Zh rewdlq dovr d v|vwhp ri Q{ � Q| RGH*v/ zklfk frxog eh vroyh e| qxphulfdo phwkrgv +Vwrhu dqg
Exuolvk ^4<<6`,1 Rqh ri wkh vxfhvv ri wkhPrO dojrulwkp lv wkh srvvlelolw| ri pl{lqj hdvlo| gl�huhqw erxqgdu|
vshfl�fdwlrqv1 Pruhryhu/ li zh xvh Uxqjh0Nxwwd phwkrgv ru h{solflw Suhglfwru0Fruuhfwru phwkrgv/ zh uhpdun
wkdw vroylqj wkh SGH sureohp uhtxluhv mxvw pdwul{0e|0yhfwru surgxfwv/ zklfk frxog eh grqh lq d vsduvh
iudphzrun1 Rqh h{dpsoh ri �qdqfldo dssolfdwlrq ri PrO lv Ph|hu dqg Krhn ^4<<:`1

Orfdoo| Rqh0Glphqvlrqdo � D �qlwh gl�huhqfh dssur{lpdwlrq ri +65, lv

xp.4
l>m � xpl>m

n
@

xpl.4>m � 5xpl>m . xpl�4>m
k5{

.
xpl>m.4 � 5xpl>m . xpl>m�4

k5|
+68,

OhYhtxh ^4<;;` lqwurgxfhv ORG dqg DGL dojrulwkpv lq wkh iroozrqj zd|=

55Zh kdyh B%%��c� E|� '
�l.4>mE|�32�l>mE|�n�l�4>mE|�

�5{
dqg B++��c� E|� '

�l>m.4E|�32�l>mE|�n�l>m�4E|�

�5|
1 Qrwh wkdw wkh phwkrg xvhv

lq jhqhudo pruh dgdswhg �qlwh gl�huhqfh irupxodv +vhh Iruqehuj ^4<<;`,1
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Udwkhu wkdq vroylqj wkh frxsohg vsduvh pdwul{ htxdwlrq iru doo wkh xqnqrzv rq wkh julg vlpx0
odwdqhrxv dv lq +68,/ dq dowhuqdwlyh dssurdfk lv wr uhsodfh wklv ixoo|0frxsohg vlqjoh wlph vwhs e|
d vhtxhqfh ri vwhsv/ hdfk ri zklfk lv frxsohg lq rqo| rqh vsdfh gluhfwlrq/ uhvxowlqj lq d vhw ri
wulgldjrqdo v|vwhpv zklfk fdq eh vroyhg pxfk hdvlo|1

Iru wkh ORG phwkrg/ zh kdyh;AA?
AA=

x
p.4

5
l>m

�xpl>m
n
5

@
xpl.4>m�5x

p
l>m.x

p
l�4>m

k5{
.

x
p.4

5
l.4>m�5x

p.4
5

l>m
.x

p.4
5

l�4>m

k5{

xp.4
l>m

�x
p.4

5
l>m

n
5

@
x
p.4

5
l>m.4�5x

p.4
5

l>m
.x

p.4
5

l>m�4

k5|
.

xp.4
l>m.4�5x

p.4
l>m

.xp.4
l>m�4

k5|

+69,

Dowhuqdwlyh Gluhfwlrq Lpsolflw � Wkhuh duh gl�huhqw DGL vfkhphv1 Rqh ri wkh prvw xvhg lv wkh
Shdfhpdq0Udfkirug surfhvv=;AA?

AA=
x
p.4

5
l>m

�xpl>m
n
5

@
xpl>m.4�5x

p
l>m.x

p
l>m�4

k5|
.

x
p.4

5
l.4>m�5x

p.4
5

l>m
.x

p.4
5

l�4>m

k5{

xp.4
l>m

�x
p.4

5
l>m

n
5

@
x
p.4

5
l.4>m�5x

p.4
5

l>m
.x

p.4
5

l�4>m

k5{
.

xp.4
l>m.4�5x

p.4
l>m

.xp.4
l>m�4

k5|

+6:,

�Zlwk wklv phwkrg/ hdfk ri wkh wzr vwhsv lqyroyhv gl�xvlrq lq erwk wkh {0 dqg |0gluhfwlrqv1 Lq wkh �uvw vwhs
wkh gl�xvlrq lq { lv prghoohg lpsolflwho| zkloh gl�xvlrq lq | lv prghoohg h{solflwho|/ zlwk wkh urohv uhyhuvhg lq
wkh vhfrqg vwhs� +OhYhtxh ^4<;;`,1 D �qdqfldo dssolfdwlrq frxog eh irxqg lq Yloohqhxyh dqg ]dqhwwh
^4<<;`1

Ilqlwh Hohphqw Phwkrg � Zloprww/ Ghz|qqh dqg Krzlvrq ^4<<6` lv d jrrg lqwurgxfwlrq rq
wklv vxemhfw1 Wkh pdlq lghd lv wr dssur{lpdwh x +w> {> |, e| olqhdu frpelqdwlrqv ri edvlv ixqfwlrqv +ru vkdsh
ixqfwlrqv,

x +w> {> |, @
O[
o@4

fo!o +w> {> |, +6;,

Khqfh/ zh kdyh wr �qg wkh qrgdo ydoxhv ifoj vroxwlrq ri d O� O olqhdu v|vwhp1 Wklv phwkrg lv srsxodu lq
pruh wkdq rqh glphqvlrqdo SGH sureohp/ ehfdxvh IHP frxog eh xvhg zlwk luuhjxodu julgv dqg jlyhv vprrwk
vroxwlrqv +vhh Exvfd ^4<<<` iru dq dssolfdwlrq wr rswlpdo h{huflfh srolf| iru Dphulfdq rswlrqv,1

517 Sdudooho lpsohphqwdwlrq

Wr �qlvk wklv vhfwlrq/ zh zloo jlyh vrph uhpdunv rq sdudooho lpsohphqwdwlrq/ zklfk lv rqh ri wkh elj lvvxh ri 5G
+dqg pruh, rswlrq sulflqj1 Wkhuh lv qrz d orw ri qxphulfdo oleudu| vshfldoo| ghvljqhg iru glvwulexwhg phpru|
sdudooho frpsxwhuv +Jroxe dqg Ruwhjd ^4<<6`,1 Lq sduwlfxodu/ wkh EODV urxwlqhv kdyh ehhq uhzulwwhq wr
vxssruw glvwulexwhg phpru|1 SEODV lv qrz wkh fruh ri pdq| vriwzduh/ iru h{dpsoh VfdODSDFN dqg LPVO
Iruwudq <3 PS1 Sdudooho lpsohphqwdwlrq ri Txdgudwxuh dqg Prqwh Fduor phwkrgv56 duh ihdvleoh � vhh wkh
errn ri Ir{/ Phvvlqd dqg Zlooldpv ^4<<7` ru wkh KSI lpsohphqwdwlrq ri sdwk0lqwhjudo ri rswlrq sulflqj
ghvfulehg e| Pdnlylf ^4<<8`1 Lw vhhpv wkdw lw frxog eh dovr wkh fdvh iru vrph TPF phwkrgv +iru h{dpsoh/
Kdowrq* dqg Kdpphuvoh| vhtxhqfhv,1 Hyhq iru sdudooho vroxwlrq ri SGH/ wkhuh h{lvw vrph frghv dqg sdudooho
lpsohphqwdwlrq ri vsduvh phwkrgv duh qrz dydlodeoh +vhh Vddg ^4<<9/4<<;`,1

6 Vrph vwrsslqj wlph sureohpv

Lq d ixoo| sdudphwul}hg wzr0vwdwh prgho/ zklfk yhul�hv wkh vwdqgdug uhjxodulw| frqglwlrqv/ wkh sulfh ri dq
Dphulfdq rswlrq vdwlv�hv d wzr0glphqvlrqdo yduldwlrqdo lqhtxdolw|1 Wkh yduldwlrqdo lqhtxdolw| fdq wkhq eh
vroyhg e| krsvfrwfk/ dqg wkh rswlpdo erxqgdu| fdq eh uhfryhuhg iurp wkh vroxwlrq h{ srvw1 Jlyhq wkh

56D euxwh phwkrg wr lpsohphqw OFJ lq sdudooho lv mxvw uxqqlqj lqghshqghqw jhqhudwruv zlwk gl�huhqw vhhg wdeohv rq gl�huhqw
surfhvvruv1
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rswlpdo h{huflvh erxqgdu|/ lw lv wkhq vwudljkwiruzdug wr frpsxwh wkh suredelolw| ri hduo| h{huflvh dqg wkh
rswlrq h{shfwhg olihwlph dv ixqfwlrqv ri wlph dqg fxuuhqw vwdwh1

Wklv doorzv xv wr h{dplqh/ lq wkh �uvw wlph/ krz wkh vwrfkdvwlf yrodwlolw| d�hfwv wkh rswlpdo h{huflvh
srolf| ri Dphulfdq rswlrqv1 Pruh suhflvho|/ zh lqyhvwljdwh wkh olqnv ehwzhhq wkh h{huflvh erxqgdu| dqg wkh
vkdsh ri wkh ulvn qhxwudo glvwulexwlrq ri wkh xqghuo|lqj dvvhw1 Lq wkh vhfrqg wlph/ zh vwxg| wkh rswlpdo
vwrsslqj wlph sureohpv ri Dphulfdq EhvwRi2ZruvwRi rswlrqv1

614 Rswlpdo h{huflvh erxqgdu|= jhqhudo vhwwlqj

Zh pdnh wkh vwdqgdug dvvxpswlrqv571 Wkh sulfh ri dq Dphulfdq rswlrq XD +w, lv frpsohwho| ghwhuplqhg
e| wkh yhfwru [ +w, ri wkh P vwdwh yduldeohv1 Zh kdyh XD +w, @ XD +w>[ +w,,1 Wkh ulvn0iuhh lqwhuhvw udwh
u +w, � 3 lv ghwhuplqlvwlf1 Iru wkh qrwdwlrqdo vlpsolflw|/ zh zloo dvvxph lw frqvwdqw1 Wkh h{huflvh ri dq
Dphulfdq rswlrq dw wlph � surfxuhv iru wkh kroghu d sd|r� ( +�>[ +�,,1 Wkh sd|r� ixqfwlrq j lv frqwlqxrxv
dqg qrqqhjdwlyh1 Wkh rswlrq lv lvvxhg dw wlph w3 @ 3/ dqg wkh h{sludwlrq gdwh lv W 1 Wkh qr duelwudjh
dujxphqw lpso| wkdw wkh sulfh ri dq Dphulfdq rswlrq yhul�hv

XD +w>[, � ( +w>[, +6<,

dw hdfk wlph w1 Wkh vwrsslqj uhjlrq lv wkhuhiruh gh�qhg dv

G @
�
+w>[, 5 ^3> W `�U[ m XD +w>[, @ ( +w>[,

�
+73,

Wkh frqwlqxdwlrq uhjlrq lv wkh frpsohphqw ri G lq ^3> W `�U[

F @
�
+w>[, 5 ^3> W `�U[ m XD +w>[, A ( +w>[,

�
+74,

Wkh vwrsslqj erxqgdu| lv wkh iurqwlhu CF � G ri F h{suhvvhg lq whupv ri wkh vwdwh yhfwru1 Pruh irupdoo|/ zh
gh�qh wkh fulwlfdo vwdwh dv wkh ixqfwlrq [� = ^3> W ` $ U[ e| vhwwlqj [� +w, @ i[ 5 U[ m +w>[, 5 CFj1 Lw lv
vrphwlphv frqyhqlhqw wr h{suhvv wkh iurqwlhu ri F lq whupv ri rqh vwdwh yduldeoh/ iru h{dpsoh wkh xqghuo|lqj
dvvhw sulfh rqo| lq wkh fdvh ri vwrfdkvwlf yrodwlolw| prghov1 Wklv gh�qhv wkh rswlpdo h{huflvh erxqgdu| dv
wkh fulwlfdo sulfh V� zklfk lv d ixqfwlrq ri wlph w dqg ri wkh P � 4 uhpdlqlqj vwdwh yduldeohv1 Wkh rswlpdo
vwrsslqj wlph lv wkh �uvw wlph wkh vwdwh yhfwru uhdfkhv wkh vwrsslqj erxqgdu|1 Lw lv wkxv gh�qhg e|

�� @ lqi
�
� 5 ^w> W ` m XD +�>[ +�,, @ ( +�>[ +�,,

�
@ lqi i� 5 ^w> W ` m +�>[ +�,, 5 Gj +75,

Zh qrwh TW +x> w>[ +w,, wkh wlph w suredelolw| ri dq Dphulfdq rswlrq XD zlwk pdwxulw| W � w wr eh h{huflvhg
ehiruh wlph x 5 ^w> W `1 Lw lv gh�qhg dv wkh suredelolw| wkdw [ ohdyhv wkh frqwlqxdwlrq uhjlrq ehiruh wlph x1
Zh kdyh TW +x> w>[ +w,, @ Su i�� ? x m Iwj1 Wklv suredelolw| ghshqgv rq wkh fxuuhqw wlph dqg srvlwlrq dv
zhoo dv ri wkh uhvlgxdo pdwxulw| ri wkh rswlrq1 Wdnlqj x @ W zh gh�qh wkh suredelolw| ri suhpdwxuh h{huflvh
ri wkh rswlrq dv

T +w>[ +w,, @ TW +W > w>[ +w,, @ Su i�� ? W m Iwj +76,

Wklv lv wkh suredelolw| wkdw [ ohdyhv wkh frqwlqxdwlrq uhjlrq ehiruh h{sludwlrq wlph W 1

Lq rughu wr gh�qh wkh h{shfwhg uhvlgxdo olihwlph ri dq Dphulfdq rswlrq/ zh kdyh wr glvwlqjxlvk ehwzhhq
wzr srvvleoh hyhqwv1 Wkh �uvw lv wkh hyhqw wkdw wkh rswlrq lv h{huflvhg ehiruh h{sludwlrq wlph/ zklfk rffxuv
zlwk d suredelolw| T +w>[ +w,,1 Wkh vhfrqg lv wkh hyhqw wkdw wkh rswlrq h{sluhv dolyh/ zklfk rffxuv zlwk d
suredelolw| ^4�T +w>[ +w,,`1 Frqvhtxhqwo|/ wkh h{shfwhg uhvlgxdo olihwlph yhul�hv

9 +w>[ +w,, @ H +x m x ? W ,T +w>[ +w,, . +W � w, ^4�T +w>[ +w,,` +77,

zlwk

H +x m x ? W , @

] W

w

xgTW +x> w>[ +w,,� w +78,

57 Lq sduwlfxodu/ wkh pdunhw shuplwv frqwlqxrxv dqg iulfwlrqohvv wudglqj dqg qr duelwudjh rssruwxqlwlhv h{lvw1
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Lw lv d ixqfwlrq ri ri wlph w dqg ri wkh fxuuhqw vwdwh [ +w,1

Ohw � +w, @ � +w>[, ghqrwh wkh Q 0glphqvlrqdo surfhvv ri pdunhw sulfhv ri ulvn uhodwlyh wr wkh frpsrqhqwv
ri Z +w,1 Xqghu vxlwdeoh uhjxodulw| frqglwlrqv/ wkh sulfh ri dq Dphulfdq rswlrq vdwlv�hv wkh yduldwlrqdo
lqhtxdolw| �

pd{
�
j +w>[,� XD +w>[, >D�XD +w>[, . XD

w +w>[,� uXD +w>[,
�
@ 3

XD +W>[, @ j +W>[,
+79,

iru dq| +w>[, 5 ^3> W `�U[ dqg zlwk D� gh�qhg e|

D�i @ ^� +w>[,�	+w>[,� +w>[,`A i[ .
4

5
wudfh

k
	+w>[, i[[	+w>[,A �

l
+7:,

Lq frqwudvw wr wkh iuhh erxqgdu| irupxodwlrq/ wkh yduldwlrqdo lqhtxdolw| dssurdfk doorzv xv wr wuhdw wkh
grpdlq ri wkh Dphulfdq rswlrq dv dq hqwluh uhjlrq1 Wkh rswlpdo erxqgdu| fdq wkhq eh uhfryhuhg iurp wkh
vroxwlrq h{ srvw1 Jlyhq wkh rswlpdo h{huflvh erxqgdu|/ lw lv wkhq vwudljkwiruzdug wr frpsxwh wkh suredelolw|
ri hduo| h{huflvh dqg wkh rswlrq h{shfwhg olihwlph dv ixqfwlrqv ri w dqg [1

Wkh suredelolw| ri hduo| h{huflvh T +w>[ +w,, ri dq Dphulfdq rswlrq XD lv vkrzhg wr eh wkh vroxwlrq ri
wkh iroorzlqj sduderolf sduwldo gl�huhqwldo htxdwlrq +Vfkxvv ^4<;3`/ Zloprww/ Ghz|qqh dqg Krzlvrq
^4<<6`,

Tw +w>[, .DT +w>[, @ 3 +7;,

zlwk wkh erxqgdu| frqglwlrqv�
T +W>[, @ 3 ;[ 5 U[ +l,
T +w>[, @ 4 ; +w>[, 5 G +ll,

+7<,

dqg zkhuh D lv gh�qhg e| Di @ � +w>[,A i[ . 4
5wudfh

k
	+w>[, i[[	+w>[,A �

l
1 Wkh whuplqdo frqglwlrq

+l, phdqv wkdw zkhq w @ W wkhuh lv qr wlph ohiw iru wkh vwdwh yhfwru wr h{lw iurp wkh frqwlqxdwlrq uhjlrq1
Wkh frqglwlrq +ll, phdqv wkdw rxw ri wkh frqwlqxdwlrq uhjlrq wkh suredelolw| ri ohdyh wkh frqwlqxdwlrq uhjlrq
ehiruh wkh pdwxulw| lv ri frxuvh 41

Wkh h{shfwhg uhvlgxdo olihwlph 9 +w>[ +w,, ri dq Dphulfdq rswlrq XD lv vkrzhg wr vdwlvi| wkh iroorzlqj
sduwldo gl�huhqwldo htxdwlrq

9w +w>[, .D9 +w>[, @ �4 +83,

zlwk wkh erxqgdu| frqglwlrqv�
9 +W>[, @ 3 ;[ 5 U[ +lll,
9 +W>[, @ 4 ; +w>[, 5 G +ly,

+84,

Dw wkh pdwxulw| wlph W / wkh uhvlgxdo olihwlph ri dq Dphulfdq rswlrq lv }hur/ zklfk h{sodlqv wkh whuplqdo
frqglwlrq +lll,1 Wkh frqglwlrq +ly, phdqv wkdw zkhq [ ohdyhv wkh frqwlqxdwlrq uhjlrq/ wkh rswlrq lv h{huflvhg
lpphgldwho| dqg lwv h{shfwhg uhvlgxdo olihwlph ydqlvkhv1

615 Dphulfdq rswlrqv lq VY iudphzrun

Vwrfkdvwlf yrodwlolw| prghov zhuh lqwurgxfhg lq wkh �qdqfldo olwhudwxuh e| Kxoo dqg Zklwh ^4<;:`/ Vfrww
^4<;:` dqgZljjlqv ^4<;:`1 Wkh lghd lv wr jhqhudol}h wkh Eodfn dqg Vfkrohv prgho e| doorzlqj wkh xqghuo|lqj
dvvhw sulfh*v yrodwlolw| lwvhoi wr eh ydu|lqj1 W|slfdoo|/ lq d frqwlqxrxv0wlph iudphzrun/ yrodwlolw| lv dvvxphg wr
iroorz d gl�xvlrq surfhvv1 Vwdqgdug vwrfkdvwlf yrodwlolw| prghov lpsrvhP @ 5 dqgQ @ 51 Vhyhudo h{whqvlrqv
dqg vshfldo fdvhv fdq eh rewdlqhg e| ydu|lqj wkh qxpehu ri vwdwh yduldeohv dqg vrxufhv ri udqgrpqhvv1
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61514 Vwdqgdug vwrfkdvwlf yrodwlolw| prgho

Lq d vwdqgdug vwrfkdvwlf yrodwlolw| prgho/ wkh vwdwh yhfwru lv wzr0glphqvlrqdo dqg fruuhvsrqgv wr [ +w, @�
V +w, Y +w,

�A
/ zkhuh V +w, ghqrwhv wkh xqghuo|lqj dvvhw*v sulfh dqg Y +w, lv dq h{wud vwdwh yduldeoh gluhfwo|

uhodwhg wr wkh xqghuo|lqj dvvhw uhwxuqv yrodwlolw| surfhvv1 Wkh vwdwh gl�xvlrq lv wkhq�
gV +w,
gY +w,

�
@

�
�V +w> V +w, > Y +w,,V +w,

�Y +w> Y +w,,

�
gw.

�
� +Y +w,,V +w, 3

3 �Y +w> Y +w,,

� �
gZ4 +w,
gZ5 +w,

�
+85,

zkhuh Z +w, @
�
Z4 +w, Z5 +w,

��
lv d elyduldwh Zlhqhu surfhvv/ gh�qhg rq wkh ixqgdphqwdo suredelolw|

vsdfh +
>I >S,/ zlwk H ^Z4 +w,Z5 +w,` @ � +w> Y +w,, w1 Zh qrwh I @ iIw> w 5 ^3> W `j wkh �owudwlrq jhqhudwhg
e| Z +w, @

�
Z4 +w, Z5 +w,

�A
1 Wkh yrodwlolw| � +w,/ gh�qhg dv wkh lqvwdqwdqhrxv vwdqgdug ghyldwlrq ri wkh

xqghuo|lqj dvvhw uhwxuqv/ lv d ixqfwlrq ri wkh vhfrqg vwdwh yduldeoh Y +w,= � +w, @ � +Y +w,, > w 5 ^3> W `1 Wkh
ixqfwlrq � = U $ U. lv qrq0ghfuhdvlqj/ Olsvfklw} dqg ri fodvv F41 Pruhryhu/ zh dvvxph wkdw wkh xqghuo|lqj
dvvhw sd|v d frqwlqxrxv glylghqg dw d frqvwdqw udwh g1

Ehfdxvh wkhuh lv qr dvvhw wkdw lv fohduo| lqvwdqwdqhrxvo| shuihfwo| fruuhodwhg zlwk wkh vwdwh yduldeoh Y /
wkh pdunhw frpsrvhg ri wkh xqghuo|lqj dvvhw V dqg wkh qrqulvn| dvvhw E lv qrw frpsohwh1 Frqvhtxhqwo|/ wkh
duelwudjh dujxphqwv duh lqvx!flhqw wr ghwhuplqh xqltxho| d suredelolw| phdvxuh T htxlydohqw wr S/ xqghu
zklfk wkh surshuo| glvfrxqwhg dvvhw sulfhv ehfrph pduwlqjdohv +Kduulvrq dqg Solvnd ^4<;4/ 4<;6`,1Ohw
� +w, @

�
�4 +w, �5 +w,

��
eh d yhfwru ri sulfhv ri ulvn uhodwlyh wr wzr vrxufhv ri xqfhuwdlqw| Z4 +w, dqg

Z5 +w,1 Zh rewdlq

�4 +w, @
�V +w> V> Y ,� u . g

� +Y ,
+86,

Rq wkh rwkhu kdqg/ lw lv qrw srvvleoh wr ghwhuplqh wkh sulfh ri ulvn uhodwlyh wr wkh vwrfkdvwlf fkdudfwhu ri wkh
yrodwlolw| zlwkrxw d jhqhudo htxloleulxp prgho fohduo| vshfli|lqj wkh lqyhvwruv* suhihuhqfhv1 Iru dq| fkrlfh
ri wkh sulfh ri ulvn surfhvv �5 +w,/ wkhuh h{lvwv dq htxlydohqw pduwlqjdoh phdvxuh T +�5, gh�qhg e|

gT +�5,

gS
@ h{s

�
�
] w

w3

�4 +x, gZ4 +x,� 4

5

] w

w3

�54 +x, gx�
] w

w3

�5 +x, gZ5 +x,� 4

5

] w

w3

�55 +x, gx

�
+87,

surylghg wkdw wkh Qrylnry frqglwlrqv H
k
h{s 4

5

U w
w3
�5l +x, gx

l
? .4/ l @ 4> 5 duh vdwlv�hg1 Urpdqr dqg

Wrx}l ^4<<9` vkrz wkdw iru dq| ulvn suhplxp surfhvv �5 +w, vdwlvi|lqj

�5 +w, @ � +w> Y +w,, +88,

dq| Hxurshdq fdoo rswlrq frpsohwhv wkh pdunhw lq wkh vhqvh wkdw wkh Hxurshdq rswlrq khgjlqj sureohp lv
vroyhg e| d frqwlqxrxvo| uhedodqfhg ghowd0vljpd vwudwhj|1 Wkhuhiruh/ dv vwdwhg lq Wrx}l ^4<<<`/ dvvxplqj
wkdw vrph Hxurshdq rswlrq lv wudghg rq wkh pdunhw dgglwlrqdoo| wr wkh xqghuo|lqj ulvn| dvvhw dqg wkh ulvnohvv
rqh/ shuplwv wr h{whqg wkh duelwudjh dujxphqwv ri Ehqvrxvvdq ^4<;7` dqg Ndudw}dv ^4<;;` dqg wr mxvwli|
wkh Dphulfdq rswlrq ydoxdwlrq irupxod

XD
�5 +w> V +w, > Y +w,, @ hvv vxs

�5W^w>W `

HT+�5,

k
h�u+��w,j +�> V +�, > Y +�,, mIw

l
+89,

zkhuh W^w>W ` lv wkh vhw ri doo vwrsslqj wlphv ri wkh �owudwlrq I zlwk ydoxhv lq ^w> W `581 Wkh ydoxdwlrq irupxod
+89, phdqv wkdw iru dq| vshfl�fdwlrq ri wkh ulvn suhplxp surfhvv �5 +w, vdwlvi|lqj wkh Qrylnry frqglwlrq
dqg wkh dvvxpswlrq +88,/ XD

�5
+w> V +w, > Y +w,, lv dq dgplvvleoh Dphulfdq rswlrq*v sulfh surfhvv1 Wkxv/ lq d

vwdqgdug vwrfkdvwlf yrodwlolw| prgho/ wkh sulfh ri dq Dphulfdq rswlrq vdwlvi| wkh yduldwlrqdo lqhtxdolw| +79,
zlwk

� +w>[, @

�
�V +w> V +w, > Y +w,,V +w,

�Y +w> Y +w,,

�
/ 	+w>[, @

�
� +Y +w,,V +w, 3

3 �Y +w> Y +w,,

�

dqg � +w, @

%
�V+w>V+w,>Y +w,,�u.g

�+Y +w,,

� +w> Y +w,,

& +8:,

58Jlyhq wkdw wkh �owudwlrq I fruuhvsrqgv xqghu wkh dvvxpswlrq +88, wr wkh �owudwlrq I
f '

q�
7 E|� T E|�

��
c | M dfc A o

r

jhqhudwhg e| wkh yhfwru ri vwdwh yduldeohv/ wkh rswlpdo ghflvlrq wr h{huflvh dq Dphulfdq rswlrq dw wlph � lv edvhg rq wkh
revhuydwlrq ri wkh  xfwxdwlrqv ri wkh xqghuo|lqj dvvhw sulfh dqg lwv yrodwlolw| xs wr wlph � 1

4<



Lq wklv vwdqgdug vwrfkdvwlf yrodwlolw| vhwwlqj/ wkh vwrsslqj uhjlrq G dqg wkh frqwlqxdwlrq uhjlrq F duh
gh�qhg lq wkuhh glphqvlrqv1 Wkh fulwlfdo vwdwh fruuhvsrqgv wr

[� +w, @ i+V> Y , 5 U[ m +w> V> Y , 5 CFj +8;,

zlwk U[ � �
U�. ^ i4j� � +U ^ i�4>.4j,1 Wkh fulwlfdo sulfh lv gh�qhg dv d ixqfwlrq V� = ^3> W ` �

U $ �
U�. ^ i4j�1 Frqvlghulqj wkh vwdqgdug Dphulfdq sxw dqg fdoo rswlrqv/ zh kdyh

�
Sxw = V� +w> Y , @ vxs

�
V 5 U�. ^ i4j mXD

�5
+w> V> Y , @ pd{ +N � V> 3,

�
Fdoo = V� +w> Y , @ lqi

�
V 5 U�. ^ i4j mXD

�5
+w> V> Y , @ pd{ +V �N> 3,

� +8<,

zlwk vwdqgdug frqyhqwlrqv lqi > @ 4 dqg vxs > @ 31 Lw lv frqyhqlhqw wr gh�qh wkh rswlpdo h{huflvh
erxqgdu| dv wkh ixqfwlrq & = ^3> W `�U $ �

U�. ^ i4j� jlyhq e| wkh htxdolw|

& +W � w> Y , @ V� +w> Y , +93,

Wkh rswlpdo h{huflvh erxqgdu| fdq eh uhfryhuhg iurp wkh vroxwlrq ri +79,1 Ehiruh dsso|lqj wkh qxphulfdo IG
dojrulwkp/ zh kdyh wr uhirupxodwh +79, lq whupv ri � @ W�w dv dq lqlwldo ydoxh sureohp1 Wkhq/ iru frqyhqlhqw
frpsxwdwlrq/ zh kdyh wr vshfli| wkh uhjlrq 7 @ ^V�> V.`� ^Y �> Y .` dqg lpsrvh frqglwlrqv frqwuroolqj wkh
ehkdylru ri XD +�> V> Y , dw wkh erxqgdu| ri 71 W|slfdoo| rqh xvhv wkh pl{hg frqglwlrqv rq wkh V yduldeoh
dqg wkh xvxdo Qhxpdqq frqglwlrqv iru wkh Y yduldeoh1 Jlyhq wkh fkrlfh ri phvk vsdflqjv lq wkh wlph dqg
vsdfh gluhfwlrqv/ n/ kV dqg kY uhvshfwlyho|/ wkh sureohp lq +79, lv wkhq vroyhg e| wkh krsvfrwfk phwkrg lq
wkh vdph pdqqhu dv d vwdqgdug olqhdu sduderolf htxdwlrq/ zkhuh dw hdfk lwhudwlrq p/ wkh vroxwlrq xp.4

l>m lv
uhsodfhg e|

pd{
�
xp.4
l>m > j +�p> Vl> Ym,

�
+94,

Dssursuldwh frglqj ri wklv rshudwlrq shuplwv xv wr uhfryhu h{ srvw wkh rswlpdo h{huflvh erxqgdu| & +�p> Ym,

fruuhvsrqglqj wr wkh vroxwlrq surfhvv xp.4
l>m 1 Iru dq| p 5

q
4> = = = > 4 . �.

n

r
dqg m 5

q
4> = = = > 4 . Y .

�Y�

kY

r
/ zh

kdyh �
Sxw = & +�p> Ym, @ lqi

�
Vl 5 iV�> = = = > V.j > xp.4

l>m @ i +�p> Vl> Ym,
�

Fdoo = & +�p> Ym, @ vxs
�
Vl 5 iV�> = = = > V.j > xp.4

l>m @ i +�p> Vl> Ym,
� +95,

Jlyhq wkh rswlpdo h{huflvh erxqgdu| & +�p> Ym,/ lw lv wkhq vwudljkwiruzdug wr frpsxwh wkh suredelolw| ri
hduo| h{huflvh dqg wkh rswlrq h{shfwhg olihwlph1 Dowkrxjkw/ wkh Prqwh Fduor dssurdfk lv srvvleoh/ wkh �qlwh
gl�huhqfh phwkrgv dssolhg wr wkh sureohpv +7;, dqg +83, surfxuh xv dw rqfh wkh suredelolw| ri hduo| h{huflvh
dqg wkh rswlrq h{shfwhg olihwlph dv ixqfwlrqv ri w/ V dqg Y 1

Diwhu uhirupxodwlqj +7;, dqg +83, lq whupv ri � @ W � w/ wkh vshfl�fdwlrq ri wkh frqglwlrqv rq wkh V
yduldeoh lv lq wkh fdvh ri d fdoo rswlrq�

T +�> V�> Y , @ 3
T +�> V.> Y , @ 4

dqg
�

9V +�> V�> Y , @ 3
9 +�> V.> Y , @ 3

+96,

dqg lq wkh fdvh ri d sxw rswlrq�
T +�> V�> Y , @ 4
T +�> V.> Y , @ 3

dqg
�

9 +�> V�> Y , @ 3
9V +�> V.> Y , @ 3

+97,

Iru wkh Y yduldeoh/ d jhqhudo dssurdfk lv wr lpsrvh vwdqgdug Qhxpdqq frqglwlrqv1 Jlyhq wkh fkrlfh ri
phvk vsdflqjv dqg jlyhq & +�p> Ym,/ wkh sureohpv duh vroyhg e| wkh krsvfrwfk phwkrg lq wkh vdph pdqqhu
dv vwdqgdug olqhdu sduderolf htxdwlrqv/ exw zlwk wkh vroxwlrqv Tp.4

l>m dqg 9p.4
l>m frqvwudlqhg wr vdwlvi| iru dq|

p/ l dqg m/ Tp.4
l>m @ 4 li Vl � & +�p> Ym, dqg 9p.4

l>m @ 3 li Vl � & +�p> Ym, lq wkh fdvh ri d fdoo/ dqg Tp.4
l>m @ 4

li Vl � & +�p> Ym,9
p.4
l>m @ 3 li Vl � & +�p> Ym, lq wkh fdvh ri d sxw1
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61515 Rswlpdo h{huflvh erxqgdu| lq Khvwrq prgho

Lq wklv vhfwlrq/ zh looxvwudwh krz wkh udqgrp ehkdylru ri wkh xqghuo|lqj dvvhw sulfh yrodwlolw| d�hfwv wkh
Dphulfdq rswlrq rswlpdo h{huflvh erxqgdu|1 Zh dgrsw wkh ixoo| sdudphwul}hg vwrfkdvwlf yrodwlolw| iudphzrun
ri Khvwrq ^4<<6`1 Krzhyhu/ rxu txdolwdwlyh uhvxowv fdq hdvlo| eh h{whqghg wr rwkhu vshfl�fdwlrqv ri wkh
xqghuo|lqj dvvhw sulfh g|qdplfv1

Gl�huhqw vshfl�fdwlrqv ri wkh vwdwh yhfwru g|qdplfv +85, zhuh sursrvhg lq wkh �qdqfldo olwhudwxuh1 Dprqj
wkhp/ wkh prgho ri Khvwrq uhfhlyhg frqvlghudeoh dwwhqwlrq ehfdxvh ri wkh h{lvwhqfh ri qhdu0dqdo|wlf vroxwlrqv
wr Hxurshdq rswlrqv ydoxdwlrq irupxodv +vhh Ednvkl/ Fdr dqg Fkhq ^4<<:`,1 Pruhryhu/ doo wkh sdudphwhuv
ri wkh prgho fdq eh frqvlvwhqwo| hvwlpdwhg iurp d wlph vhulhv ri wkh xqghuo|lqj dvvhw sulfh dqg ri rqh
Hxurshdq rswlrq sulfh +vhh Fkhuqry dqg Jk|vhov ^4<<<` dqg Nxuslho ^5333` iru hpslulfdo dssolfdwlrqv,1

Khvwrq gh�qhv wkh vwdwh yduldeoh Y +w, dv wkh lqvwdqwdqhrxv yduldqfh ri wkh xqghuo|lqj dvvhw uhwxuqv dqg
dvvxphv wkdw Y +w, iroorzv d vtxduh urrw surfhvv1 Wkh vwdwh gl�xvlrq lv wkhq�

gV +w,
gY +w,

�
@

�
�VV +w,

� ^� � Y +w,`

�
gw.

� s
Y +w,V +w, 3

3 �Y
s
Y +w,

� �
gZ4 +w,
gZ5 +w,

�
+98,

zlwk H ^Z4 +w,Z5 +w,` @ �w/ � A 3> � A 3> �Y A 31 Dgrswlqj wkh jhqhudo FLU htxloleulxp iudphzrun dqg
dvvxplqj wkdw lqyhvwruv* xwlolw| ixqfwlrqv duh ri FUUD w|sh/ Khvwrq ghulyhv wkh iroorzlqj pdunhw sulfh ri
ulvn surfhvv �5 +w, @

�
�Y

s
Y +w,/ � 5 U1 Xqghu wkh htxlydohqw pduwlqjdoh phdvxuh T +�5,/ wkh vwdwh yhfwru

g|qdplfv ehfrphv�
gV +w,
gY +w,

�
@

�
+u � g,V +w,
�� ^�� � Y +w,`

�
gw.

� s
Y +w,V +w, 3

3 �Y
s
Y +w,

� �
gZ �

4 +w,
gZ �

5 +w,

�
+99,

zkhuh e| yluwxh ri wkh Jluvdqry wkhruhp/ wkh surfhvv Z � +w, @
�
Z �

4 +w, Z �
5 +w,

�A
gh�qhg e| Z �

l +w, @

Zl +w,.
U w
3
�l +x, gx +l @ 4> 5, lv d wzr0glphqvlrqdo Zlhqhu surfhvv xqghu T +�5,/ zlwk H ^Z �

4 +w,Z �
5 +w,` @ �w/

dqg zkhuh �� @ +�. �, dqg �� @ ��
�.� 1 Jlyhq wkdw �5 +w, vdwlv�hv +88,/ doo wkh uhjxodulw| uhvxowv e| Wrx}l

^4<<<` krog1 Lq sduwlfxodu/ wkh rswlpdo h{huflvh erxqgdu| &/ dv gh�qhg lq +93,/ lv d ixqfwlrq ri wzr yduldeohv=
wkh wlph wr h{sludwlrq ri wkh rswlrq dqg wkh fxuuhqw lqvwdqwdqhrxv yduldqfh ri wkh xqghuo|lqj dvvhw uhwxuqv1
Iru d jlyhq ohyho ri wkh fxuuhqw yduldqfh/ lw lv udwlrqdo wr h{huflvh wkh rswlrq dw wkh �uvw wlph wkh xqghuo|lqj
dvvhw sulfh furvvhv wkh rswlpdo h{huflvh erxqgdu|1

Iljxuh +46, vkrzv wkh rswlpdo h{huflvh erxqgdu| iru dq Dphulfdq sxw zlwkN @ 433 lq d Khvwrq vwrfkdvwlf
yrodwlolw| prgho zlwk wkh iroorzlqj sdudphwhu ydoxhv = u @ 3=3;/ g @ 3/ � @ 3=</ � @ 3=37/ � @ 3/ �Y @ 3=4
dqg � @ �3=81 Zh fdq vhh wkdw wkh rswlpdo h{huflvh erxqgdu| ri dq Dphulfdq sxw lv ghfuhdvlqj lq wlph wr
h{sludwlrq dqg lq fxuuhqw yduldqfh591 V|pphwulfdoo|/ surylghg wkdw wkh dvvhw sd|v d srvlwlyh glylghqg/ wkh
rswlpdo h{huflvh erxqgdu| ri dq Dphulfdq fdoo lv lqfuhdvlqj lq wkh wlph wr h{sludwlrq dqg lq wkh fxuuhqw ohyho
ri wkh yrodwlolw|1

Wkh vkdsh ri wkh rswlpdo h{huflvh erxqgdu| ghshqgv rq wkh frqwudfwxdo fkdudfwhulvwlfv ri wkh Dphulfdq
rswlrq dqg rq wkh vkdsh ri wkh vwdwh yhfwru*v ulvn qhxwudo glvwulexwlrq1 Lq d ixoo| sdudphwul}hg vwrfkdvwlf
yrodwlolw| prgho/ lw lv wkhuhiruh lqwhuhvwlqj wr glvwlqjxlvk ehwzhhq irxu jurxsv ri sdudphwhuv

41 Wkh sdudphwhuv wkdw ghwhuplqh wkh �uvw prphqw ri V +w, xqghu T +�5,/ l1h1 wkh ulvn iuhh lqwhuhvw udwh
u dqg wkh glylghqg |lhog g>

51 Wkh sdudphwhuv wkdw d�hfw wkh dyhudjh vhfrqg prphqw ri V +w,/ l1h1 wkh sdudphwhuv wkdw ghwhuplqh wkh
�uvw prphqw ri Y +w, xqghu T +�5,>

61 Wkh sdudphwhuv wkdw d�hfw wkh wklug prphqw ri V +w,/ l1h1 wkh fruuhodwlrq ehwzhhq wkh xqghuo|lqj dvvhw
uhwxuqv dqg wkhlu yrodwlolw|>

59Wrx}l ^4<<<` ghprqvwudwhv uljrxurxvo| wklv uhvxow lq wkh jhqhudo vwdqgdug vwrfkdvwlf yrodwlolw| iudphzrun1
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Iljxuh 46= Rswlpdo h{huflvh erxqgdu| iru dq Dphulfdq sxw

71 Wkh sdudphwhuv wkdw ghwhuplqh wkh irxuwk prphqw ri V +w,/ l1h1 wkh yrodwlolw| ri wkh yrodwlolw|1

Wkh txdolwdwlyh lpsdfw rq wkh rswlpdo h{huflvh erxqgdu| ri wkh frqwudfwxdo fkdudfwhulvwlfv ri wkh rswlrq
dqg ri wkh sdudphwhuv d�hfwlqj wkh �uvw prphqw ri V +w, lv wkh vdph lq wkh frqvwdqw yrodwlolw| dqg lq wkh
vwrfkdvwlf yrodwlolw| hqylurqphqwv1 Zh uhihu wr Prhuehnh ^4<:9`/ Nlp ^4<<3` dqg Eduohv/ Exughdx/
Urpdqr dqg Vdpvrhq ^4<<5` iru edvlf surshuwlhv ri wkh rswlpdo vwrsslqj erxqgdu| zkhq wkh xqghuo|lqj
dvvhw sulfh lv jhqhudwhg e| d frqvwdqw yrodwlolw| gl�xvlrq surfhvv1 Wdeoh 6 uhvxphv wkh lpsdfw rq & ri dq
lqfuhdvh lq h{huflvh sulfh/ glylghqg |lhog dqg lqwhuhvw udwh/ doo hovh uhpdlqlqj xqfkdqjhg5:1

Sdudphwhu Fdoo Sxw
H{huflvh sulfh N . .
Glylghqg |hog g � �
Lqwhuhvw udwh u . .

Wdeoh 6= Wkh lpsdfw ri sdudphwhuv rq wkh rswlpdo h{huflvh erxqgdu|

Dq Dphulfdq rswlrq lv h{huflvhg ehiruh h{sludwlrq li wkh ehqh�wv rxwzhljkw wkh frvw dvvrfldwhg zlwk hduo|
h{huflvh1 Wklv h{sodlqv wkh edvlf uhodwlrqv suhvhqwhg lq wdeoh 61 Hduo| h{huflvh ri dq Dphulfdq sxw pd| eh
lqwhusuhwhg dv dq h{fkdqjh ri glylghqgv wr eh uhfhlyhg iurp wkh dvvhw iru lqwhuhvw wr eh hduqhg rq wkh h{huflvh
sulfh1 V|pphwulfdo|/ hduo| h{huflvh ri dq Dphulfdq fdoo pd| eh lqwhusuhwhg dv dq h{fkdqjh ri lqwhuhvw wr
eh hduqhg rq wkh h{huflvh sulfh iru glylghqgv wr eh uhfhlyhg iurp wkh dvvhw1 Wdeoh 7 uhvxphv wkh lpsdfw rq
& +W � w> Y , ri dq lqfuhdvh lq gl�huhqw sdudphwhuv ri wkh prgho ri Khvwrq/ doo hovh uhpdlqlqj xqfkdqjhg1 Wkh
lpsdfw ri �� dqg �� rq wkh rswlpdo h{huflvh erxqgdu| iroorzv iurp wkh zd| wkh| d�hfw wkh dyhudjh yduldqfh
xqghu T +�5,1 Zkhq �� A 3/ l1h1 � A ��/ wkh ulvn0qhxwudol}hg lqvwdqwdqhrxv yduldqfh surfhvv kdv d vwhdg|0
vwdwh glvwulexwlrq zlwk phdq ��1 Frqvhtxhqwo|/ zkhq �� jhwv kljkhu/ wkh orqj0uxq phdq xqghu T +�5, ri wkh
lqvwdqwdqhrxv yduldqfh lqfuhdvh dqg wkh rswlpdo h{huflvh erxqgdu| pryhv dzd| iurp wkh h{huflvh sulfh iru

5:D n dqg d 3 vljqli| uhvshfwlyho| dq xszdug dqg d grzqzdug vkliw ri wkh rswlpdo erxqgdu|/ d f vljql�hv qr lpsdfw1
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