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4 Lqwurgxfwlrq

Zlwk wzr0vwdwh rswlrq sulflqj prghov/ wkhuh lv lq jhqhudo qr forvhg irup vroxwlrq h{fhsw iru vrph sd|r�v
dqg prghov/ olnh wkh vwrfkdvwlf yrodwlolw| prgho ri Khvwrq ^4<<6` iru d ydqlood rswlrq ru wkh sulflqj ri dq
h{fkhdqjhdeoh rswlrq lq d Eodfn dqg Vfkrohv iudphzrun1 Qxphulfdo dojrulwkpv duh dovr d nh| srlqw iru 5G
rswlrq sulflqj1 Wkuhh w|shv ri qxphulfdo phwkrgv duh dydlodeoh= qxphulfdo lqwhjudwlrq +ghwhuplqlvwlf/ Prqwh
Fduor dqg txdvl0Prqwh Fduor,/ �qlwh gl�huhqfh dqg uhodwhg �hogv olnh �qlwh hohphqwv phwkrgv/ dqg pdunry
phwkrgv +h{whqvlrq ri elqrpldo wuhh lq d kljkhu glphqvlrq,1 Lq wklv sdshu/ zh uhylhz wkhvh phwkrgv dqg
dsso| wkhp wr vrph rswlrq sureohpv1

5 Qxphulfdo dojrulwkpv ri 5G rswlrq sulflqj

Lq wkh P 0idfwru duelwudjh prgho zklfk vdwlv�hv wkh vwdqgdug uhjxodulw| frqglwlrqv/ wkh sulfh ri wkh �qdqfldo
dvvhw4 S +w, @ S +w>[ +w,, vdwlv�hv wkh iroorzlqj Sduwldo Gl�huhqwldo Htxdwlrq;AAAA?
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zlwk T wkh pduwlqjdoh suredelolw| phdvxuh1 Wkh sulflqj ri Hxurshdq rswlrqv frxog eh grqh e| vroylqj wkh
SGH +9, ru e| lqwhjudwlqj wkh irupxod +:,1 Wkh fdvh ri sdwk0ghshqghqw rswlrq lv pruh frpsolfdwhg/ exw wkh
sulfh frxog eh irxqg lq jhqhudo zlwk wkh vdph whfkqltxhv1

514 Qxphulfdo lqwhjudwlrq phwkrgv

Zh frqvlghu wkh h{dpsoh ri d Edvnhw2Vsuhdg rswlrq rq wzr dvvhwv1 Ohw Vl +w, eh wkh sulfh surfhvv ri wkh
vwrfn l dw wlph w1 Xqghu wkh xqltxh htxlydohqw pduwlqjdoh phdvxuh T dqg dffruglqj wr wkh Eodfn0Vfkrohv
prgho/ zh dvvxph wkdw wkh g|qdplfv ri Vl +w, lv d orj0qrupdo gl�xvlrq
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Fkrohvn| ghfrpsrvlwlrq ri wkh fruuhodwlrq pdwul{ ri iZ4 +w, >Z5 +w,j/ zh frxog vkrz wkdw wkh sulfh dvvrfldwhg
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sulfh ri dq Hxurshdq rswlrq ri pdwxulw| � dqg d suhplxp N1 V3/ �/ e dqg u duh uhvshfwlyho| wkh fxuuhqw
sulfh ri wkh xqghuo|lqj dvvhw/ wkh yrodwlolw|/ wkh frvw0ri0fduu| sdudphwhu dqg wkh lqwhuhvw udwh1

Wklv �uvw h{dpsoh uhtxluhv wr vroyh wkh lqwhjudwlrq sureohp +<, ru +44, zlwk qxphulfdo phwkrgv1 Rqh ri
wkh prvw xvhg phwkrgv duh fhuwdlqo| txdgudwxuh uxohv +Jroxe dqg Zhovfk ^4<9<`,1 Wkh xqghuo|lqj lghd
lv wr dssur{lpdwh wkh ixqfwlrq e| dq dssursuldwh sro|qrpldo1 Lq wkh fdvh ri Jdxvv txdgudwxuhv5/ Jroxe
dqg Zhovfk vkrz wkdw li i +{, @ E +{, s +{, zlwk s 5 S5q�4 +Sq lv d vhw ri rughu q sro|qrpldov,/ wkhq wkhuh
h{lvw qrghv 3 ? {4 ? {5 ? � � � ? {q ? 4 vxfk wkdw L @
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Sq
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zhljkwv61 Li i +{, lv d qrw d sro|qrpldo/ exw lv vprrwk uhodwlyh wr s 5 S5q�4/ J +i, @
Sq

l@4zli +{l, lv dq
dssur{lpdwlrq ri wkh lqwhjudo1 Rqh ri wkh pdmru lvvxh lv ri frxuvh wkh dffxudf| ri wkh dssur{lpdwlrq1 Wr
frpsxwh wkh zhljkwv dqg wkh qrghv/ zh kdyh wr vshfli| wkh edvlv ixqfwlrq E +{, dqg wkh vxssruw1 izl> {lj
duh dovr wkh vroxwlrq ri dq hljhqydoxh sureohp ri d Mdfrel pdwul{7 dqg duh dvvrfldwhg wr d vshfl�f fodvv
ri sro|qrpldov S5q�4 +vhh wkh �jxuh 4,1 Iru h{dpsoh/ Ohjhqguh txdgudwxuhv duh xvhg iru �qlwh vxssruw
dqg E +{, @ 41 Dq lpsruwdqw srlqw ri txdgudwxuh phwkrgv lv wkdw wkh h{whqvlrq wr kljkhu glphqvlrqv lv
vwudljkwiruzdug +Gdylv dqg Udelqrzlw} ^4<;7`,1

Zh frqvlghu wkh ixqfwlrq i +{, @ 5�' frv +5�'{, . 5{1 Lq wkh �jxuh 5/ zh kdyh sorwwhg wkh ixqfwlrq
i / wkh wuxh ydoxh ri wkh lqwhjudo

U {
3 i +w, gw @ {5 . vlq +5�'{, dqg lwv qxphulfdo dssur{lpdwlrq iru ' @ 41

Zh uhpdun wkdw wkh dssur{lpdwlrq ghshqgv erwk rq wkh rughu q ri wkh txdgudwxuh dqg wkh ydoxh { ri wkh

5Wkhuh duh rwkhu txdgudwxuh uxohv/ iru h{dpsoh wkh Jdxvv0Udgdx/ Jdxvv0Oredwwr ru Jdxvv0Nurqrg uxohv +Fdoyhwwl/ Jroxe/
Judjj dqg Uhlfkho ^4<<;`,1

6Wkh h{whqvlrq wr rwkhu vxssruwv lv qrw d gl!fxow|1
7Vrph qxphulfdo ydoxhv frxog eh irxqg lq Deudprzlw} dqg Vwhjxq ^4<:3`1
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Iljxuh 4= Jdxvv txdgudwxuh qrghv dqg zhljkwv

Iljxuh 5= Qxphulfdo lqwhjudwlrq zlwk Jdxvv0Ohjhqguh txdgudwxuh
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Iljxuh 6= Ohjhqguh sro|qrpldo lqwhusrodwlrq ri wkh ixqfwlrq

erxqg1 Iru d �{hg q/ wkh huuru lv lq jhqhudo juhdwhu iru d eljjhu ydoxh ri wkh erxqg1 Lq wkh wklug dqg irxuwk
txdgudqwv/ zh kdyh vhw ' wr ;1 Wr lqyhvwljdwh wkh dffxudf| ri wkh qxphulfdo vroxwlrq iru dq rughu q/ zh
kdyh wr yhuli| wkdw i lv vprrwk uhodwlyh wr wkh dssursuldwh sro|qrpldo +vhh wkh �jxuh 6,1 Iru h{dpsoh/ li
zh xvh dq rughu 533 txdgudwxuh uxoh/ s 5 S6<<1 Lq rxu fdvh/ q @ 49 lv qrw dssursuldwh ehfdxvh i frxog qrw
eh czhoo0dssur{lpdwhg* iru { 5 ^3> 43`1 Zh uhpdun dovr wkdw wkh huuru grhv qrw ghfuhdvh v|vwhpdwlfdoo| zlwk
q +frpsduh q @ 43 dqg q @ 49 lq wkh �jxuh 6,1 Dqrwkhu nh| srlqw lv wkh sureohp ri qrw �qlwh vxssruw1
Zh kdyh uhsruwhg lq wkh wdeoh +4, wkh ydoxh wdnhq e| wkh odvw qrgh {q iru wkh Jdxvv0Odjxhuuh dqg Jdxvv0
Khuplwh txdgudwxuhv81 Wkh xvh ri vxfk uxohv lpsolhv wkdw wkh dssur{lpdwlrqv
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3
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dqg
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i +{, g{ * U {q
�{q

i +{, g{ pxvw eh ydolg91

q Odjxhuuh Khuplwh
7 <16<8 41983
; 551;9 51<63
49 841:3 719;;
65 4441: :1458
433 6:71< 46173
533 :9:1; 4<166

Wdeoh 4= Ydoxh ri wkh qrgh {q

Zh frqvlghu wkh sulflqj ri Edvnhw2Vsuhdg rswlrqv1 Zh kdyh uhsruwhg lq wkh �jxuh +7, wkh qxphulfdo
ydoxhv: jlyhq e| wkh wzr0glphqvlrqdo txdgudwxuh phwkrgv dssolhg wr wkh htxdwlrq +<,1 Zh uhpdun wkdw d
vpdoo rughu q jlyhv d srru dffxudf|1 Li q lv kljk/ wkhuh duh vrph frpsxwhu urxqgr�v dqg wkh sulfh pd|

8Wkh Odjxhuuh dqg Khuplwh txdgudwxuh phwkrgv duh xvhg uhvshfwlyho| zkhq wkh vxssruw ri wkh lqwhjudo lv dfc"d dqg o3"c"d1
9 Lq sduwlfxodu/ zh uhpdun wkdw li s lv hyhq/ lw zrxog eh qrw htxlydohqw wr frpsxwh wkh lqwhjudo

U"
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s E%� _% e| wkh wzr uxohv
zlwk wkh vdph rughu1

:Wkh sdudphwhuv duh 7� E|f� ' �ff/ K� ' SI/ j� ' 2fI/ 72 E|f� ' bD/ K2 ' �I/ j2 ' �DI/ A 3 |f ' � dqg o ' DI1
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Iljxuh 7= Edvnhw2Vsuhdg rswlrq sulfhv frpsxwdwlrq

qrw frqyhujh; 1 Rqh gl!fxow| lv wkdw iru d �{hg q/ zh frxog kdyh d yhu| jrrg dssur{lpdwlrq iru vrph
sdudphwhuv/ zkhuhdv wkh dssur{lpdwlrq lv qrw jrrg iru rwkhu sdudphwhuv1 Zh qrwh pruhryhu wkdw wkhvh
gl!fxowlhv ehfrphv kdughu iru kljkhu glphqvlrqv1

515 Prqwh Fduor dqg txdvl0Prqwh Fduor phwkrgv

Ohw K eh d glvwulexwlrq rq 
 dqg j d frqwlqxrxv ixqfwlrq1 Zh kdyh dovr
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j +{, gK +{, +46,

zlwk {4> = = = >{q q llg udqgrp yduldwhv1 Prqwh Fduor phwkrgv duh edvhg rq wkh lghd wkdw zh frxog wudqvirup

wkh sureohp ri lqwhjudwlrq e| d sureohp ri h{shfwdwlrq1 Lq wkh jhqhudo fdvh/ zh kdyh L @
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i +{, g{1 Zh

dvvxph wkdw zh frxog ghfrpsrvh i +{, e| j +{,k +{, zlwk k d nhuqho ghqvlw| ixqfwlrq1 Lw lv dovr htxlydohqw

wr frpsxwh L ru
]




j +{, gK +{, dqg zh kdyh wkh iroorzlqj surshuw| +Jhzhnh ^4<<8`,=

solp q�4@5 +Lq � L, @ Q
�
3>

]



+j +{,� L,5 gK +{,

�
+47,

zlwk Lq @ 4
q

Sq
l@4 j +[l,1 Lq sudwlfh/ wkh vhtxhqfh i{4> = = = >{qj lv jhqhudwhg e| svhxgr0udqgrp phwkrgv

vxfk dv olqhdu frqjuxhqwldo jhqhudwruv +vhh Hqwdfkhu ^4<<:` iru d jrrg uhylhz rq SUQJv,1 Lq wklv fdvh/ wkh

;Wklv frphv iurp wkh idfw wkdw ���� lv yhu| vpdoo iru odujh ?1
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Iljxuh 8= Ghqvlw| ri wkh lqwhjudo Lq

jrrg surshuwlhv ri Prqwh Fduor dojrulwkp +�wkh frqyhujhqfh udwh q�4@5 lv lqghshqghqw ri wkh glphqvlrq ri

 dqg wkh frqyhujhqfh udwh krogv hyhq iru ixqfwlrqv iurp O5�, duh qrw dozd|v suhvhuyhg +Wudxe dqg Zr�}0
qldnrzvnl ^4<;<`,1 Lq sudfwlfh/ wkh h!flhqf| ri Prqwh Fduor frxog eh lpsuryhg e| xvlqj vrph dffhohudwhg
phwkrgv +e| xvlqj frqwuro ru dqwlwkhwlf yduldwhv,1 Zh wdnh wkh suhylrxv Edvnhw h{dpsoh zlwk � @ 3=81 Lq
wkh �jxuh 8/ zh kdyh uhsuhvhqwhg wkh suredelolw| ghqvlw| ixqfwlrq ri Lq iru q @ 433 dqg q @ 5331 Pruhryhu/
zh kdyh uhsruwhg wkh fruuhvsrqglqj ghqvlw| zkhq zh xvh dq dqwlwkhwlf yduldwh +d1y1, zlwk q @ 4331

Lq 4<<5/ Mrvhsk Wudxe dqg klv Sk1G1 vwxghqw Vsdvvlplu Sdvnry wu| wr dsso| txdvl0Prqwh Fduor phwkrgv
wr ydoxh d froodwhudol}hg pruwjdjh reoljdwlrq/ zklfk zdv d 693 glphqvlrqdo sureohp1 Wkh surmhfw zdv wkh
iroorzlqj +vhh ^93`,=

Wkhru| vxjjhwv wkdw orz glvfuhsdqf| dojrulwkpv duh vrphwlphv vxshulru wr Prqwh Fduor dojr0
ulwkpv1 Krzhyhu/ d qxpehu ri uhvhdufkhuv uhsruw wkdw wkhlu qxphulfdo whvwv vkrz wkdw wklv
wkhruhwlfdo dgydqwdjh ghfuhdvhv zlwk lqfuhdvlqj glphqvlrq1 Ixuwkhupruh/ wkh| uhsruw wkdw wkh
wkhruhwlfdo dgydqwdjh ri orz glvfuhsdqf| dojrulwkpv glvdsshduv iru udwkhu prghvw ydoxhv ri wkh
glphqvlrq/ vd|/ g � 631 Zh ghflghg wr frpsduh wkh h!fdf| ri orz glvfuhsdqf| dqg Prqwh Fduor
dojrulwkpv rq wkh hydoxdwlrq ri �qdqfldo ghulydwlyhv1

Wkh lghd wkdw �TPF lv vxshulru wr PF iru �qdqfh frpsxwdwlrqv� frxog eh irxqg lq qxphurxv sxeolfdwlrqv
ri Wudxe +vhh iru h{dpsoh ^8;`/ ^8<` ru ^94`,1 Ehiruh grlqj vrph looxvwudwlrqv/ zh jlyh d eulhi ghvfulswlrq ri
wkh TPF xqghuo|lqj wkhru|1 Zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw 
 @ ^3> 4`g dqg k +{, @ 41 Zlwk
PF phwkrgv/ zh jhqhudwh xqlirup udqgrp srlqwv lq wkh k|shufxeh ^3> 4`g1 TPF phwkrgv xvh qrq0udqgrp
srlqwv lq rughu wr kdyh d pruh qlfho| xqlirup glvwulexwlrq1 D orz glvfuhsdqf| vhtxhqfh X @ ix4> = = = >xqj lv
wkhq d vhw ri ghwhuplqlvwlf srlqwv glvwulexwhg lq wkh k|shufxeh ^3> 4`g1 Ohw xv gh�qh wkh vwdu glvfuhsdqf| ri
X e| GB=

GB
q +X, @ vxs

{5


������
4

q

q[
m@4

g\
l@4

"
�
4 � xlm � {l

�� g\
l@4

{l

������ +48,
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Iljxuh 9= Frpsdulvrq ri gl�huhqw svhxgr0udqgrp jhqhudwruv

Zh frxog lqwhusuhw GB dv d glvwdqfh phdvxuh ehwzhhq wkh wkhruhwlfdo frqwlqrxv xqlirup glvwulexwlrq dqg
wkh glvfuhwh xqlirup glvwulexwlrq jhqhudwhg e| wkh orz glvfuhsdqf| vhtxhqfh X1 Zh qrwh wkdw li X lv uhdoo|
xqlirup/ wkhq olpGB

q +X, @ 3 iru hyhu| glphqvlrq g1 Pruhryhu/ wkh Nrnvpd0Kodznd lqhtxdolw| lpsolhv wkdw

mLq � Lm � GB
q +X,Y +i, +49,

zkhuh Y +i, lv wkh Kdug|0Nudxvh yduldwlrq ri i +wklv uhvxow lv rqh ri ydulrxv Fkhovrq*v wkhruhpv � vhh
Vsdqlhu dqg Ol ^4<<;`,1 Zh frxog �qg orz glvfuhsdqf| vhtxhqfhv vxfk wkdw wkh huuru lv ri rughu q�4 +oqq,g

lq suredelolw| +wklv lv wkh ehvw srvvleoh erxqg � vhh Prurnrii dqg Fdiolvfk ^4<<7`,1 Li zh frpsduh
wklv erxqg zlwk wkh rughu frqyhujhqfh ri PF R

�
q�4@5

�
/ zh uhpdun wkdw TPF lv wkhruhwlfdoo| ehwwhu wkdq

PF iru vpdoo glphqvlrqv<1 Iru kljk glphqvlrqv/ TPF uhtxluhv d odujh qxpehu ri srlqwv wr eh h!flhqw
+Prurnrii dqg Fdiolvfk ^4<<8`,1 Shrsoh kdyh grqh vrph zrunv wr h{sodlq wkh idfw wkdw TPF frxog
eh pruh dffxudwh wkdq PF hyhq iru odujh glphqvlrq g1 Qhyhuwkhohvv/ wkh| suhvhqw rqo| sduwldo dqvzhuv
+Vordq dqg Zr�}qldnrzvnl ^4<<;`/ Fdiolvfk/ Prurnrii dqg Rzhq ^4<<:`,1 Pruhryhu/ prvw ri wkh
�qdqfldo sureohpv/ zklfk kdyh ehhq vwxglhg/ duh sdwk0lqghshqghqw frqwlqjhqw fodlpv sulflqj43 1

Erxohdx dqg Oìslqjoh ^4<<7` uhylhz gl�huhqw txdvl0udqgrp vhtxhqfhv441 Wkh prvw nqrzq duh wkh
Kdowrq*/ Vrero* dqg Idxuh vhtxhqfhv dqg fruuhvsrqglqj frpsxwdwlrqdo frghv duh dydlodeoh lq gl�huhqw sur0
judpplqj odqjxdjhv +vhh ^45`/ ^46`/ ^95` ru ^:5`,1 Wkh whfkqltxhv wr jhqhudwh wkh vhtxhqfhv duh edvhg rq

<Krzhyhu/ dv qrwhg e| Oìplhx{ dqg O*Hfx|hu ^5333`/ �wkh prvw xvhixo surshuw| ri +48, lv qrw wr jlyh dq lghd ri wkh
lqwhjudwlrq huuru/ ehfdxvh wkh erxqg lv xvxdoo| wrr orrvh/ exw wr ghulyh fulwhuld iru fkrrvlqj jrrg vhwv F e| surylglqj d txdqwlw|
wr plqlpl}h/ qdpho| (


? EF��1
43Iru h{dpsoh/ Ùnwhq ^5333` uhsruwv vrph uhvxowv rq Dvldq rswlrqv dqg Hxurshdq rswlrqv zlwk vwrfkdvwlf yrodwlolw|/ dqg wkh

frqfoxvlrqv duh qrw yhu| fohdu$
44Wkhuh duh gl�huhqw phwkrgv wr frqvwuxfw txdvl0udqgrp vhtxhqfhv1 Wkh prvw xvhg duh odwwlfh uxohv/ gljlwdo vhtxhqfhv ru

E|c6c r�0qhwv1 Rzhq ^4<<;d` gh�qhv wkhvh odvw vhtxhqfhv dv iroorzlqj=

Ohw w dqg p eh qrqqhjdwlyh lqwhjhuv1 D �qlwh vhtxhqfh F M dfc ��r zlwk ? ' K6 lv d E|c6c r�0qhwv lq edvh K li hyhu|
K0du| er{ ri yroxph K|36 frqwdlqv h{dfwo| K| srlqwv ri wkh vhtxhqfh1

Zh qrwh dovr wkdw zh frxog frqvwuxfw cqhz* txdvl0udqgrp vhtxhqfhv e| xvlqj udqgrpl}dwlrq whfkqltxhv +vhh Rzhq ^4<<;e` iru
dq dssolfdwlrq ri OVV � Odwlq Vxshufxeh vdpsolqj,1

;



Iljxuh := Krz wkh Vrero jhqhudwru zrunv B

qxpehu wkhru|1 Iru h{dpsoh/ wkh Kdowrq*v vhtxhqfh lv edvhg rq wkh s0dglf h{sdqvlrq ri lqwhjhuv q @
gns

n . � � � . g4s . g3 zkhuh gl 5 i3> = = = > s� 4j iru l @ 3> = = = > n dqg rq wkh udglfdo0lqyhuvh ixqfwlrq
(e +q, @

Sn
l@3 gns

�+l.4, +Zdqj dqg Klfnhuqhoo ^5333`,1 Wkh g0glphqvlrqdo Kdowrq ( @ i(qj vhtxhqfh
lv gh�qhg e| (q @

�
(s4 +q, > = = = > (sg +q,

�
zkhuh s4> = = = > sg duh lqwhjhuv wkdw duh juhdwhu wkdq 4 dqg sdluzlvh

uhodwlyho| sulph45 1 Zh kdyh uhsuhvhqwhg wklv vhtxhqfh dqg wzr rwkhuv46 +Kdpphuvoh| dqg Idxuh, lq wkh
�jxuh 91 Wkh lghd lv ri frxuvh wr dgg wkh qhz srlqwv qrw udqgrpo|/ exw cehwzhhq wkh h{lvwlqj srlqwv*1 Iru
h{dpsoh/ zh kdyh dgghg 589 srlqwv lq wkh Vrero vhtxhqfh lq hdfk txdgudqw ri wkh �jxuh : � wkh qhz srlqwv
fruuhvsrqg wr d vtxduh v|pero1 Qrz/ vxssrvh wkdw wkh glphqvlrq g ehfrphv odujhu1 Lw zloo ehfrph pruh
dqg pruh gl!fxow wr �oo wkh k|shufxeh471 Wr looxvwudwh wklv sureohp/ zh frqvlghu wkh 6G surmhfwlrq ri d
g0glphqvlrqdo qrupdo yduldwhv rewdlqhg xvlqj wkh �uvw 63:5 srlqwv ri wkh Idxuh vhtxhqfhv481 Zh uhpdun wkdw
zh kdyh wr lqfuhdvh wkh qxpehu ri srlqwv li zh zrxog olnh wr pds doo wkh vsdfh1 Dqg zh kdyh wr eh fduhixo
li zh gr qrw zdqw wr jhqhudwh vrph ckroh duhd* +vhh wkh �jxuh < zklfk uhsuhvhqwv wkh �uvw 4357 srlqwv ri wkh
gluhfwlrqdo yhfwruv rq wkh xqlw vskhuh,1

Zh qrz frqvlghu dq looxvwudwlrq1 Wkh sureohp lv wkh sulflqj ri d ydqlood rswlrq lq wkh Eodfn0Vfkrohv
prgho1 Lw dvvxph wkdw wkh sulfh V +w, lv d orj0qrupdo gl�xvlrq jlyhq e| wkh htxdwlrq +;,1 Wkh ydoxh ri wkh

Fdoo rswlrq lv wkhq F +w3, @ h�u+W�w3,HT

k
+V +W ,�N,. m Iw3

l
1 Wkh surfhvv V +W , m Iw3 lv vlpxodwhg e| dq

45 Lq sudfwlfh/ wkh| duh wkh �uvw ? sulph qxpehuv1
46Zh kdyh xvhg R� ' 2 dqg R2 ' �1
47Wklv skhqrphqrq lv fdoohg cwkh fxuvh ri glphqvlrqdolw|*1
48Wkh phdq yhfwru lv qxoo dqg wkh fryduldqfh pdwul{ P lv

P '

5
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Iljxuh ;= 6G surmhfwlrq ri qrupdo svhxgr0udqgrp qxpehuv zlwk Idxuh jhqhudwru

Iljxuh <= Txdvl0udqgrp srlqwv rq wkh xqlw vskhuh
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Iljxuh 43= Frqyhujhqfh ri TPF phwkrgv

h{dfw vfkhph +Norhghq dqg Sodwhq ^4<<5`, xvlqj wklv uhfxuvlyh irupxod

oqV +wp.4, @ oqV +wp, .

�
e� 4

5
�5

�
+wp.4 � wp, . �

s
wp.4 � wp% +4:,

zlwk % d Q +3> 4, yduldwh dqg wkh wlph glvfuhwlvdwlrq49 w3 ? w4 ? � � � ? wp ? � � � ? wQw
@ W 1 Zh frqvlghu d 8

srlqwv glvfuhwlvdwlrq4:1 Zh kdyh sorwwhg wkh frqyhujhqfh4; lq wkh �jxuh 431 Ehfdxvh wkh Kdpphuvoh| qhwv
duh d forvhg vhtxhqfh/ zh kdyh uhsruwhg rqo| wkh odvw ydoxh1 Zh uhpdun wkh yhu| jrrg ehkdylrxu ri wkh Vrero
vhtxhqfh1 Iru wkh udqgrp vhtxhqfhv/ wkh frqyhujhqfh ghshqgv rq wkh vhhg ydoxh dqg rq wkh OFJ sdudphwhuv1
Qrz/ zh vxssrvh wkdw wkh EV rswlrq sulflqj lv mxvw rqh frpsrqhqw ri d eljjhu PF sureohp4< 1
Lq wkh �jxuh 43/ zh vkrz wkh lq xhqfh ri wkh glphqvlrq g ri wkh Idxuh vhtxhqfh rq wkh frqyhujhqfh1 Wklv
h{dpsoh lv lqwhuhvwlqj ehfdxvh lw looxvwudwhv wkh sureohp ri wkh fxuvh ri glphqvlrqdolw| +vhh wkh frqyhujhqfh
iru wkh glphqvlrq 8333,1

Dqrwkhu gl!fxow| lv wkh fkrlfh ri wkh txdvl0udqgrp vhtxhqfh1 Iru h{dpsoh/ zh kdyh frpsxwhg wkh
suhylrxv Edvnhw2Vsuhdg sulfhv zlwk 65:9; vlpxodwlrqv dqg zh rewdlq wkh uhvxowv ri wkh wdeoh 51 Iru wklv
h{dpsoh/ wkh sulfhv duh wkh vdph zlwk d 5 gljlwv suhflvlrq/ ehfdxvh zh kdyh d orz glphqvlrq sureohp1
Krzhyhu/ lw lv qrw dozd|v wkh fdvh zlwk eljjhu glphqvlrq1 Wkh fkrlfh ri wkh txdvl0udqgrp vhtxhqfh lv wkhq
lpsruwdqw1 Exw wkh ehvw phwkrg grhv qrw h{lvw1 D vhtxhqfh pd| kdyh d yhu| jrrg ehkdylrxu
iru rqh sureohp/ dqg pd| eh ohvv shuirupdqw iru dqrwkhu sureohp +vhh Elujh ^4<<7` ru Ùnwhq
^5333` iru vrph looxvwudwlrqv,1

Lq frqfoxglqj uhpdunv/ zh frxog vd| wkdw/ hyhq li wkhuh duh d orw ri zrunv rq wklv uhvhdufk duhd/ zh qhhg
pruh uhvhdufk wr rewdlq pruh frqylqflqj uhvxowv rq Txdvl0Prqwh Fduor phwkrgv1

49�| lv wkh qxpehu ri glvfuhwlvdwlrq srlqwv iru |1
4:Wkh glphqvlrq _ lv dovr htxdo wr 81
4;Wkh sdudphwhuv duh wkh iroorzlqj= 7 E|f� ' �ff/ g ' �ff/ K ' SI/ j ' 2fI/ A 3 |f ' � dqg o ' DI1
4<Wkh vlpxodwhg sulfhv duh frpsxwhg zlwk wkh �uvw �yh frruglqdwhv ri wkh vhtxhqfh/ zkhuhdv wkh glphqvlrq _ ri wkh sureohp

lv odujh1
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Iljxuh 44= Lq xhqfh ri wkh glphqvlrq g rq wkh frqyhujhqfh ri wkh Idxuh TPF sulfhv

Khuplwh 65 Kdpphuvoh| Kdowrq Vrero Idxuh
+�4 @ 4> �5 @ 4> � @ 3=8>N @ 533, 461:;8 461:;4 461::6 461::9 461:::
+�4 @ 4> �5 @ �4> � @ 3=8>N @ 3, 44195: 441935 441943 44193; 441939
+�4 @ 4> �5 @ 4> � @ �3=8>N @ 533, <1569; <155<4 <1557; <155:; <155::
+�4 @ 4> �5 @ �4> � @ �3=8>N @ 3, 44195: 441935 441943 44193; 441939

Wdeoh 5= Edvnhw2Vsuhdg TPF sulfhv

516 Ilqlwh Gl�huhqfh phwkrgv

Lq wklv sdudjudsk/ zh iroorz wkh sdshu ri Nxuslho dqg Urqfdool ^4<<<`1 Zh frqvlghu wkh olqhdu sduderolf
htxdwlrq

C x +w> {> |,

C w
. i +w> {> |,x +w> {> |, @ Dwx +w> {> |, . j +w> {> |, +4;,

zkhuh Dw lv wkh jhqhudo wzr glphqvlrqdo gl�huhqwldo rshudwru

Dwx +w> {> |, @ d +w> {> |,
C5 x +w> {> |,

C {5
. 5e +w> {> |,

C5 x +w> {> |,

C {C |
. f +w> {> |,

C5 x +w> {> |,

C |5
.

g +w> {> |,
C x +w> {> |,

C {
. h +w> {> |,

C x +w> {> |,

C |
+4<,

Wkh lghd lv wr vroyh +4;, lq d uhjlrq ri wkh +w> {> |, vsdfh jlyhq e| 9�7 zkhuh 7 lv d forvhg uhjlrq ri wkh
+{> |, sodqh zlwk d frqwlqxrxv erxqgdu| C71 Lq sduwlfxodu/ iru frqyhqlhqw frpsxwdwlrq/ zh dvvxph wkdw
7 @ ^{�> {.` � ^|�> |.` dqg 9 @ ^w�> w.`1 Wr vroyh +4;, qxphulfdoo| / zh qhhg wr lpsrvh vrph erxqgdu|
frqglwlrqv1 Iru w @ w�/ zh frqvlghu d Fdxfk| frqglwlrq1 Iru wkh rwkhu erxqgdu|/ zh frxog fkrrvh ehwzhhq
d Glulfkohw ru d Qhxpdqq frqglwlrq1 Lq rughu wr ghyhors d qxphulfdo vroxwlrq iru +4;,/ zh qhhg wr glvfuhwlvh
wkh surfhvv x +w> {> |, lq erwk wlph dqg vsdfh glphqvlrqv1 Ohw Qw/ Q{ dqg Q| eh wkh qxpehu ri glvfuhwlvdwlrq
srlqwv iru w/ { dqg | uhvshfwlyho|1 Zh ghqrwh e| n/ k{ dqg k| wkh phvk vsdflqjv lq wlph dqg vsdfh lq wkh
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{ dqg | gluhfwlrqv uhvshfwlyho|53 1 Zh qrwh wp @ w� .p � n/ {l @ {� . l � k{ dqg |m @ |� . m � k|1 Ohw xpl>m
eh wkh dssur{lpdwh vroxwlrq wr +4;, dw wkh julg srlqw +wp> {l> |m, dqg x +wp> {l> |m, wkh h{dfw vroxwlrq ri wkh
Sduwldo Gl�huhqfldo Htxdwlrq dw wklv srlqw1 Ohw P eh wkh pdwul{ zlwk +l> m, hqwu| +Pl>m, dqg ghqrwh yhf +P,
e| p1

Wkh h{solflw irup ri htxdwlrq +4;, lv

xp.4
l>m � xpl>m

n
. ipl>mx

p
l>m @ Dp

l>m . jpl>m +53,

zkloh wkh lpsolflw irup lv
xp.4
l>m � xpl>m

n
. ip.4

l>m xp.4
l>m @ Dp.4

l>m . jp.4
l>m +54,

Lqwurgxflqj wkhwd0vfkhphv jlyhv�
4 . n�p.4

l>m ip.4
l>m

�
xp.4
l>m � n�p.4

l>m

�
Dp.4
l>m . jp.4

l>m . sp.4
l>m

�
@

�
4� n�pl>mi

p
l>m

�
xpl>m . n�pl>m

�
Dp
l>m . jpl>m . spl>m

�
+55,

zlwk
�p.4
l>m . �pl>m @ 4 +56,

Zh fdq vkrz wkdw wkhuh h{lvwv d vtxduh pdwul{ Kp dqg d yhfwru sp vxfk wkdw

Dp @ Kpxp . sp +57,

Zh fdoo spl>m wkh uhvlgxdo devruswlrq ixqfwlrq1 Wkhq/ zh kdyh

^L . n�p.4ip.4 � n�p.4Kp.4`xp.4 @ ^L � n�pip . n�pKp`xp .

n ^�p.4jp.4 .�pjp` . n ^�p.4sp.4 .�psp` +58,

zlwk
�p @ gldj +�p,

dqg
�p @

�
�pl>m

�
Wkh htxdwlrq +58, lv wkh jhqhudo yhf irup ri �qlwh gl�huhqfh phwkrgv iru wzr0glphqvlrqdo Sduwldo Gl�huhqwldo
Htxdwlrqv1 Zh kdyh qrz wr vshfli| Dp

l>m dqg �p1 Wkh jhqhudo irup ri Dp
l>m lv

Dp
l>m @

5[
�~@�5

5[
��@�5

�pl>m>�~>��x
p
l.�~>m.�� +59,

Wkhq/ zh fdq zulwh wkh pdwul{ Dp zlwk hohphqwv +Dp
l>m, lq wkh iroorzlqj irup

Dp @ �pxp . tp +5:,

Lq idfw/ tp uh hfwv wkh erxqgdu| frqglwlrqv1 Zkhq zh xvh wkhp/ zh fdq vsolw wkh yhfwru tp dqg kdyh

tp @ �pxp . sp +5;,

Wkhq/ lw lv fohdu wkdw Kp lq htxdwlrq +58, lv

Kp @ �p .�p +5<,

Wkh qdwxuh ri wkh erxqgdu| frqglwlrqv lv lpsruwdqw/ ehfdxvh d Glulfkohw frqglwlrq zloo lq xhqfh wkh sp
yhfwru zkloh d Qhxpdq frqglwlrq zloo d�hfw wkh �p pdwul{1 Wklv lqwhjudwlrq ri wkh erxqgdu| frqglwlrqv lv
frpsohwho| h{sodlqhg lq Nxuslho dqg Urqfdool ^4<<<`1

53Wkhq/ zh kdyh & ' |.3|�

�w3�
/ �% ' %.3%�

�{3�
dqg �+ ' +.3+�

�|3�
1
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Ohw � @ W � w eh wkh wlph wr pdwxulw| ri wkh dvvhw1 Zh vhh wkdw htxdwlrq +9, frxog eh sxw lq wkh irup
+4;,1 Lq wklv fdvh/ � wdnhv wkh uroh ri wkh yduldeoh w dqg [4 dqg [5 fruuhvsrqg wr wkh { dqg | yduldeohv1 Zh
kdyh

d +�>[4> [5, @
4

5
�54>4 . �4>5�4>4�4>5 .

4

5
�54>5

e +�>[4> [5, @
4

5

�
�4>4�5>4 . �4>5�4>4�5>5 . �4>5�5>5 . �4>5�4>5�5>4

�
f +�>[4> [5, @

4

5
�55>4 . �4>5�5>4�5>5 .

4

5
�55>5

g +�>[4> [5, @ �4 � �4�4>4 � �5�4>5

h +�>[4> [5, @ �5 � �4�5>4 � �5�5>5

i +�>[4> [5, @ u +W � �>[4> [5,

j +�>[4> [5, @ j +W � �>[4> [5,

x +3> [4> [5, @ J +W>[4> [5,

51614 Krsvfrwfk phwkrgv

Jrxuod| ^4<:3` lqwurgxfhg d fodvv ri/ vr fdoohg/ Krsvfrwfk dojrulwkpv wr vroyh sduderolf dqg hoolswlf sduwldo
gl�huhqwldo htxdwlrqv ri wkh irup +4;,1 Wkh uhdghu frxog uhylhz wkh duwlfoh ri Nxuslho dqg Urqfdool ^4<<<`
iru d frpsohwh h{srvlwlrq ri wkhvh phwkrgv1 Dq krsvfrwfk dojrulwkp lv gh�qhg e| d � krsvfrwfk phwkrg
iru vrph fkrlfh ri wkh �p pdwul{ dqg d �oolqj krsvfrwfk phwkrg iroorzlqj iurp wkh �pl>m>�>� gh�qlwlrq1 Wkh
xqghuo|lqj lghd lv wr lqwurgxfh pruh vsduflw| lqwr wkh olqhdu v|vwhp +58, � ri wkh irup�p.4xp.4 @ !p.4

� wkdq wkh fodvvlfdo �0vfkhphv/ dqg lq wkh vdph wlph wr yhuli| wkh vwdelolw| surshuw|54 +Jrxuod| dqg
PfJxluh ^4<:4`,1 Wkh prvw srsxodu dojrulwkpv duh wkh �rughuhg rgg0hyhq� dqg wkh �olqh� krsvfrwfk
vfkhphv1 Wr looxvwudwh wkhp/ zh kdyh uhsruwhg cd vs| sorw* ri wkh htxdwlrq +58, lq wkh �jxuh 451

Rqh ri wkh elj gl!fxow| lv ri frxuvh wr vroyh wkh olqhdu v|vwhp1 Nxuslho dqg Urqfdool ^4<<<` sursrvh
wr frgh wkh pdwulfhv lqwr d edqg irup/ dqg wkhq wr vroyh wkh v|vwhp zlwk d vsduvh vroyhu1 Lq wkh JDXVV
lpsohphqwdwlrq ^97`/ wkh| xvh wkh OVTU dojrulwkp ri Sdljh dqg Vdxqghuv ^4<;5`1 OVTU lv d frqmxjdwh
judglhqw phwkrg zlwk uh�qhphqwv zklfk pd| vroyhv olqhdu htxdwlrqv/ plqlpxp ohqjwk/ ohdvw vtxduhv dqg
uhjxodul}hg ohdvw vtxduhv sureohpv1 Wkh irup ri wkh jhqhudo sureohp lv

plq nD{� en5 . n�{n5 +63,

zlwk D d jhqhudo pdwul{1 Zlwk FJ dojrulwkpv/ wkh vroxwlrq lv jlyhq e| dq lwhudwlyh phwkrg {l.4 @ {l . ul
+Jroxe dqg Ydq Ordq ^4<;<`,1 Wkh dojrulwkp ghyhorsshg e| Sdljh dqg Vdxghuv lv edvhg rq Nu|ory
phwkrgv +Lsvhq dqg Ph|hu ^4<;;`,1 Lw lv qrw wkh idvwhvw FJ phwkrg/ exw lw lv frqvlvwhqw hyhq li wkh olqhdu
v|vwhp lv qrw zhoo0frqglwlrqhg1 Pruhryhu/ xqghu vrph dvvxpswlrqv rq wkh phvk vsdflqj/ zh nqrz wkdw
xp.4 @ xp .R +n,1 Zh frxog dovr uhsodfh wkh v|vwhp +58, e|

^L . n�p.4ip.4 � n�p.4Kp.4`yp.4 @ +n ^�p.4Kp.4 .�p`� n ^�p.4ip.4 .�pip`,xp

n ^�p.4jp.4 .�pjp` . n ^�p.4sp.4 .�psp` +64,

zlwk xp.4 @ yp.4.xp1 Wkh irup ri wkh olqhdu v|vwhp lv wkhq �p.4yp.4 @ 
p.4 zlwk 
p.4 @ !p.4�
�p.4xp1 Wklv irupxodwlrq grhv qrw uhgxfh wkh glphqvlrq ri wkh dvvrfldwhg Nu|ory vsdfh N* +�p.4>
p.4,/
exw wkh frqyhujhqfh lv idvwhu ehfdxvh wkh qxoo yhfwru lv d pruh dssursuldwh vwduwlqj ydoxh iru wklv vhfrqg
olqhdu v|vwhp1

51615 Rwkhu qxphulfdo vroyhuv

Wkhuh duh d orw ri rwkhu qxphulfdo vroyhuv +iru h{dpsoh PrO/ ORG/ DGL ru IHP,1 Wkh Phwkrg ri Olqhv
+PrO, frqyhuwv wkh SGH sureohp lqwr d v|vwhp ri �uvw rughu ruglqdu| gl�huhqwldo htxdwlrqv1 Wkh Orfdoo|

54Krzhyhu/ zh kdyh uhpdunhg wkdw wkh �rughuhg rgg0hyhq� dqg wkh �olqh� krsvfrwfk phwkrgv jlyh gl�huhqw uhvxowv rq sduderolf
dqg hoolswlf sureohpv1 Iru sduderolf sureohpv/ �rughuhg rgg0hyhq� dqg �olqh� vfkhphv duh frpsdudeoh wr d ixoo Fudqn0Qlfkrovrq
vfkhph1 Iru hoolswlf sureohpv/ wkh �rughuhg rgg0hyhq� phwkrg vhhpv wr eh ohvv dffxudwh1
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Iljxuh 45= cVs| Sorw* ri wkh SGH olqhdu v|vwhp

Rqh0Glphqvlrqdo +ORG, dqg Dowhuqdwlyh Gluhfwlrq Lpsolflw +DGL, dojrulwkpv duh vshfldo fdvhv ri Rshudwru
Vsolwwlqj Phwkrgv +Suhvv/ Whxnrovn|/ Yhwwhuolqj dqg Iodqqhu| ^4<<5`,1 Wr xqghuvwdqg wkh edvlf
lghdv ehklqg wkhvh phwkrgv/ zh frqvlghu wkh fodvvlfdo khdw htxdwlrq

Cw x +w> {> |, @ C{{ x +w> {> |, . C|| x +w> {> |, +65,

Phwkrg ri Olqhv � Xvlqj wkh fhqwhuhg gl�huhqfh dssur{lpdwlrq55/ zh kdyh

gxl>m +w,

gw
@ �{{xl>m +w, . �||xl>m +w, / iru l @ 4> = = = > Q{ dqg m @ 4> = = = > Q| +66,

Wkh yhf irup ri wklv htxdwlrq lv wkhq
gx +w,

gw
@ Dx +w, . e +w, +67,

Zh rewdlq dovr d v|vwhp ri Q{ � Q| RGH*v/ zklfk frxog eh vroyh e| qxphulfdo phwkrgv +Vwrhu dqg
Exuolvk ^4<<6`,1 Rqh ri wkh vxfhvv ri wkhPrO dojrulwkp lv wkh srvvlelolw| ri pl{lqj hdvlo| gl�huhqw erxqgdu|
vshfl�fdwlrqv1 Pruhryhu/ li zh xvh Uxqjh0Nxwwd phwkrgv ru h{solflw Suhglfwru0Fruuhfwru phwkrgv/ zh uhpdun
wkdw vroylqj wkh SGH sureohp uhtxluhv mxvw pdwul{0e|0yhfwru surgxfwv/ zklfk frxog eh grqh lq d vsduvh
iudphzrun1 Rqh h{dpsoh ri �qdqfldo dssolfdwlrq ri PrO lv Ph|hu dqg Krhn ^4<<:`1

Orfdoo| Rqh0Glphqvlrqdo � D �qlwh gl�huhqfh dssur{lpdwlrq ri +65, lv

xp.4
l>m � xpl>m

n
@

xpl.4>m � 5xpl>m . xpl�4>m
k5{

.
xpl>m.4 � 5xpl>m . xpl>m�4

k5|
+68,

OhYhtxh ^4<;;` lqwurgxfhv ORG dqg DGL dojrulwkpv lq wkh iroozrqj zd|=

55Zh kdyh B%%��c� E|� '
�l.4>mE|�32�l>mE|�n�l�4>mE|�

�5{
dqg B++��c� E|� '

�l>m.4E|�32�l>mE|�n�l>m�4E|�

�5|
1 Qrwh wkdw wkh phwkrg xvhv

lq jhqhudo pruh dgdswhg �qlwh gl�huhqfh irupxodv +vhh Iruqehuj ^4<<;`,1
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Udwkhu wkdq vroylqj wkh frxsohg vsduvh pdwul{ htxdwlrq iru doo wkh xqnqrzv rq wkh julg vlpx0
odwdqhrxv dv lq +68,/ dq dowhuqdwlyh dssurdfk lv wr uhsodfh wklv ixoo|0frxsohg vlqjoh wlph vwhs e|
d vhtxhqfh ri vwhsv/ hdfk ri zklfk lv frxsohg lq rqo| rqh vsdfh gluhfwlrq/ uhvxowlqj lq d vhw ri
wulgldjrqdo v|vwhpv zklfk fdq eh vroyhg pxfk hdvlo|1

Iru wkh ORG phwkrg/ zh kdyh;AA?
AA=

x
p.4

5
l>m

�xpl>m
n
5

@
xpl.4>m�5x

p
l>m.x

p
l�4>m

k5{
.

x
p.4

5
l.4>m�5x

p.4
5

l>m
.x

p.4
5

l�4>m

k5{

xp.4
l>m

�x
p.4

5
l>m

n
5

@
x
p.4

5
l>m.4�5x

p.4
5

l>m
.x

p.4
5

l>m�4

k5|
.

xp.4
l>m.4�5x

p.4
l>m

.xp.4
l>m�4

k5|

+69,

Dowhuqdwlyh Gluhfwlrq Lpsolflw � Wkhuh duh gl�huhqw DGL vfkhphv1 Rqh ri wkh prvw xvhg lv wkh
Shdfhpdq0Udfkirug surfhvv=;AA?

AA=
x
p.4

5
l>m

�xpl>m
n
5

@
xpl>m.4�5x

p
l>m.x

p
l>m�4

k5|
.

x
p.4

5
l.4>m�5x

p.4
5

l>m
.x

p.4
5

l�4>m

k5{

xp.4
l>m

�x
p.4

5
l>m

n
5

@
x
p.4

5
l.4>m�5x

p.4
5

l>m
.x

p.4
5

l�4>m

k5{
.

xp.4
l>m.4�5x

p.4
l>m

.xp.4
l>m�4

k5|

+6:,

�Zlwk wklv phwkrg/ hdfk ri wkh wzr vwhsv lqyroyhv gl�xvlrq lq erwk wkh {0 dqg |0gluhfwlrqv1 Lq wkh �uvw vwhs
wkh gl�xvlrq lq { lv prghoohg lpsolflwho| zkloh gl�xvlrq lq | lv prghoohg h{solflwho|/ zlwk wkh urohv uhyhuvhg lq
wkh vhfrqg vwhs� +OhYhtxh ^4<;;`,1 D �qdqfldo dssolfdwlrq frxog eh irxqg lq Yloohqhxyh dqg ]dqhwwh
^4<<;`1

Ilqlwh Hohphqw Phwkrg � Zloprww/ Ghz|qqh dqg Krzlvrq ^4<<6` lv d jrrg lqwurgxfwlrq rq
wklv vxemhfw1 Wkh pdlq lghd lv wr dssur{lpdwh x +w> {> |, e| olqhdu frpelqdwlrqv ri edvlv ixqfwlrqv +ru vkdsh
ixqfwlrqv,

x +w> {> |, @
O[
o@4

fo!o +w> {> |, +6;,

Khqfh/ zh kdyh wr �qg wkh qrgdo ydoxhv ifoj vroxwlrq ri d O� O olqhdu v|vwhp1 Wklv phwkrg lv srsxodu lq
pruh wkdq rqh glphqvlrqdo SGH sureohp/ ehfdxvh IHP frxog eh xvhg zlwk luuhjxodu julgv dqg jlyhv vprrwk
vroxwlrqv +vhh Exvfd ^4<<<` iru dq dssolfdwlrq wr rswlpdo h{huflfh srolf| iru Dphulfdq rswlrqv,1

517 Sdudooho lpsohphqwdwlrq

Wr �qlvk wklv vhfwlrq/ zh zloo jlyh vrph uhpdunv rq sdudooho lpsohphqwdwlrq/ zklfk lv rqh ri wkh elj lvvxh ri 5G
+dqg pruh, rswlrq sulflqj1 Wkhuh lv qrz d orw ri qxphulfdo oleudu| vshfldoo| ghvljqhg iru glvwulexwhg phpru|
sdudooho frpsxwhuv +Jroxe dqg Ruwhjd ^4<<6`,1 Lq sduwlfxodu/ wkh EODV urxwlqhv kdyh ehhq uhzulwwhq wr
vxssruw glvwulexwhg phpru|1 SEODV lv qrz wkh fruh ri pdq| vriwzduh/ iru h{dpsoh VfdODSDFN dqg LPVO
Iruwudq <3 PS1 Sdudooho lpsohphqwdwlrq ri Txdgudwxuh dqg Prqwh Fduor phwkrgv56 duh ihdvleoh � vhh wkh
errn ri Ir{/ Phvvlqd dqg Zlooldpv ^4<<7` ru wkh KSI lpsohphqwdwlrq ri sdwk0lqwhjudo ri rswlrq sulflqj
ghvfulehg e| Pdnlylf ^4<<8`1 Lw vhhpv wkdw lw frxog eh dovr wkh fdvh iru vrph TPF phwkrgv +iru h{dpsoh/
Kdowrq* dqg Kdpphuvoh| vhtxhqfhv,1 Hyhq iru sdudooho vroxwlrq ri SGH/ wkhuh h{lvw vrph frghv dqg sdudooho
lpsohphqwdwlrq ri vsduvh phwkrgv duh qrz dydlodeoh +vhh Vddg ^4<<9/4<<;`,1

6 Vrph vwrsslqj wlph sureohpv

Lq d ixoo| sdudphwul}hg wzr0vwdwh prgho/ zklfk yhul�hv wkh vwdqgdug uhjxodulw| frqglwlrqv/ wkh sulfh ri dq
Dphulfdq rswlrq vdwlv�hv d wzr0glphqvlrqdo yduldwlrqdo lqhtxdolw|1 Wkh yduldwlrqdo lqhtxdolw| fdq wkhq eh
vroyhg e| krsvfrwfk/ dqg wkh rswlpdo erxqgdu| fdq eh uhfryhuhg iurp wkh vroxwlrq h{ srvw1 Jlyhq wkh

56D euxwh phwkrg wr lpsohphqw OFJ lq sdudooho lv mxvw uxqqlqj lqghshqghqw jhqhudwruv zlwk gl�huhqw vhhg wdeohv rq gl�huhqw
surfhvvruv1
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rswlpdo h{huflvh erxqgdu|/ lw lv wkhq vwudljkwiruzdug wr frpsxwh wkh suredelolw| ri hduo| h{huflvh dqg wkh
rswlrq h{shfwhg olihwlph dv ixqfwlrqv ri wlph dqg fxuuhqw vwdwh1

Wklv doorzv xv wr h{dplqh/ lq wkh �uvw wlph/ krz wkh vwrfkdvwlf yrodwlolw| d�hfwv wkh rswlpdo h{huflvh
srolf| ri Dphulfdq rswlrqv1 Pruh suhflvho|/ zh lqyhvwljdwh wkh olqnv ehwzhhq wkh h{huflvh erxqgdu| dqg wkh
vkdsh ri wkh ulvn qhxwudo glvwulexwlrq ri wkh xqghuo|lqj dvvhw1 Lq wkh vhfrqg wlph/ zh vwxg| wkh rswlpdo
vwrsslqj wlph sureohpv ri Dphulfdq EhvwRi2ZruvwRi rswlrqv1

614 Rswlpdo h{huflvh erxqgdu|= jhqhudo vhwwlqj

Zh pdnh wkh vwdqgdug dvvxpswlrqv571 Wkh sulfh ri dq Dphulfdq rswlrq XD +w, lv frpsohwho| ghwhuplqhg
e| wkh yhfwru [ +w, ri wkh P vwdwh yduldeohv1 Zh kdyh XD +w, @ XD +w>[ +w,,1 Wkh ulvn0iuhh lqwhuhvw udwh
u +w, � 3 lv ghwhuplqlvwlf1 Iru wkh qrwdwlrqdo vlpsolflw|/ zh zloo dvvxph lw frqvwdqw1 Wkh h{huflvh ri dq
Dphulfdq rswlrq dw wlph � surfxuhv iru wkh kroghu d sd|r� ( +�>[ +�,,1 Wkh sd|r� ixqfwlrq j lv frqwlqxrxv
dqg qrqqhjdwlyh1 Wkh rswlrq lv lvvxhg dw wlph w3 @ 3/ dqg wkh h{sludwlrq gdwh lv W 1 Wkh qr duelwudjh
dujxphqw lpso| wkdw wkh sulfh ri dq Dphulfdq rswlrq yhul�hv

XD +w>[, � ( +w>[, +6<,

dw hdfk wlph w1 Wkh vwrsslqj uhjlrq lv wkhuhiruh gh�qhg dv

G @
�
+w>[, 5 ^3> W `�U[ m XD +w>[, @ ( +w>[,

�
+73,

Wkh frqwlqxdwlrq uhjlrq lv wkh frpsohphqw ri G lq ^3> W `�U[

F @
�
+w>[, 5 ^3> W `�U[ m XD +w>[, A ( +w>[,

�
+74,

Wkh vwrsslqj erxqgdu| lv wkh iurqwlhu CF � G ri F h{suhvvhg lq whupv ri wkh vwdwh yhfwru1 Pruh irupdoo|/ zh
gh�qh wkh fulwlfdo vwdwh dv wkh ixqfwlrq [� = ^3> W ` $ U[ e| vhwwlqj [� +w, @ i[ 5 U[ m +w>[, 5 CFj1 Lw lv
vrphwlphv frqyhqlhqw wr h{suhvv wkh iurqwlhu ri F lq whupv ri rqh vwdwh yduldeoh/ iru h{dpsoh wkh xqghuo|lqj
dvvhw sulfh rqo| lq wkh fdvh ri vwrfdkvwlf yrodwlolw| prghov1 Wklv gh�qhv wkh rswlpdo h{huflvh erxqgdu| dv
wkh fulwlfdo sulfh V� zklfk lv d ixqfwlrq ri wlph w dqg ri wkh P � 4 uhpdlqlqj vwdwh yduldeohv1 Wkh rswlpdo
vwrsslqj wlph lv wkh �uvw wlph wkh vwdwh yhfwru uhdfkhv wkh vwrsslqj erxqgdu|1 Lw lv wkxv gh�qhg e|

�� @ lqi
�
� 5 ^w> W ` m XD +�>[ +�,, @ ( +�>[ +�,,

�
@ lqi i� 5 ^w> W ` m +�>[ +�,, 5 Gj +75,

Zh qrwh TW +x> w>[ +w,, wkh wlph w suredelolw| ri dq Dphulfdq rswlrq XD zlwk pdwxulw| W � w wr eh h{huflvhg
ehiruh wlph x 5 ^w> W `1 Lw lv gh�qhg dv wkh suredelolw| wkdw [ ohdyhv wkh frqwlqxdwlrq uhjlrq ehiruh wlph x1
Zh kdyh TW +x> w>[ +w,, @ Su i�� ? x m Iwj1 Wklv suredelolw| ghshqgv rq wkh fxuuhqw wlph dqg srvlwlrq dv
zhoo dv ri wkh uhvlgxdo pdwxulw| ri wkh rswlrq1 Wdnlqj x @ W zh gh�qh wkh suredelolw| ri suhpdwxuh h{huflvh
ri wkh rswlrq dv

T +w>[ +w,, @ TW +W > w>[ +w,, @ Su i�� ? W m Iwj +76,

Wklv lv wkh suredelolw| wkdw [ ohdyhv wkh frqwlqxdwlrq uhjlrq ehiruh h{sludwlrq wlph W 1

Lq rughu wr gh�qh wkh h{shfwhg uhvlgxdo olihwlph ri dq Dphulfdq rswlrq/ zh kdyh wr glvwlqjxlvk ehwzhhq
wzr srvvleoh hyhqwv1 Wkh �uvw lv wkh hyhqw wkdw wkh rswlrq lv h{huflvhg ehiruh h{sludwlrq wlph/ zklfk rffxuv
zlwk d suredelolw| T +w>[ +w,,1 Wkh vhfrqg lv wkh hyhqw wkdw wkh rswlrq h{sluhv dolyh/ zklfk rffxuv zlwk d
suredelolw| ^4�T +w>[ +w,,`1 Frqvhtxhqwo|/ wkh h{shfwhg uhvlgxdo olihwlph yhul�hv

9 +w>[ +w,, @ H +x m x ? W ,T +w>[ +w,, . +W � w, ^4�T +w>[ +w,,` +77,

zlwk

H +x m x ? W , @

] W

w

xgTW +x> w>[ +w,,� w +78,

57 Lq sduwlfxodu/ wkh pdunhw shuplwv frqwlqxrxv dqg iulfwlrqohvv wudglqj dqg qr duelwudjh rssruwxqlwlhv h{lvw1
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Lw lv d ixqfwlrq ri ri wlph w dqg ri wkh fxuuhqw vwdwh [ +w,1

Ohw � +w, @ � +w>[, ghqrwh wkh Q 0glphqvlrqdo surfhvv ri pdunhw sulfhv ri ulvn uhodwlyh wr wkh frpsrqhqwv
ri Z +w,1 Xqghu vxlwdeoh uhjxodulw| frqglwlrqv/ wkh sulfh ri dq Dphulfdq rswlrq vdwlv�hv wkh yduldwlrqdo
lqhtxdolw| �

pd{
�
j +w>[,� XD +w>[, >D�XD +w>[, . XD

w +w>[,� uXD +w>[,
�
@ 3

XD +W>[, @ j +W>[,
+79,

iru dq| +w>[, 5 ^3> W `�U[ dqg zlwk D� gh�qhg e|

D�i @ ^� +w>[,�	+w>[,� +w>[,`A i[ .
4

5
wudfh

k
	+w>[, i[[	+w>[,A �

l
+7:,

Lq frqwudvw wr wkh iuhh erxqgdu| irupxodwlrq/ wkh yduldwlrqdo lqhtxdolw| dssurdfk doorzv xv wr wuhdw wkh
grpdlq ri wkh Dphulfdq rswlrq dv dq hqwluh uhjlrq1 Wkh rswlpdo erxqgdu| fdq wkhq eh uhfryhuhg iurp wkh
vroxwlrq h{ srvw1 Jlyhq wkh rswlpdo h{huflvh erxqgdu|/ lw lv wkhq vwudljkwiruzdug wr frpsxwh wkh suredelolw|
ri hduo| h{huflvh dqg wkh rswlrq h{shfwhg olihwlph dv ixqfwlrqv ri w dqg [1

Wkh suredelolw| ri hduo| h{huflvh T +w>[ +w,, ri dq Dphulfdq rswlrq XD lv vkrzhg wr eh wkh vroxwlrq ri
wkh iroorzlqj sduderolf sduwldo gl�huhqwldo htxdwlrq +Vfkxvv ^4<;3`/ Zloprww/ Ghz|qqh dqg Krzlvrq
^4<<6`,

Tw +w>[, .DT +w>[, @ 3 +7;,

zlwk wkh erxqgdu| frqglwlrqv�
T +W>[, @ 3 ;[ 5 U[ +l,
T +w>[, @ 4 ; +w>[, 5 G +ll,

+7<,

dqg zkhuh D lv gh�qhg e| Di @ � +w>[,A i[ . 4
5wudfh

k
	+w>[, i[[	+w>[,A �

l
1 Wkh whuplqdo frqglwlrq

+l, phdqv wkdw zkhq w @ W wkhuh lv qr wlph ohiw iru wkh vwdwh yhfwru wr h{lw iurp wkh frqwlqxdwlrq uhjlrq1
Wkh frqglwlrq +ll, phdqv wkdw rxw ri wkh frqwlqxdwlrq uhjlrq wkh suredelolw| ri ohdyh wkh frqwlqxdwlrq uhjlrq
ehiruh wkh pdwxulw| lv ri frxuvh 41

Wkh h{shfwhg uhvlgxdo olihwlph 9 +w>[ +w,, ri dq Dphulfdq rswlrq XD lv vkrzhg wr vdwlvi| wkh iroorzlqj
sduwldo gl�huhqwldo htxdwlrq

9w +w>[, .D9 +w>[, @ �4 +83,

zlwk wkh erxqgdu| frqglwlrqv�
9 +W>[, @ 3 ;[ 5 U[ +lll,
9 +W>[, @ 4 ; +w>[, 5 G +ly,

+84,

Dw wkh pdwxulw| wlph W / wkh uhvlgxdo olihwlph ri dq Dphulfdq rswlrq lv }hur/ zklfk h{sodlqv wkh whuplqdo
frqglwlrq +lll,1 Wkh frqglwlrq +ly, phdqv wkdw zkhq [ ohdyhv wkh frqwlqxdwlrq uhjlrq/ wkh rswlrq lv h{huflvhg
lpphgldwho| dqg lwv h{shfwhg uhvlgxdo olihwlph ydqlvkhv1

615 Dphulfdq rswlrqv lq VY iudphzrun

Vwrfkdvwlf yrodwlolw| prghov zhuh lqwurgxfhg lq wkh �qdqfldo olwhudwxuh e| Kxoo dqg Zklwh ^4<;:`/ Vfrww
^4<;:` dqgZljjlqv ^4<;:`1 Wkh lghd lv wr jhqhudol}h wkh Eodfn dqg Vfkrohv prgho e| doorzlqj wkh xqghuo|lqj
dvvhw sulfh*v yrodwlolw| lwvhoi wr eh ydu|lqj1 W|slfdoo|/ lq d frqwlqxrxv0wlph iudphzrun/ yrodwlolw| lv dvvxphg wr
iroorz d gl�xvlrq surfhvv1 Vwdqgdug vwrfkdvwlf yrodwlolw| prghov lpsrvhP @ 5 dqgQ @ 51 Vhyhudo h{whqvlrqv
dqg vshfldo fdvhv fdq eh rewdlqhg e| ydu|lqj wkh qxpehu ri vwdwh yduldeohv dqg vrxufhv ri udqgrpqhvv1
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61514 Vwdqgdug vwrfkdvwlf yrodwlolw| prgho

Lq d vwdqgdug vwrfkdvwlf yrodwlolw| prgho/ wkh vwdwh yhfwru lv wzr0glphqvlrqdo dqg fruuhvsrqgv wr [ +w, @�
V +w, Y +w,

�A
/ zkhuh V +w, ghqrwhv wkh xqghuo|lqj dvvhw*v sulfh dqg Y +w, lv dq h{wud vwdwh yduldeoh gluhfwo|

uhodwhg wr wkh xqghuo|lqj dvvhw uhwxuqv yrodwlolw| surfhvv1 Wkh vwdwh gl�xvlrq lv wkhq�
gV +w,
gY +w,

�
@

�
�V +w> V +w, > Y +w,,V +w,

�Y +w> Y +w,,

�
gw.

�
� +Y +w,,V +w, 3

3 �Y +w> Y +w,,

� �
gZ4 +w,
gZ5 +w,

�
+85,

zkhuh Z +w, @
�
Z4 +w, Z5 +w,

��
lv d elyduldwh Zlhqhu surfhvv/ gh�qhg rq wkh ixqgdphqwdo suredelolw|

vsdfh +
>I >S,/ zlwk H ^Z4 +w,Z5 +w,` @ � +w> Y +w,, w1 Zh qrwh I @ iIw> w 5 ^3> W `j wkh �owudwlrq jhqhudwhg
e| Z +w, @

�
Z4 +w, Z5 +w,

�A
1 Wkh yrodwlolw| � +w,/ gh�qhg dv wkh lqvwdqwdqhrxv vwdqgdug ghyldwlrq ri wkh

xqghuo|lqj dvvhw uhwxuqv/ lv d ixqfwlrq ri wkh vhfrqg vwdwh yduldeoh Y +w,= � +w, @ � +Y +w,, > w 5 ^3> W `1 Wkh
ixqfwlrq � = U $ U. lv qrq0ghfuhdvlqj/ Olsvfklw} dqg ri fodvv F41 Pruhryhu/ zh dvvxph wkdw wkh xqghuo|lqj
dvvhw sd|v d frqwlqxrxv glylghqg dw d frqvwdqw udwh g1

Ehfdxvh wkhuh lv qr dvvhw wkdw lv fohduo| lqvwdqwdqhrxvo| shuihfwo| fruuhodwhg zlwk wkh vwdwh yduldeoh Y /
wkh pdunhw frpsrvhg ri wkh xqghuo|lqj dvvhw V dqg wkh qrqulvn| dvvhw E lv qrw frpsohwh1 Frqvhtxhqwo|/ wkh
duelwudjh dujxphqwv duh lqvx!flhqw wr ghwhuplqh xqltxho| d suredelolw| phdvxuh T htxlydohqw wr S/ xqghu
zklfk wkh surshuo| glvfrxqwhg dvvhw sulfhv ehfrph pduwlqjdohv +Kduulvrq dqg Solvnd ^4<;4/ 4<;6`,1Ohw
� +w, @

�
�4 +w, �5 +w,

��
eh d yhfwru ri sulfhv ri ulvn uhodwlyh wr wzr vrxufhv ri xqfhuwdlqw| Z4 +w, dqg

Z5 +w,1 Zh rewdlq

�4 +w, @
�V +w> V> Y ,� u . g

� +Y ,
+86,

Rq wkh rwkhu kdqg/ lw lv qrw srvvleoh wr ghwhuplqh wkh sulfh ri ulvn uhodwlyh wr wkh vwrfkdvwlf fkdudfwhu ri wkh
yrodwlolw| zlwkrxw d jhqhudo htxloleulxp prgho fohduo| vshfli|lqj wkh lqyhvwruv* suhihuhqfhv1 Iru dq| fkrlfh
ri wkh sulfh ri ulvn surfhvv �5 +w,/ wkhuh h{lvwv dq htxlydohqw pduwlqjdoh phdvxuh T +�5, gh�qhg e|

gT +�5,

gS
@ h{s

�
�
] w

w3

�4 +x, gZ4 +x,� 4

5

] w

w3

�54 +x, gx�
] w

w3

�5 +x, gZ5 +x,� 4

5

] w

w3

�55 +x, gx

�
+87,

surylghg wkdw wkh Qrylnry frqglwlrqv H
k
h{s 4

5

U w
w3
�5l +x, gx

l
? .4/ l @ 4> 5 duh vdwlv�hg1 Urpdqr dqg

Wrx}l ^4<<9` vkrz wkdw iru dq| ulvn suhplxp surfhvv �5 +w, vdwlvi|lqj

�5 +w, @ � +w> Y +w,, +88,

dq| Hxurshdq fdoo rswlrq frpsohwhv wkh pdunhw lq wkh vhqvh wkdw wkh Hxurshdq rswlrq khgjlqj sureohp lv
vroyhg e| d frqwlqxrxvo| uhedodqfhg ghowd0vljpd vwudwhj|1 Wkhuhiruh/ dv vwdwhg lq Wrx}l ^4<<<`/ dvvxplqj
wkdw vrph Hxurshdq rswlrq lv wudghg rq wkh pdunhw dgglwlrqdoo| wr wkh xqghuo|lqj ulvn| dvvhw dqg wkh ulvnohvv
rqh/ shuplwv wr h{whqg wkh duelwudjh dujxphqwv ri Ehqvrxvvdq ^4<;7` dqg Ndudw}dv ^4<;;` dqg wr mxvwli|
wkh Dphulfdq rswlrq ydoxdwlrq irupxod

XD
�5 +w> V +w, > Y +w,, @ hvv vxs

�5W^w>W `

HT+�5,

k
h�u+��w,j +�> V +�, > Y +�,, mIw

l
+89,

zkhuh W^w>W ` lv wkh vhw ri doo vwrsslqj wlphv ri wkh �owudwlrq I zlwk ydoxhv lq ^w> W `581 Wkh ydoxdwlrq irupxod
+89, phdqv wkdw iru dq| vshfl�fdwlrq ri wkh ulvn suhplxp surfhvv �5 +w, vdwlvi|lqj wkh Qrylnry frqglwlrq
dqg wkh dvvxpswlrq +88,/ XD

�5
+w> V +w, > Y +w,, lv dq dgplvvleoh Dphulfdq rswlrq*v sulfh surfhvv1 Wkxv/ lq d

vwdqgdug vwrfkdvwlf yrodwlolw| prgho/ wkh sulfh ri dq Dphulfdq rswlrq vdwlvi| wkh yduldwlrqdo lqhtxdolw| +79,
zlwk

� +w>[, @

�
�V +w> V +w, > Y +w,,V +w,

�Y +w> Y +w,,

�
/ 	+w>[, @

�
� +Y +w,,V +w, 3

3 �Y +w> Y +w,,

�

dqg � +w, @

%
�V+w>V+w,>Y +w,,�u.g

�+Y +w,,

� +w> Y +w,,

& +8:,

58Jlyhq wkdw wkh �owudwlrq I fruuhvsrqgv xqghu wkh dvvxpswlrq +88, wr wkh �owudwlrq I
f '

q�
7 E|� T E|�

��
c | M dfc A o

r

jhqhudwhg e| wkh yhfwru ri vwdwh yduldeohv/ wkh rswlpdo ghflvlrq wr h{huflvh dq Dphulfdq rswlrq dw wlph � lv edvhg rq wkh
revhuydwlrq ri wkh  xfwxdwlrqv ri wkh xqghuo|lqj dvvhw sulfh dqg lwv yrodwlolw| xs wr wlph � 1
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Lq wklv vwdqgdug vwrfkdvwlf yrodwlolw| vhwwlqj/ wkh vwrsslqj uhjlrq G dqg wkh frqwlqxdwlrq uhjlrq F duh
gh�qhg lq wkuhh glphqvlrqv1 Wkh fulwlfdo vwdwh fruuhvsrqgv wr

[� +w, @ i+V> Y , 5 U[ m +w> V> Y , 5 CFj +8;,

zlwk U[ � �
U�. ^ i4j� � +U ^ i�4>.4j,1 Wkh fulwlfdo sulfh lv gh�qhg dv d ixqfwlrq V� = ^3> W ` �

U $ �
U�. ^ i4j�1 Frqvlghulqj wkh vwdqgdug Dphulfdq sxw dqg fdoo rswlrqv/ zh kdyh

�
Sxw = V� +w> Y , @ vxs

�
V 5 U�. ^ i4j mXD

�5
+w> V> Y , @ pd{ +N � V> 3,

�
Fdoo = V� +w> Y , @ lqi

�
V 5 U�. ^ i4j mXD

�5
+w> V> Y , @ pd{ +V �N> 3,

� +8<,

zlwk vwdqgdug frqyhqwlrqv lqi > @ 4 dqg vxs > @ 31 Lw lv frqyhqlhqw wr gh�qh wkh rswlpdo h{huflvh
erxqgdu| dv wkh ixqfwlrq & = ^3> W `�U $ �

U�. ^ i4j� jlyhq e| wkh htxdolw|

& +W � w> Y , @ V� +w> Y , +93,

Wkh rswlpdo h{huflvh erxqgdu| fdq eh uhfryhuhg iurp wkh vroxwlrq ri +79,1 Ehiruh dsso|lqj wkh qxphulfdo IG
dojrulwkp/ zh kdyh wr uhirupxodwh +79, lq whupv ri � @ W�w dv dq lqlwldo ydoxh sureohp1 Wkhq/ iru frqyhqlhqw
frpsxwdwlrq/ zh kdyh wr vshfli| wkh uhjlrq 7 @ ^V�> V.`� ^Y �> Y .` dqg lpsrvh frqglwlrqv frqwuroolqj wkh
ehkdylru ri XD +�> V> Y , dw wkh erxqgdu| ri 71 W|slfdoo| rqh xvhv wkh pl{hg frqglwlrqv rq wkh V yduldeoh
dqg wkh xvxdo Qhxpdqq frqglwlrqv iru wkh Y yduldeoh1 Jlyhq wkh fkrlfh ri phvk vsdflqjv lq wkh wlph dqg
vsdfh gluhfwlrqv/ n/ kV dqg kY uhvshfwlyho|/ wkh sureohp lq +79, lv wkhq vroyhg e| wkh krsvfrwfk phwkrg lq
wkh vdph pdqqhu dv d vwdqgdug olqhdu sduderolf htxdwlrq/ zkhuh dw hdfk lwhudwlrq p/ wkh vroxwlrq xp.4

l>m lv
uhsodfhg e|

pd{
�
xp.4
l>m > j +�p> Vl> Ym,

�
+94,

Dssursuldwh frglqj ri wklv rshudwlrq shuplwv xv wr uhfryhu h{ srvw wkh rswlpdo h{huflvh erxqgdu| & +�p> Ym,

fruuhvsrqglqj wr wkh vroxwlrq surfhvv xp.4
l>m 1 Iru dq| p 5

q
4> = = = > 4 . �.

n

r
dqg m 5

q
4> = = = > 4 . Y .

�Y�

kY

r
/ zh

kdyh �
Sxw = & +�p> Ym, @ lqi

�
Vl 5 iV�> = = = > V.j > xp.4

l>m @ i +�p> Vl> Ym,
�

Fdoo = & +�p> Ym, @ vxs
�
Vl 5 iV�> = = = > V.j > xp.4

l>m @ i +�p> Vl> Ym,
� +95,

Jlyhq wkh rswlpdo h{huflvh erxqgdu| & +�p> Ym,/ lw lv wkhq vwudljkwiruzdug wr frpsxwh wkh suredelolw| ri
hduo| h{huflvh dqg wkh rswlrq h{shfwhg olihwlph1 Dowkrxjkw/ wkh Prqwh Fduor dssurdfk lv srvvleoh/ wkh �qlwh
gl�huhqfh phwkrgv dssolhg wr wkh sureohpv +7;, dqg +83, surfxuh xv dw rqfh wkh suredelolw| ri hduo| h{huflvh
dqg wkh rswlrq h{shfwhg olihwlph dv ixqfwlrqv ri w/ V dqg Y 1

Diwhu uhirupxodwlqj +7;, dqg +83, lq whupv ri � @ W � w/ wkh vshfl�fdwlrq ri wkh frqglwlrqv rq wkh V
yduldeoh lv lq wkh fdvh ri d fdoo rswlrq�

T +�> V�> Y , @ 3
T +�> V.> Y , @ 4

dqg
�

9V +�> V�> Y , @ 3
9 +�> V.> Y , @ 3

+96,

dqg lq wkh fdvh ri d sxw rswlrq�
T +�> V�> Y , @ 4
T +�> V.> Y , @ 3

dqg
�

9 +�> V�> Y , @ 3
9V +�> V.> Y , @ 3

+97,

Iru wkh Y yduldeoh/ d jhqhudo dssurdfk lv wr lpsrvh vwdqgdug Qhxpdqq frqglwlrqv1 Jlyhq wkh fkrlfh ri
phvk vsdflqjv dqg jlyhq & +�p> Ym,/ wkh sureohpv duh vroyhg e| wkh krsvfrwfk phwkrg lq wkh vdph pdqqhu
dv vwdqgdug olqhdu sduderolf htxdwlrqv/ exw zlwk wkh vroxwlrqv Tp.4

l>m dqg 9p.4
l>m frqvwudlqhg wr vdwlvi| iru dq|

p/ l dqg m/ Tp.4
l>m @ 4 li Vl � & +�p> Ym, dqg 9p.4

l>m @ 3 li Vl � & +�p> Ym, lq wkh fdvh ri d fdoo/ dqg Tp.4
l>m @ 4

li Vl � & +�p> Ym,9
p.4
l>m @ 3 li Vl � & +�p> Ym, lq wkh fdvh ri d sxw1

53



61515 Rswlpdo h{huflvh erxqgdu| lq Khvwrq prgho

Lq wklv vhfwlrq/ zh looxvwudwh krz wkh udqgrp ehkdylru ri wkh xqghuo|lqj dvvhw sulfh yrodwlolw| d�hfwv wkh
Dphulfdq rswlrq rswlpdo h{huflvh erxqgdu|1 Zh dgrsw wkh ixoo| sdudphwul}hg vwrfkdvwlf yrodwlolw| iudphzrun
ri Khvwrq ^4<<6`1 Krzhyhu/ rxu txdolwdwlyh uhvxowv fdq hdvlo| eh h{whqghg wr rwkhu vshfl�fdwlrqv ri wkh
xqghuo|lqj dvvhw sulfh g|qdplfv1

Gl�huhqw vshfl�fdwlrqv ri wkh vwdwh yhfwru g|qdplfv +85, zhuh sursrvhg lq wkh �qdqfldo olwhudwxuh1 Dprqj
wkhp/ wkh prgho ri Khvwrq uhfhlyhg frqvlghudeoh dwwhqwlrq ehfdxvh ri wkh h{lvwhqfh ri qhdu0dqdo|wlf vroxwlrqv
wr Hxurshdq rswlrqv ydoxdwlrq irupxodv +vhh Ednvkl/ Fdr dqg Fkhq ^4<<:`,1 Pruhryhu/ doo wkh sdudphwhuv
ri wkh prgho fdq eh frqvlvwhqwo| hvwlpdwhg iurp d wlph vhulhv ri wkh xqghuo|lqj dvvhw sulfh dqg ri rqh
Hxurshdq rswlrq sulfh +vhh Fkhuqry dqg Jk|vhov ^4<<<` dqg Nxuslho ^5333` iru hpslulfdo dssolfdwlrqv,1

Khvwrq gh�qhv wkh vwdwh yduldeoh Y +w, dv wkh lqvwdqwdqhrxv yduldqfh ri wkh xqghuo|lqj dvvhw uhwxuqv dqg
dvvxphv wkdw Y +w, iroorzv d vtxduh urrw surfhvv1 Wkh vwdwh gl�xvlrq lv wkhq�

gV +w,
gY +w,

�
@

�
�VV +w,

� ^� � Y +w,`

�
gw.

� s
Y +w,V +w, 3

3 �Y
s
Y +w,

� �
gZ4 +w,
gZ5 +w,

�
+98,

zlwk H ^Z4 +w,Z5 +w,` @ �w/ � A 3> � A 3> �Y A 31 Dgrswlqj wkh jhqhudo FLU htxloleulxp iudphzrun dqg
dvvxplqj wkdw lqyhvwruv* xwlolw| ixqfwlrqv duh ri FUUD w|sh/ Khvwrq ghulyhv wkh iroorzlqj pdunhw sulfh ri
ulvn surfhvv �5 +w, @

�
�Y

s
Y +w,/ � 5 U1 Xqghu wkh htxlydohqw pduwlqjdoh phdvxuh T +�5,/ wkh vwdwh yhfwru

g|qdplfv ehfrphv�
gV +w,
gY +w,

�
@

�
+u � g,V +w,
�� ^�� � Y +w,`

�
gw.

� s
Y +w,V +w, 3

3 �Y
s
Y +w,

� �
gZ �

4 +w,
gZ �

5 +w,

�
+99,

zkhuh e| yluwxh ri wkh Jluvdqry wkhruhp/ wkh surfhvv Z � +w, @
�
Z �

4 +w, Z �
5 +w,

�A
gh�qhg e| Z �

l +w, @

Zl +w,.
U w
3
�l +x, gx +l @ 4> 5, lv d wzr0glphqvlrqdo Zlhqhu surfhvv xqghu T +�5,/ zlwk H ^Z �

4 +w,Z �
5 +w,` @ �w/

dqg zkhuh �� @ +�. �, dqg �� @ ��
�.� 1 Jlyhq wkdw �5 +w, vdwlv�hv +88,/ doo wkh uhjxodulw| uhvxowv e| Wrx}l

^4<<<` krog1 Lq sduwlfxodu/ wkh rswlpdo h{huflvh erxqgdu| &/ dv gh�qhg lq +93,/ lv d ixqfwlrq ri wzr yduldeohv=
wkh wlph wr h{sludwlrq ri wkh rswlrq dqg wkh fxuuhqw lqvwdqwdqhrxv yduldqfh ri wkh xqghuo|lqj dvvhw uhwxuqv1
Iru d jlyhq ohyho ri wkh fxuuhqw yduldqfh/ lw lv udwlrqdo wr h{huflvh wkh rswlrq dw wkh �uvw wlph wkh xqghuo|lqj
dvvhw sulfh furvvhv wkh rswlpdo h{huflvh erxqgdu|1

Iljxuh +46, vkrzv wkh rswlpdo h{huflvh erxqgdu| iru dq Dphulfdq sxw zlwkN @ 433 lq d Khvwrq vwrfkdvwlf
yrodwlolw| prgho zlwk wkh iroorzlqj sdudphwhu ydoxhv = u @ 3=3;/ g @ 3/ � @ 3=</ � @ 3=37/ � @ 3/ �Y @ 3=4
dqg � @ �3=81 Zh fdq vhh wkdw wkh rswlpdo h{huflvh erxqgdu| ri dq Dphulfdq sxw lv ghfuhdvlqj lq wlph wr
h{sludwlrq dqg lq fxuuhqw yduldqfh591 V|pphwulfdoo|/ surylghg wkdw wkh dvvhw sd|v d srvlwlyh glylghqg/ wkh
rswlpdo h{huflvh erxqgdu| ri dq Dphulfdq fdoo lv lqfuhdvlqj lq wkh wlph wr h{sludwlrq dqg lq wkh fxuuhqw ohyho
ri wkh yrodwlolw|1

Wkh vkdsh ri wkh rswlpdo h{huflvh erxqgdu| ghshqgv rq wkh frqwudfwxdo fkdudfwhulvwlfv ri wkh Dphulfdq
rswlrq dqg rq wkh vkdsh ri wkh vwdwh yhfwru*v ulvn qhxwudo glvwulexwlrq1 Lq d ixoo| sdudphwul}hg vwrfkdvwlf
yrodwlolw| prgho/ lw lv wkhuhiruh lqwhuhvwlqj wr glvwlqjxlvk ehwzhhq irxu jurxsv ri sdudphwhuv

41 Wkh sdudphwhuv wkdw ghwhuplqh wkh �uvw prphqw ri V +w, xqghu T +�5,/ l1h1 wkh ulvn iuhh lqwhuhvw udwh
u dqg wkh glylghqg |lhog g>

51 Wkh sdudphwhuv wkdw d�hfw wkh dyhudjh vhfrqg prphqw ri V +w,/ l1h1 wkh sdudphwhuv wkdw ghwhuplqh wkh
�uvw prphqw ri Y +w, xqghu T +�5,>

61 Wkh sdudphwhuv wkdw d�hfw wkh wklug prphqw ri V +w,/ l1h1 wkh fruuhodwlrq ehwzhhq wkh xqghuo|lqj dvvhw
uhwxuqv dqg wkhlu yrodwlolw|>

59Wrx}l ^4<<<` ghprqvwudwhv uljrxurxvo| wklv uhvxow lq wkh jhqhudo vwdqgdug vwrfkdvwlf yrodwlolw| iudphzrun1
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Iljxuh 46= Rswlpdo h{huflvh erxqgdu| iru dq Dphulfdq sxw

71 Wkh sdudphwhuv wkdw ghwhuplqh wkh irxuwk prphqw ri V +w,/ l1h1 wkh yrodwlolw| ri wkh yrodwlolw|1

Wkh txdolwdwlyh lpsdfw rq wkh rswlpdo h{huflvh erxqgdu| ri wkh frqwudfwxdo fkdudfwhulvwlfv ri wkh rswlrq
dqg ri wkh sdudphwhuv d�hfwlqj wkh �uvw prphqw ri V +w, lv wkh vdph lq wkh frqvwdqw yrodwlolw| dqg lq wkh
vwrfkdvwlf yrodwlolw| hqylurqphqwv1 Zh uhihu wr Prhuehnh ^4<:9`/ Nlp ^4<<3` dqg Eduohv/ Exughdx/
Urpdqr dqg Vdpvrhq ^4<<5` iru edvlf surshuwlhv ri wkh rswlpdo vwrsslqj erxqgdu| zkhq wkh xqghuo|lqj
dvvhw sulfh lv jhqhudwhg e| d frqvwdqw yrodwlolw| gl�xvlrq surfhvv1 Wdeoh 6 uhvxphv wkh lpsdfw rq & ri dq
lqfuhdvh lq h{huflvh sulfh/ glylghqg |lhog dqg lqwhuhvw udwh/ doo hovh uhpdlqlqj xqfkdqjhg5:1

Sdudphwhu Fdoo Sxw
H{huflvh sulfh N . .
Glylghqg |hog g � �
Lqwhuhvw udwh u . .

Wdeoh 6= Wkh lpsdfw ri sdudphwhuv rq wkh rswlpdo h{huflvh erxqgdu|

Dq Dphulfdq rswlrq lv h{huflvhg ehiruh h{sludwlrq li wkh ehqh�wv rxwzhljkw wkh frvw dvvrfldwhg zlwk hduo|
h{huflvh1 Wklv h{sodlqv wkh edvlf uhodwlrqv suhvhqwhg lq wdeoh 61 Hduo| h{huflvh ri dq Dphulfdq sxw pd| eh
lqwhusuhwhg dv dq h{fkdqjh ri glylghqgv wr eh uhfhlyhg iurp wkh dvvhw iru lqwhuhvw wr eh hduqhg rq wkh h{huflvh
sulfh1 V|pphwulfdo|/ hduo| h{huflvh ri dq Dphulfdq fdoo pd| eh lqwhusuhwhg dv dq h{fkdqjh ri lqwhuhvw wr
eh hduqhg rq wkh h{huflvh sulfh iru glylghqgv wr eh uhfhlyhg iurp wkh dvvhw1 Wdeoh 7 uhvxphv wkh lpsdfw rq
& +W � w> Y , ri dq lqfuhdvh lq gl�huhqw sdudphwhuv ri wkh prgho ri Khvwrq/ doo hovh uhpdlqlqj xqfkdqjhg1 Wkh
lpsdfw ri �� dqg �� rq wkh rswlpdo h{huflvh erxqgdu| iroorzv iurp wkh zd| wkh| d�hfw wkh dyhudjh yduldqfh
xqghu T +�5,1 Zkhq �� A 3/ l1h1 � A ��/ wkh ulvn0qhxwudol}hg lqvwdqwdqhrxv yduldqfh surfhvv kdv d vwhdg|0
vwdwh glvwulexwlrq zlwk phdq ��1 Frqvhtxhqwo|/ zkhq �� jhwv kljkhu/ wkh orqj0uxq phdq xqghu T +�5, ri wkh
lqvwdqwdqhrxv yduldqfh lqfuhdvh dqg wkh rswlpdo h{huflvh erxqgdu| pryhv dzd| iurp wkh h{huflvh sulfh iru

5:D n dqg d 3 vljqli| uhvshfwlyho| dq xszdug dqg d grzqzdug vkliw ri wkh rswlpdo erxqgdu|/ d f vljql�hv qr lpsdfw1
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erwk fdoov dqg sxwv1 Wkh lpsdfw ri �� rq wkh frqglwlrqdo phdq ri wkh Y +w, xqghu T +�5, fkdqjhv dffruglqj wr
wkh srvlwlrq ri wkh fxuuhqw yduldqfh zlwk uhvshfw wr ��1 Iru wkh ydoxhv ri wkh fxuuhqw lqvwdqwdqhrxv yduldqfh
juhdwhu wkdq �� +orzhu wkdq ��,/ dq lqfuhdvh ri �� uhgxfhv +lqfuhdvhv, wkh �uvw frqglwlrqdo prphqw ri Y +w,1
Wkxv/ iru erwk fdoov dqg sxwv/ d juhdwhu phdq0uhyhuvlrq vshhg �� pdnhv wkh rswlpdo h{huflvh vxuidfh ohvv
vwhhso| lqfolqhg lq wkh Y yduldeoh/ nhhslqj xqfkdqjhg wkh fhqwudo qrgh fruuhvsrqglqj wr Y @ ��1 Lw phdqv
wkdw d juhdwhu phdq0uhyhuvlrq vshhg �� uhgxfhv wkh vhqvlwlylw| ri wkh rswlpdo h{huflvh erxqgdu| zlwk uhvshfw
wr wkh fxuuhqw yduldqfh1 Wkh ulvn suhplxp sdudphwhu � d�hfwv wkh orqj0uxq phdq dqg wkh phdq0uhyhuvlrq
vshhg ri wkh lqvwdqwdqhrxv yduldqfh surfhvv dffruglqj wr +99,1 Iru d orzhu ydoxh ri �/ wkh orqj0uxq phdq ��

lv kljkhu dqg wkh phdq0uhyhuvlrq vshhg �� lv orzhu/ zklfk vkliwv wkh rswlpdo h{huflvh erxqgdu| dzd| iurp
wkh h{huflvh sulfh dqg pdnhv lw pruh vhqvlwlyh zlwk uhvshfw wr wkh fxuuhqw yrodwlolw| fkdqjhv1

Sdudphwhu Fdoo Sxw
�� . �
� � .
� � �

Y ? �� . �
�� Y @ �� 3 3

Y A �� � .
� ? 3 . .

�Y � @ 3 . �
� A 3 � �

Wdeoh 7= Wkh lpsdfw ri sdudphwhuv rq wkh rswlpdo h{huflvh erxqgdu|

Wkh lpsdfw ri � rq wkh Dphulfdq rswlrqv rswlpdo h{huflvh erxqgdu|/ lv uhodwhg wr wkh zd| wkh fruuhod0
wlrq ehwzhhq Y +w, dqg V +w, d�hfwv wkh vkdsh ri wkh glvwulexwlrq ri V +x,/ x A w1 Wkh sdudphwhu � ehlqj
vljql�fdqwo| gl�huhqw iurp }hur lqgxfhv dq dv|pphwu| rq wkh frqglwlrqdo glvwulexwlrq ri V +x,1 D qhjdwlyh
+srvlwlyh, fruuhodwlrq ehwzhhq wkh dvvhw uhwxuqv dqg wkhlu yrodwlolw| fruuhvsrqgv wr d qhjdwlyho| +srvlwlyho|,
vnhzhg glvwulexwlrq ri ixwxuhv dvvhw sulfhv1 Dvv|phwulhv lq wkh glvwulexwlrq ri ixwxuhv dvvhw sulfhv duh frq0
vlvwhqw zlwk dv|pphwulhv lq wkh Hxurshdq rswlrqv lpsolhg yrodwlolw| vplohv1 W|slfdo sdwwhuqv ri lpsolhg
yrodwlolw| vplohv vxjjhvw � ? 3 iru vwrfnv dqg vwrfn lqgh{hv/ � * 3 iru h{fkdqjh udwhv dqg � A 3 iru vrph
frpprglwlhv1 Iljxuh5; +47, vkrzv wkh lpsdfw ri � rq wkh rswlpdo h{huflvh erxqgdu| iru dq Dphulfdq sxw
zlwk wkh h{huflvh sulfh N @ 4331

Rqh pd| uhjuhw hduo| h{huflvh ri dq Dphulfdq sxw li wkh xqghuo|lqj dvvhw sulfh lqfuhdvhv vxevwdqwldoo|
odwhu rq1 Exw wkh suredelolw| ri d vxevwdqwldo lqfuhdvh lq V +w, lv uhodwlyho| orzhu zkhq � ? 31 Frqvhtxhqwo|/
dq xqidyrudeoh vfhqdulr iroorzlqj wkh hduo| h{huflvh ri dq Dphulfdq sxw lv ohvv olnho| zkhq wkh xqghuo|lqj
dvvhw uhwxuqv duh qhjdwlyho| fruuhodwhg zlwk wkhlu yrodwlolw|1 Wklv h{sodlqv zk|/ iru hdfk w/ wkh rswlpdo h{huflvh
erxqgdu| ri dq Dphulfdq sxw lv qhduhu wr wkh h{huflvh sulfh N zkhq � ? 3 frpsduhg wr wkh fdvh ri � � 31
Rq wkh rwkhu kdqg/ rqh pd| uhjuhw hduo| h{huflvh ri dq Dphulfdq fdoo li wkh xqghuo|lqj dvvhw sulfh ghfuhdvhv
vxevwdqwldoo| odwhu rq1 Zkhq � ? 3/ wkh suredelolw| wkdw V +w, idoov vxevwdqwldoo| lv juhdwhu wkdq lq wkh fdvh
ri � � 31 Wkxv/ zkhq wkh fruuhodwlrq ehwzhhq wkh xqghuo|lqj dvvhw uhwxuqv dqg wkhlu yrodwlolw| lv qhjdwlyh/
lw lv rswlpdo wr h{huflvh dq Dphulfdq fdoo dw d juhdwhu fulwlfdo sulfh frpsduhg wr wkh fdvh ri wkh srvlwlyh ru
}hur fruuhodwlrq1

Wkh yrodwlolw| ri wkh lqvwdqwdqhrxv yduldqfh/ phdvxuhg lq wkh prgho ri Khvwrq e| wkh sdudphwhu �Y /
lq xhqfhv wkh wdlov ri wkh frqglwlrqdo glvwulexwlrq ri wkh xqghuo|lqj dvvhw sulfh1 Wkh juhdwhu lv �Y / wkh pruh
idw wdlohg lv wkh glvwulexwlrq ri V +x,1 Frqvhtxhqwo|/ zkhq � lv vljql�fdqwo| gl�huhqw iurp }hur/ �Y uhlqirufhv
wkh lpsdfw ri � rq wkh rswlpdo h{huflvh vxuidfh1 Zkhq V +w, lv qrw fruuhodwhg zlwk Y +w,/ wkh lpsdfw ri �Y rq
wkh rswlpdo h{huflvh erxqgdu| pd| eh ylhzhg dv wkh lpsdfw ri wkh udqgrp ehkdylru shu vh ri wkh yrodwlolw|1
Iljxuh +48, vkrzv wkh lpsdfw ri �Y rq wkh rswlpdo h{huflvh erxqgdu| iru dq Dphulfdq sxw zlwk wkh h{huflvh
sulfh N @ 4331

5; Lq rughu wr pdnh rxu judsklfdo uhsuhvhqwdwlrqv fohdu/ zh suhvhqw rqo| wkh fhqwudo sduw ri wkh rswlpdo h{huflvh erxqgdu|/
zlwk T E|� ' wW/ �| M dfc A o1 Iljxuhv +47, dqg +48, vkrzv wkh rswlpdo h{huflvh erxqgdulhv ri Dphulfdq sxwv lq wkh prgho ri
Khvwrq zlwk w ' f�fe/ V ' f�b/ b ' f/ o ' f�fH dqg _ ' f1
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Iljxuh 47= Lq xhqfh ri wkh � sdudphwhu rq wkh rswlpdo h{huflvh erxqgdu| iru dq Dphulfdq sxw

Iljxuh 48= Lq xhqfh ri wkh �Y sdudphwhu rq wkh rswlpdo h{huflvh erxqgdu| iru dq Dphulfdq sxw
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Lq wkh fdvh ri dq Dphulfdq sxw/ zkhq � ? 3/ wkh suredelolw| wkdw dq xqidyrudeoh vfhqdulr rffxuv diwhu wkh
hduo| h{huflvh ri wkh rswlrq lv doo wkh orzhu dv �Y lv kljkhu/ zklfk h{sodlqv wkh xszdug vkliw ri wkh rswlpdo
h{huflvh erxqgdu|1 Lq wkh fdvh ri dq Dphulfdq fdoo/ zkhq � ? 3/ wkh suredelolw| wkdw wkh xqghuo|lqj dvvhw
sulfh idoov vxevwdqwldoo| diwhu wkh hduo| h{huflvh ri wkh rswlrq lv doo wkh kljkhu dv �Y lv juhdwhu1 Frqvhtxhqwo|/
wkh rswlpdo h{huflvh erxqgdu| ri wkh Dphulfdq fdoo rq dq dvvhw zlwk kljk yrodwloh uhwxuqv yduldelolw| lv orfdwhg
dw d juhdwhu glvwdqfh iurp wkh h{huflvh sulfh N1 Zkhq wkh xqghuo|lqj dvvhw uhwxuqv duh qrw fruuhodwhg zlwk
wkhlu lqvwdqwdqhrxv yduldqfh +� @ 3,/ d juhdwhu �Y lpsolhv d kljkhu suredelolw| ri dq h{wuhph hyhqw +vxfk dv
d vwurqj lqfuhdvh ru d vwurqj ghfuhdvh ri wkh xqghuo|lqj dvvhw sulfh diwhu wkh hduo| h{huflvh ri wkh rswlrq,1
Frqvhtxhqwo|/ wkh rswlpdo h{huflvh vxuidfh iru erwk Dphulfdq fdoov dqg sxwv lv orfdwhg ixuwkhu iurp wkh
h{huflvh sulfh N zkhq wkh yduldelolw| ri wkh xqghuo|lqj dvvhw uhwxuqv lv pruh yrodwloh1

Iljxuh +48, suhvhqwv dovr wkh fdvh ri �Y @ 3 zklfk fruuhvsrqgv wr wkh frqvwdqw yrodwlolw| prgho1 Iru wkdw
fdvh/ wkh rswlpdo h{huflvh erxqgdu| zdv frpsxwhg xvlqj wkh lpsolhg yrodwlolw| dw wlph w3 rewdlqhg iurp wkh
�pdunhw� sulfhv ri dw0wkh0prqh| rswlrqv5< jlyhq e| wkh Khvwrq vwrfkdvwlf yrodwlolw| prgho zlwk �Y @ 3=61
Lq wklv zd|/ zh fdq ylvxdol}h wkh jhqhudo lpsdfw ri wkh udqgrp ehkdylru ri yrodwlolw| rq wkh rswlpdo h{huflvh
erxqgdu| dqg revhuyh wkh eldvhv jhqhudwhg e| wkh frqvwdqw yrodwlolw| prgho zkhq rqh xvhv lw lq d vwrfkdvwlf
yrodwlolw| hqylurqphqw1

Dsso|lqj d vwdqgdug frqvwdqw yrodwlolw| prgho lv htxlydohqw wr dvvxplqj d orj0qrupdo frqglwlrqdo glv0
wulexwlrq iru V +x,/ x A w1 Zkhq wkh yrodwlolw| ri wkh xqghuo|lqj dvvhw uhwxuqv lv vwrfkdvwlf +�Y 9@ 3,/ wkh
frqglwlrqdo glvwulexwlrq ri V +x, kdv idw wdlov1 Pruhryhu/ wklv glvwulexwlrq lv vnhzhg li � 9@ 31 Frqvhtxhqwo|/
lq wkh fdvh ri dq Dphulfdq sxw/ wkh xvh ri wkh frqvwdqw yrodwlolw| prgho lq d vwrfkdvwlf yrodwlolw| hqylurqphqw
surgxfhv fulwlfdo sulfhv wkdw duh/ iru d jlyhq ohyho ri wkh fxuuhqw yrodwlolw|/ wrr glvwdqw iurp wkh h{huflvh sulfh
N li � ? 3/ l1h1 h{huflvh uxoh lv wrr vwulqjhqw/ dqg wkdw duh wrr forvh wr wkh h{huflvh sulfh N li � � 3/ l1h1 wkh
h{huflvh uxoh lv wrr orrvh1 Lq wkh fdvh ri dq Dphulfdq fdoo/ dvvxplqj zurqjo| wkdw wkh yrodwlolw| lv frqvwdqw/
zloo ohdg wr wkh fulwlfdo sulfhv orfdwhg wrr idu iurp N li � A 3 dqg wrr forvh wr N li � � 31

616 Dphulfdq rswlrqv zlwk wzr0xqghuo|lqj dvvhwv

Pxowl0dvvhw rswlrqv pdunhw kdv ehhq lqfuhdvlqjo| ghyhorsslqj iru vrph prqwkv1 Lw hqdeohv wr vshfxodwh ru
wr khgjh djdlqvw fruuhodwlrq pryhv1 Zh suhvhqw khuh dq dssolfdwlrq ri wkh Krsvfrwfk phwkrg iru wkh sulflqj
ri wkh wzr dvvhw rswlrqv1 Wklv sdudjudsk zloo irfxv rq wkh vwdqgdug iroorzlqj sd|r�v

EhvwRi pd{
k
pd{

k
�4

�
V4+W ,
V4+w3,

�N4

�
> �5

�
V5+W ,
V5+w3,

�N5

�l
> 3
l

ZruvwRi pd{
k
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k
�4

�
V4+W ,
V4+w3,

�N4

�
> �5

�
V5+W ,
V5+w3,

�N5

�l
> 3
l +9:,

zkhuh �4 dqg �5 duh htxdo wr 4 ru 04/ vr wkdw zh zloo eh lqwhuhvwhg e| wkh ehvw +ru wkh zruvw, ri wzr Fdoo/
wzr Sxw/ ru rqh Fdoo dqg rqh Sxw1

Wkh Hxurshdq fdvh lv wulyldo vlqfh wkhuh lv d txdvl h{solflw irupxod wr sulfh vxfk rswlrqv1 Iru lqvwdqfh/ li
N4 @ N5 @ N/ wkh sulfh ri d EhvwRi Fdoo2Fdoo pd| eh jlyhq e|
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V4 +w3,
�N

�.

>

�
V5 +W ,

V5 +w3,
�N

�.
&
m I3

$
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zkhuh J lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri pd{
�
V4+W ,
V4+w3,

> V5+W ,
V5+w3,

�

J+{, @

] .4

�4

5\
l@4

�

3
C oq +{, .
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l

5

�
+W � w3,

�l
s
W � w3

s
4� �5

� �}s
4� �5

4
D g�+}, +9<,

5< Lq d vwrfkdvwlf yrodwlolw| hqylurqphqw/ wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw| lv d ixqfwlrq ri wkh fxuuhqw vwdwh1 Frqvh0
txhqwo|/ wkh pdjqlwxgh dqg wkh vljq ri wkh h{huflvh erxqgdu| eldv lv d�hfwhg e| wkh fxuuhqw xqghuo|lqj dvvhw sulfh/ vhh Nxuslho
^4<<<` iru ixuwkhu lqyhvwljdwlrqv lq wklv gluhfwlrq1
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Wkrvh lqwhjudov zloo eh frpsxwhg lq wkh iroorzlqj xvlqj d Jdxvv0Khuplwh txdgudwxuh dqg zloo hqdeoh xv wr
fkhfn wkh dghtxdf| ri rxu erxqgdu| frqglwlrqv dqg wkh dffxudf| ri rxu phvk zkhq sulflqj zlwk Krsvfrwfk
phwkrg1

Lq wklv vwdqgdug prgho/ wkh vwdwh yhfwru lv reylrxv dqg wkh pdunhw lv frpsohwh1 Dq| rswlrq sd|r� pd|
eh uhsolfdwh xvlqj ghowd khgjlqj vwudwhj|1 Rqfh djdlq/ wkh sulfh ri dq Dphulfdq rswlrq zulwwhq rq wkhvh
wzr xqghuo|lqjv vdwlv�hv d wzr0glphqvlrqdo yduldwlrqdo lqhtxdolw|1 Zh pd| wkhq h{wudfw wkh rswlpdo h{huflvh
erxqgdu| iurp wkh vroxwlrq1 Lw lv qrw xvhixo wr frpsxwh hyhu| Dphulfdq sulfhv1 Lqghhg/ olnh lq wkh vlqjoh
xqghuo|lqj frqwh{w/ vrph Dphulfdq rswlrq sulfhv duh htxdo wr wkhlu hxurshdq sulfhv1 Iru lqvwdqfh/ lw lv qrw
gl!fxow wr vkrz wkdw wkh EhvwRi Fdoo2Fdoo Dphulfdq frpsrqhqw sulfh lv htxdo wr }hur/ vlqfh wkh sulfh surfhvv
lv d vxe0pduwlqjdoh63 1 Wklv surshuw| grhv qrw krog dq|pruh iru wkh sulfh ri EhvwRi Sxw2Sxw rswlrqv1 Lq
wklv fdvh/ lw lv pruh gl!fxow wr frpsxwh wkh Dphulfdq sulph dqg wr ghvfuleh wkh rswlpdo h{huflvh erxqgdu|1
Wkhq/ qxphulfdo surfhgxuhv wr vroyh wklv nlqg ri sureohp duh xvxdoo| edvhg rq wuhhv dqg SGH1 Dv douhdg|
phqwlrqqhg/ rxu Dphulfdq sulfh XD +w> V4 +w, > V5 +w,, lv wkh vroxwlrq ri wkh yduldwlrqdo lqhtxdolw| +79,1 Wr
vroyh lw qxphulfdoo|/ zh qhhg wr olplw +V4> V5, wr 7 @

�
V�4 > V

.
4

� � �
V�5 > V

.
5

�
dqg wr lpsrvh vrph erxqgdu|

frqglwlrqv1 Lq wklv fdvh zh zloo pl{ Glulfkohw dqg Qhxpdqq frqglwlrqv1 Lqghhg/ zh kdyh lpsrvhg;A?
A=

C XD+w>V�4 >V5,
C V4

@
C XD+w>V4>V�5 ,

C V5
@ �4

XD
�
w> V.

4 > V5
�
@ +N5 � V5,

.

XD
�
w> V4> V

.
5

�
@ +N4 � V4,

.

+:3,

Lq rughu wr fkhfn wkh dghtxdf| ri wkhvh frqglwlrqv dqg wkh dffxudf| ri wkh phvk/ zh kdyh frpsduhg sulfhv
rewdlqhg xvlqj Krsvfrwfk lq wkh Hxurshdq fdvh wr wkh txdvl0dqdo|wlf h{suhvvlrq1 Whvwv kdyh ehhq fduulhg rxw
sulflqj d rqh prqwk EhvwRi Sxw2Sxw64 zlwk d phvk �{hg wr Qw @ 583 dqg Q{ @ Q{ @ 6931 Huuruv revhuyhg
duh lqihulru wr 43�8($ Zh uhsuhvhqw lq wkh �jxuh 4: wkh rswlpdo h{huflvh erxqgdu| ri vxfk dq rswlrq1 Wklv
�jxuhv srlqwv rxw 5 lpsruwdqw idfwv=

� Wkhuh lv d qrq qhjoljleoh vhw zkhuh lw lv rswlpdo wr h{huflvh iru wkh kroghu1 Lw phdqv wkdw wkh
dphulfdq frpsrqhqw sulfh pd| sod| dq lpsruwdqw uroh lq wkh sulfh ri vxfk dq rswlrq1

� Wkh rswlpdo h{huflvh vhw ri wkh EhvwRi Sxw2Sxw lv vpdoohu wkdq wkh xqlrq ri wkh wzr
rswlpdo h{huflvh vhw ri wkh vlqjoh dphulfdq sxwv1 Lq rwkhu zrugv/ rqh pd| revhuyh wkdw zkhq
wkh wzr xqghuo|lqjv ghfuhdvh vr wkdw wkh| pd| erwk furvv wkhlu rswlpdo h{huflvh erxqgdu|/ lw lv qrw
dozd|v rswlpdo wr h{huflvh wkh wzr0dvvhwv rswlrq1 Lw pd| eh zruwk zdlwlqj wr nqrz zklfk Sxw zloo eh
pruh lqwhuhvwlqj1

Rqh pd| uhpdun wkdw iru d jlyhq V5 wkh surmhfwlrq ri wklv rswlpdo h{huflvh erxqgdu| lv ydu|lqj zlwk wlph
lq wkh vdph zd| dv wkh xvxdo vlqjoh dphulfdq sxw h{huflvh erxqgdu| grhv1 Ilqdoo|/ Dq looxvwudwlrq ri wkh
uhodwlyh gl�huhqfh65 ehwzhhq wkh Hxurshdq dqg Dphulfdq sulfhv lv uhsuhvhqwhg lq wkh �jxuh 491

7 Vrph khgjlqj sureohpv

714 Pdqdjlqj wkh vploh h�hfw

71414 Jhqhudo lvvxh dqg dssur{lpdwlrq

Lw lv qrw dq hdv| wdvn wr phdvxuh h�hfwv ri wkh vr0fdoohg yrodwlolw| vploh rq vxfk �qdqfldo surgxfwv1 Lqghhg/
lqirupdwlrq dydlodeoh lq wkh pdunhw ghdov zlwk ydqlood rswlrqv zulwwhq rq d vlqjoh xqghuo|lqj/ dqg hyhq lq
wklv vlpsoh fdvh wkhuh lv qr jhqhudo djuhhphqw wr prghol}h wklv h�hfw1 Wkxv/ wkh fkrlfh ri wkh �idlu� yrodwlolw|
iru pxowl0dvvhw rswlrqv pd| qrw eh reylrxv1 Surihvvlrqdov zkr wklqn lq d Eodfn0Vfkrohv iudphzrun kdyh wkhq
wr orrn iru vrph uxohv ri sulflqj1 Qhyhuwkhohvv/ wkhvh uxohv duh edvhg rq sur{lhv dqg wkhuh lv dozd|v vrph

63 lq wkh fdvh K� ' K2 ' o1
64Wkh sdudphwhuv duh K� ' K2 ' o ' DI/ j� ' j2 ' �DI/ 4 ' �
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65Wkh uhvxowv duh yhu| vhqvleoh wr wkh sdudphwhuv1 Iru h{dpsoh/ zlwk wkh sdudphwhuv K� ' 2�DI/ j� ' �DI/ K2 ' .�DI/
j2 ' 2DI/ 4 ' 3 �
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Iljxuh 49= Dphulfdq sulfh ri d EhvwRi Sxw2Sxw rswlrq yv Hxurshdq sulfh +L,

Iljxuh 4:= Rswlpdo h{huflfh srolf| ri wkh Dphulfdq EhvwRi Sxw2Sxw rswlrq +L,

5:



Iljxuh 4;= Dphulfdq sulfh ri d EhvwRi Sxw2Sxw rswlrq yv Hxurshdq sulfh +LL,

Iljxuh 4<= Rswlpdo h{huflfh srolf| ri wkh Dphulfdq EhvwRi Sxw2Sxw rswlrq +LL,

5;



uhvlgxdo huuruv1 Pruhryhu/ wkhvh uxohv duh idu iurp ehlqj dozd|v reylrxv1 Lqghhg/ frqvlghu d vsuhdg rswlrq
zkrvh sd|r� lv +V4 +W ,� V5 +W ,,

. zkhuh V4 +w, dqg V5 +w, iroorz d vwrfkdvwlf yrodwlolw| prgho +iru h{dpsoh
wkh Khvwrq prgho,/ dqg wu| wr jxhvv zklfk yrodwlolw| zh pd| kdyh wr lqsxw lq d Eodfn0Vfkrohv sulfhu wr jhw
wkh idlu sulfh= D qdwxudo dssurdfk pd| eh wr fkrrvh wkh dw0wkh0prqh| yrodwlolw| iru erwk dvvhwv1 Prqwh0Fduor
vlpxodwlrqv zloo vkrz wkdw wklv dssurdfk ohdgv wr uhodwlyh huuruv derxw 48( iru d txlwh surqrxqfhg vploh66 1
Lq sudfwlfh/ wkhvh uhvlgxdo huuruv duh wkhq frpshqvdwhg e| wkh fkrlfh ri d vxlwdeoh fruuhodwlrq dqg ghshqg
rq wudghuv* vnloov1

Ohw xv uhpdun wkdw lw lv yhu| gl!fxow wr fdoleudwh d pxowl0dvvhw vwrfkdvwlf yrodwlolw| prgho1 Lqghhg/ lw
qhhgv wr hvwlpdwh d orw ri sdudphwhuv zkrvh vrph duh qrw olnho| wr eh uhohydqw zlwk erwk rswlrq dqg dvvhw
sulfhv1 Lw dfwxdoo| ohdgv wr kljk xqvwdeolwlw| ri wkhvh sdudphwhuv1 Qhyhuwkhohvv/ vrph sur{lhv hqdeoh wr
lqfrusrudwh yrodwlolw| vploh lqwr d txdvl0dqdo|wlfdo sulfh ri d vsuhdg rswlrq1 D vlpsoh dssurdfk pd| eh wr
frqvlghu wkdw wkh yrodwlolw| ulvn grhv qrw d�hfw wkh suredelolw| wkdw V4 +W , � V5 +W ,1 Wkdw lv zk|/ rqh pd|
frqvlghu 5 dvvhwv=

� V4 zkrvh yrodwlolw| lv vwrfkdvwlf +dqg iroorzv iru h{dpsoh Khvwrq prgho,>

� �V5 zklfk iroorzv d fodvvlfdo orj0qrupdo gl�xvlrq1

Vr/ rqh kdv wr frqvlghu g|qdplfv ri V4 +w, vxfk dv�
gV4 +w, @ uV4 +w, gw. �4 +w,V4 +w, gZ4 +w,

gY4 +w, @ �4 +Y4 +4,� Y4 +w,, gw. �Y4�4 +w, g �Z4 +w,
+:4,

zlwk �4 +w, @
s
Y4 +w,1 Ixuwkhupruh/ zh kdyh

g�V5 +w, @ u �V5 +w, gw. �5 �V5 +w, gZ5 +w, +:5,

Zh qrwh � wkh fruuhodwlrq ehwzhhq Z4 +w, dqg �Z4 +w,/ dqg � wkh fruuhodwlrq ehwzhhq wkh wzr dvvhw uhwxuqv1
Wkhq zh pd| lqwurgxfh dq rswlrq zkrvh sulfh pd| eh dq dssur{lpdwlrq ri wkh fdoo vsuhdg sulfh/ wkdw lv wr
vd|

HT

�
+V4 +W ,� V5 +W ,,

. m I3

�
* HT

��
V4 +W ,� �V5 +W ,

�.
m I3

�
+:6,

Rqh pd| ghfrpsrvh Z4 +w, dv iroorzv

Z4 +w, @ �Z5 +w, .
s
4� �5Z6 +w, +:7,

zkhuh Z6 +w, lv d vwdqgdug Eurzqldq prwlrq lqghshqgdqw ri Z5 +w,1 Wkh gl�xvlrq surfhvv +:4, ehfrphv�
gV4 +w, @ uV4 +w, gw. ��4 +w,V4 +w, gZ5 +w, .

s
4� �5�4 +w,V4 +w, gZ6 +w,

gY4 +w, @ �4 +Y4 +4,� Y4 +w,, gw. �Y4�4 +w, g �Z4 +w,
+:8,

Rqh pd| zulwh V4 +w, dv wkh surgxfw ri wzr lqghshqgdqw whupv/ l1h

V4 +w, @ V4 +w3, h{s

�
u +w� w3,� 4� �5

5

] w

w3

�54 +v, gv.
s
4� �5

] w

w3

�4 +v, gZ6 +v,

�
� ~} �

[4+w,

� h{s

�
��5

5

] w

w3

�54 +v, gv. �

] w

w3

�4 +v, gZ5 +v,

�
� ~} �

\4+w,

+:9,

66E| txlwh surqrxqfhg vploh/ zh phdq

V ' f�D

jT ' f�b

dqg wkh fruuhodwlrq ehwzhhq wkh eurzqldq ri wkh dvvhw dqg wkh eurzqldq ri wkh yrodwlolw| lv derxw 3f�D1
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Wkh vhfrqg whup ri wklv odvw h{suhvvlrq hqdeohv wr jhw vrph ghshqgdqfh ehwzhhq wkh wzr dvvhwv1 Dv phq0
wlrqqhg ehiruh/ rqh pd| dvvxph wkdw wkh h�hfw ri vwrfkdvwlf yrodwlolw| rq wklv ghshqgdqfh lv qhjoljleoh1 Vr
zh pd| uhsodfh �4 +w, zklfk lv vwrfkdvwlf e| d vxlwdeoh lpsolhg yrodwlolw| a�4 +w, +dw0wkh0prqh| yrodwlolw| iru
lqvwdqfh, lq wkh vhfrqg whup ri V4 +w,=

HT

��
V4 +W ,� �V5 +W ,

�.
m I3

�
@ HT

3
EEEEEEEC
\4 +W , HT

3
C#

[4 +W ,�
�V5 +W ,

\4 +W ,

$.

m Z5

4
D

� ~} �
FdooOit|L?

�
w3>W>

�V5+W ,
\4+W ,

�

m I3

4
FFFFFFFD

@

] .4

�4

4s
5�

| +{,FdooOit|L? +w3> W>N +{,, h{s

�
�4

5
{5

�
g{ +::,

zkhuh

| +{, * h{s

�
�4

5
�5a�54 +W � w3, . �a�4{

s
W � w3

�
+:;,

dqg

N +{, * V5 +w3, h{s

�
u +W � w3,� 4

5

�
a�55 � �5a�54

�
+W � w3, . +a�5 � �a�4,{

s
W � w3

�
+:<,

Uhpdun 4 Zh pd| qrwlfh wkdw � sod|v vrph uroh lq wkh whup FdooOit|L? +w3> W>N +{,,1 Rqh pd| wdnh lw lqwr
dffrxqw lq d pruh frqyhqlhqw zd|/ zulwlqj wkh gl�xvlrq surfhvv ri [4 +w, dv iroorzv�

g[4 +w, @ u[4 +w, gw. �[ +w,[4 +w, gZ6 +w,

gY[ +w, @ �[ +Y[ +4,� Y[ +w,, gw. ���[ +w, g �Z6 +w,
+;3,

zlwk �[ +w, @
s
4� �5�4 +w,/ vr wkdw rqh jhw wkh htxlydohqfh

�[ @ �4

Y[ +4, @
�
4� �5

�
Y4 +4,

�� @
s
4� �5�Y4 +;4,

Uhpdun 5 Wklv dssurdfk pd| eh xvhixo zkhq rqh revhuyhv hqrxjk ydqlood sulfhv rq rqh ri erwk dvvhwv lq
wkh pdunhw/ ru zkhq vploh fxuyh lv vprrwk hqrxjk wr lqwhusrodwh plvvlqj ydoxhv1 Lqghhg/ rqh pd| wkhq
uhsodfh wkh lqwhjudo e| d �qlwh vxp1 Qrwlfh wkdw wklv dssurdfk surylgh xv zlwk d qdwxudo khgjlqj vwudwhj|
zklfk frqvlvwv lq ex|lqj Ydqloodv1 Wklv khgjh hqdeohv dq|rqh wr wdnh lqwr dffrxqw yrodwlolw| ulvn1

71415 Dssolfdwlrq wr EhvwRi2ZruvwRi Fdoo2Sxw

Rqh pd| xvh suhylrxv irpxod wr sulfh rwkhu sd|r�v zh duh lqwhuhvwhg lq1 Lqghhg/ frqvlghulqj wkdw

+pd{ +V4 +W , > V5 +W ,,�N,. @ +V5 +W ,�N,. . +V4 +W ,�pd{ +V5 +W , >N,,. +;5,

lw lv srvvleoh wr xvh uhvxowv iurp wkh h{suhvvlrq +::, vr wkdw rqh fdq jhw dq dssur{lpdwlrq ri d EhvwRi Fdoo
e|

HT

��
V4 +W ,�pd{

�
�V5 +W , >N

��.
m I3

�
@

] .4

�4

4s
5�

| +{,FdooOit|L? +w3> W>N +{,, h{s

�
�4

5
{5

�
g{ +;6,

zlwk

| +{, * h{s

�
�4

5
�5a�54 +W � w3, . �a�4{

s
W � w3

�
+;7,

dqg

N +{, * |�4 +{,pd{

�
V5 +w3, h{s

��
u � 4

5
a�55

�
+W � w3, . a�5{

s
W � w3

�
>N

�
+;8,
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Iljxuh 53= Whvw ri wkh Sur{| iru wkh ZruvwRi Sxw2Sxw rswlrq

Zh kdyh lpsohphqwhg wklv phwkrg zkhq wkh vploh lv exlow zlwk 69 Ydqlood sulfhv +iurp vwulnh :3 wr vwulnh
473 zlwk d vwhs ri 5,1 Wkh lqwhjudo lv frpsxwhg iroorzlqj Jdxvv0Khuplwh txdgudwxuh zlwk 65 qrghv1 Uhvxowv
dqg frpsdulvrqv duh suhvhqwhg lq wkh �jxuh 53 iru wkh ZruvwRi Sxw2Sxw rswlrq zlwk wzr gl�huhqw Ulvn
Uhyhuvdo67 1 Wkh sur{| sulfhv kdyh ehhq frpsxwhg zlwkrxw xvlqj Khvwrq irupxod1 Ixuwkhupruh/ sulfhv ri
Ydqlood kdyh qrw ehhq lqwhusrodwhg/ vr wkdw wkhvh uhvxowv frxog eh lpsuryhg1 Qhyhuwkhohvv/ wklv dssurdfk
vhhpv txlwh lqwhuhvwlqj iru wkh sulflqj ri wkhvh rswlrqv1 Wkh| pd| uhgxfh wkh ihz uhvlgxdo huuruv revhuyhg
zlwk wkh E)V sulfhu iru wkrvh rswlrqv1

715 Juhhnv frpsxwlqj

Rqh sd| jhqhudoo| olwwoh dwwhqwlrq ri wkh frpsxwdwlrqdo dvshfw ri wkh juhhn frh!flhqwv1 Krzhyhu/ lw lv rqh ri
wkh elj lvvxh wr pdqdjh d frqwlqjhqw fodlpv sruwirolr +Ho Ndurxl/ Mhdqeodqf dqg Vkuhyh ^4<<;`,1 Ohw
F +w3, eh d fdoo rswlrq sulfh1 Lq wkh Eodfn dqg Vfkrohv prgho/ zh duh lqwhuhvwhg iru h{dpsoh lq wkh ghowd/
jdppd dqg yhjd frh!flhqwv gh�qhg e| wkh iroorzlqj ghulydwlyhv

� @
C F +w3,

C V +w3,

67Iru wkrvh vlpxodwlrqv/ wkh vploh kdyh ehhq jhqhudwhg zlwk wkh Khvwrq prgho zlwk

V ' f�D

T E"� ' f��2

jT ' f�b

� M t3f�D( f�

Ixuwkhupruh wkh pdwxulw| ri wkrvh rswlrqv kdyh ehhq �{hg wr rqh |hdu/ wkh ulvnohvv lqwhuhvw udwh wr 8( dqg wkh fruuhodwlrq
ehwzhhq wkh wzr dvvhw uhwxuqv wr 83(1
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� @
C5F +w3,

C V5 +w3,

 @
C F +w3,

C �
+;9,

zlwk V +w3, wkh fxuuhqw sulfh ri wkh xqghuo|lqj dvvhw dqg � wkh yrodwlolw|1 Ohw f +w3> V +w3, > �, eh wkh ixqfwlrq
fruuhvsrqglqj wr wkh sulfh F +w3,1 Li zh xvh d fhqwudo gl�huhqfh iru wkh �uvw rughu ghulydwlyhv/ wkh vhqvlwlylwlhv
duh frpsxwhg e| �qlwh gl�huhqfh dv iroorzv68

�g @
f +w3> +4 . %,V +w3, > �,� f +w3> +4� %,V +w3, > �,

5%V +w3,

�g @
f +w3> +4 . %,V +w3, > �,� 5f +w3> V +w3, > �, . f +w3> +4� %,V +w3, > �,

%5V5 +w3,

 g @
f +w3> V +w3, > +4 . �,�,� f +w3> V +w3, > +4� �,�,

5��
+;;,

Wkh wkhwd frh!flhqw lv wkhq frpsxwhg xvlqj wkh SGH irupxodwlrq

� @ uF +w3,� eV +w3,�� 4

5
�5V5 +w3, � +;<,

Wkh xvh ri wkh suhylrxv irupxod wdnhv vrph sureohpv zkhq wkh qxphulfdo vroxwlrq lv rewdlqhg e| PFphwkrgv1
Wkh �uvw rqh frqfhuqv wkh rswlpdo ydoxhv ri % dqg �1 Zh frqvlghu dq h{shulphqw zlwk dq Hxurshdq dqg d
Elqdu| Fdoo rswlrqv1 Zh xvh wkh ydoxhv ri wkh sdudphwhuv ri wkh irrwqrwh 4; sdjh 44/ dqg gl�huhqw ydoxhv iru
%1 Lq vrph vriwzduh/ % lv vhw wr 3133341 Zlwk wklv ydoxh/ wkh ghowd lv zhoo dssur{lpdwhg iru wkh ydqlood rswlrq/
exw zh rewdlq edg uhvxowv iru wkh elqdu| rswlrq1 Zh uhpdun wkdw wkhuh lv qrw d ydoxh wkdw zloo jlyh jrrg
uhvxowv iru hyhu| rswlrq w|sh dqg doo ghulydwlyhv1 Lq rxu fdvh/ % @ 3=34 lv d vxlwdeoh fkrlfh iru wkh Hxurshdq
rswlrq/ zkhuhdv % @ 3=38 lv d ehwwhu fkrlfh iru wkh Elqdu| rswlrq1

Wkh vhfrqg sureohp frqfhuqv wkh frpsxwdwlrqdo wlph ri wkh �qlwh gl�huhqfh dssur{lpdwlrq1 Iru h{0
dpsoh/ wkh jdppd qhhgv wkuhh Prqwh Fduor uhsolfdwlrqv1 Irxuqlì/ Odvu|/ Ohexfkrx{/ Olrqv dqg
Wrx}l ^4<<<` suhvhqw d phwkrg wr frpsxwh wkh juhhnv zklfk grhv qrw uhtxluh wr uxq gl�huhqw Prqwh Fduor
uhsolfdwlrqv1 Wklv phwkrg lv edvhg rq wkh Pdooldylq fdofxoxv +Qxdoduw ^4<<8`/ >nvhqgdo ^4<<9`,1 Ohw

S +w3, @ HT

%
J +W>[ +W ,, h{s

#
�
] W

w3

u +w>[ +w,, gw

$�����Iw3
&
eh wkh sulfh ri dq rswlrq zlwk wkh sd|r� ixqf0

wlrqdo J1 Irxuqlì/ Odvu|/ Ohexfkrx{/ Olrqv dqg Wrx}l ^4<<<` vkrz wkdw wkh gl�huhqwldov ri S +w3, fdq
eh h{suhvvhg dv

HT

%
'�J +W>[ +W ,, h{s

#
�
] W

w3

u +w>[ +w,, gw

$�����Iw3
&

+<3,

zlwk'� d udqgrp yduldeoh dqg � wkh sdudphwhu ri lqwhuhvw1 Iru h{dpsoh/ wkh| rewdlq wkh iroorzlqj irupxodv
iru wkh Eodfn0Vfkrohv prgho69

�p @ h�u+W�w3,HT

�
J +W> V +W ,,

Z +W ,

�WV +w3,

����Iw3
�

�p @ h�u+W�w3,HT

%
J +W> V +W ,,

Z 5 +W ,� �WZ +W ,� W

^�WV +w3,`
5

�����Iw3
&

 p @ h�u+W�w3,HT

�
J +W> V +W ,,

Z 5 +W ,� �WZ +W ,� W

�W

����Iw3
�

+<4,

68 Lq wkh fdvh ri wkh vlqjoh0vlghg iruzdug gl�huhqfh/ zh kdyh

{ '
S E|fc E� n 0�7 E|f� c j�3 S E|fc 7 E|f� c j�

07 E|f�

v '
S E|fc 7 E|f� c E� n "�j�3 S E|fc 7 E|f� c j�

"j
+;:,

69Zh qrwh wkdw wkh jdppd dqg wkh yhjd duh sursruwlrqdo zlwk v6 ' jA72 E|f� K61
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Iljxuh 54= � iru dq Hxurshdq Fdoo rswlrq

Iljxuh 55= � iru dq Hxurshdq Fdoo rswlrq
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Iljxuh 56=  iru dq Hxurshdq Fdoo rswlrq

Iljxuh 57= � iru dq Hxurshdq Fdoo rswlrq
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Iljxuh 58= � iru d Elqdu| Fdoo rswlrq

Iljxuh 59= � iru d Elqdu| Fdoo rswlrq
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Iljxuh 5:=  iru d Elqdu| Fdoo rswlrq

Iljxuh 5;= � iru d Elqdu| Fdoo rswlrq
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Iljxuh 5<= IG yv Pdooldylq dssurdfk � wkh Hxurshdq Fdoo rswlrq h{dpsoh

Irxuqlì/ Odvu|/ Ohexfkrx{/ Olrqv dqg Wrx}l ^4<<<` dqg Ehqkdprx ^4<<<e/4<<<f` uhpdun wkdw �wkh
Pdooldylq phwkrg wxuqv rxw wr eh yhu| h!flhqw lq wkh fdvh ri glvfrqwlqxrxv sd|r� ixqfwlrqdov frpsduhg wr
wkh Prqwh Fduor �qlwh gl�huhqfh dssurdfk�1 Wkh �jxuhv +5<, dqg +63, frq�up wklv idfw1 Krzhyhu/ zh dujxh
wkdw wkh prvw lqwhuhvwlqj dgydqwdjh ri wkh Pdooldylq dssurdfk lv qrw wkh h!flhqf|6:/ exw wkh
frpsxwdwlrqdo wlph uhgxfwlrq1

Zh frxog h{whqg wkh suhylrxv uhvxowv wr wkh fdvh ri rswlrqv zlwk wzr dvvhwv1 Iru h{dpsoh/ zh kdyh iru
wkh ghowd ghulydwlyhv

�4
p @ h�u+W�w3,HT

�
J +W> V4 +W , > V5 +W ,,

Z4 +W ,� �Z5 +W ,

+4� �5,�4WV4 +w3,

����Iw3
�

�5
p @ h�u+W�w3,HT

�
J +W> V4 +W , > V5 +W ,,

Z5 +W ,� �Z4 +W ,

+4� �5,�5WV5 +w3,

����Iw3
�

+<5,

Zh frqvlghu wkh suhylrxv h{dpsoh ri wkh irrwqrwh : sdjh 81 Zh frqvlghu d Edvnhw rswlrq zlwk �4 @ 4/
�5 @ 4 dqg N @ 5331 Zh kdyh uhsuhvhqwhg wkh ghowd/ jdppd dqg yhjd ghulydwlyhv iru gl�huhqw ydoxhv ri wkh
fruuhodwlrq � � vhh wkh �jxuhv 64�671 Wkh TPF phwkrg xvhv wkh Vrero vhtxhqfh1 Zlwk wklv h{dpsoh/ zh
uhpdun wkdw wkh TPF phwkrg jlyhv ehwwhu uhvxowv wkdq wkh PF phwkrg1 Pruhryhu/ wkh frqyhujhqfh dsshduv
yhu| vorz iru wkh jdppd dqg yhjd juhhnv zkhq � lv kljk lq devroxwh ydoxh1

8 Frqfoxvlrq

Wklv sdshu suhvhqw gl�huhqw sureohpv rq 5G rswlrq sulflqj1 Prvw ri wkh sureohpv frqfhuq wkh qxphulfdo
dojrulwkp1 Zh kdyh jlyhq vrph looxvwudwlrqv1 Wkh pdlq lghd lv wkdw wkhuh lv qrw d xqltxh vroxwlrq/ dqg wkdw
lw lv qrw hylghqw wkdw wkhuh h{lvw d ehwwhu vroxwlrq wkdq rwkhuv1 Iru hdfk surgxfw/ zh kdyh wr gr d ghhs

6:Zh kdyh pdgh gl�huhqw vlpxodwlrqv/ dqg lw lv qrw hylghqw wkdw wkh Pdooldylq dssurdfk lv vxshulru wr wkh �qlwh gl�huhqfh
dssurdfk1
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Iljxuh 63= IG yv Pdooldylq dssurdfk � wkh Elqdu| Fdoo rswlrq h{dpsoh

Iljxuh 64= IG yv Pdooldylq dssurdfk � � @ 3=8
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Iljxuh 65= IG yv Pdooldylq dssurdfk � � @ �3=8

Iljxuh 66= IG yv Pdooldylq dssurdfk � � @ 3=<8
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Iljxuh 67= IG yv Pdooldylq dssurdfk � � @ �3=<8

lqyhvwljdwlrq ehiruh wr fkrrvh wkh dssursuldwh phwkrg1 Dqg ri frxuvh/ wkh suhylrxv sureohpv ehfrph hyhq
pruh frpsolfdwhg lq pxowl0glphqvlrqdo rswlrq sulflqj1

Dsshqgl{

D Surri ri wkh Pdooldylq ghowd iru wkh wzr0dvvhw rswlrqv

Zh uhpdlq wkdw zh kdyh�
gV4 +w,
gV5 +w,

�
@

�
e4V4 +w,
e5V5 +w,

�
gw.

�
�4V4 +w, 3

3 �5V5 +w,

� �
gZ4 +w,
gZ5 +w,

�
+<6,

zlwk H ^Z4 +w,Z5 +w,` @ �w1 Ohw V +w, @
�
V4 +w, V5 +w,

�A
eh wkh wzr glphqvlrqdo surfhvv1 Ohw \ +w, eh

wkh uhodwhg �uvw yduldwlrq surfhvv1 Wkh zhljkwlqj ixqfwlrq jhqhudwru ' lv jlyhq e| wkh iroorzlqj h{suhvvlrq
+Ehqkdprx ^4<<<d`, =

' @ �
�
\ +w,	�4 +w> V +w,,� +w,

�
+<7,

zlwk � wkh Vnrurkrg lqwhjudo dqg ] W

w3

� +w,[ +w � W , gw @ 4 +<8,

Rqh ri wkh gl!fxow| lv wkdw wklv uhvxow krog iru � @ 31 Zh dovr lqwurgxfh wkh fdqrqlfdo Zlhqhu Surfhvv
ZB +w, @

�
ZB

4 +w, ZB

5 +w,
�A

zlwk+
ZB

4 +w, @ Z4 +w,

ZB

5 +w, @
�
4� �5

�� 4
5 +Z5 +w,� �Z4 +w,,

+<9,
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Wkhq zh kdyh6;

' @
4

W

5
97 +�4V4 +w3,,

�4 ��
�s

4� �5�4V4 +w3,
��4

3
�s

4� �5�5V5 +w3,
��4

6
:8ZB +W ,

@

5
97

�s
4� �5ZB

4 +W ,� �ZB

5 +W ,
��s

4� �5�4WV4 +w3,
��4

ZB

5 +W ,
�s

4� �5�5V5 +w3,
��4

6
:8 +<:,

Xvlqj wkh uhodwlrqvkls +<9,/ zh rewdlq wkh ghvluhg irupxod +<5,1

Uhihuhqfhv

^4` Deudprzlw}/ P1 dqg L1D1 Vwhjxq ^4<:3`/ Kdqgerrn ri Pdwkhpdwlfdo Ixqfwlrqv/ qlqwk hglwlrq/ Gryhu

^5` Ednvkl/ J1/ F1 Fdr dqg ]1 Fkhq ^4<<:`/ Hpslulfdo shuirupdqfh ri dowhuqdwlyh rswlrq sulflqj prghov/
Mrxuqdo ri Ilqdqfh/ 85/ 53360537<

^6` Eduohv/ J1/ M1 Exughdx/ P1 Urpdqr dqg Q1 Vdpvrhq ^4<<5`/ Fulwlfdo vwrfn sulfh qhdu h{sludwlrq/
Pdwkhpdwlfdo Ilqdqfh/ 8/ ::0<9

^7` Eduuhww/ U1/ P1 Ehuu|/ W1 I1 Fkdq/ M1 Ghppho/ M1 Grqdwr/ M1 Grqjduud/ Y1 Hlmnkrxw/ U1
Sr}r/ F1 Urplqh dqg K1 Yruvw +Ydq ghu, ^4<<7`/ Whpsodwhv iru wkh Vroxwlrq ri Olqhdu V|vwhpv=
Exloglqj Eorfnv iru Lwhudwlyh Phwkrgv/ 5qg Hglwlrq/ VLDP/ Sklodghoskld/ SD

^8` Ehqkdprx/ H1 ^4<<<d`/ Uhgxflqj wkh yduldqfh lq Prqwh Fduor dqg txdvl0Prqwh Fduor vlpxodwlrqv iru
wkh juhhnv xvlqj Pdooldylq fdofxoxv/ Orqgrq Vfkrro ri Hfrqrplfv/ Zrunlqj Sdshu

^9` Ehqkdprx/ H1 ^4<<<e`/ H{solflw idvwhu juhhnv iru vwurqj qrq0olqhdu sd|r� rswlrqv lq Eodfn zruog/
Orqgrq Vfkrro ri Hfrqrplfv/ Zrunlqj Sdshu

^:` Ehqkdprx/ H1 ^4<<<f`/ Dq dssolfdwlrq ri Pdooldylq fdofxoxv wr Dvldq dqg Orrnedfn rswlrqv* juhhnv/
Orqgrq Vfkrro ri Hfrqrplfv/ Zrunlqj Sdshu

^;` Ehqvrxvvdq/ D1 ^4<;7`/ Rq wkh wkhru| ri rswlrq sulflqj/ Dfwd Dssolfdqgdh Pdwkhpdwlfdh/ 5/ 46<048;

^<` Ehuplq/ K0S1 dqg D1 Nrkdwvx0Kljd ^4<<<`/ Orfdo yrodwlolw| fkdqjhv lq wkh Eodfn0Vfkrohv prgho/
Ghsduwphqw ri Hfrqrplfv/ Oxqg Xqlyhuvlw|/ Zrunlqj Sdshu

^43` Elujh/ M1U1 ^4<<7`/ Txdvl0Prqwh Fduor dssurdfkhv wr rswlrq sulflqj/ Ghsduwphqw ri Lqgxvwuldo dqg
Rshudwlrqv Hqjlqhhulqj/ Xqlyhuvlw| ri Plfkljdq/ Whfkqlfdo Uhsruw/ <704<

^44` Erxohdx/ Q1 dqg G1 Oìslqjoh ^4<<7`/ Qxphulfdo phwkrgv iru vwrfkdvwlf surfhvvhv/ Zloh| Vhulhv lq
Suredelolw| dqg Pdwkhpdwlfdo Vwdwlvwlfv/ Mrkq Zloh| ) Vrqv/ Qhz \run

^45` Eudwoh|/ S1 dqg E1O1 Ir{ ^4<;;`/ DOJRULWKP 98< lpsohphqwlqj Vrero*v txdvludqgrp vhtxhqfh
jhqhudwru/ DFP Wudqvdfwlrqv rq Pdwkhpdwlfdo Vriwzduh/ 47/ ;;0433

^46` Eudwoh|/ S1/ E1O1 Ir{ dqg K1 Qlhghuuhlwhu ^4<;;`/ Lpsohphqwdwlrq dqg whvwv ri orz0glvfuhsdqf|
vhtxhqfhv/ DFP Wudqvdfwlrqv rq Prgholqj dqg Frpsxwhu Vlpxodwlrq/ 5/ 4<80546

^47` Exvfd/ M1 ^4<<<`/ D �qlwh hohphqw phwkrg iru wkh ydoxdwlrq ri Dphulfdq rswlrqv/ F1D1U1/ Uhvhdufk
Uhsruw

^48` Fdiolvfk/ U1H1/ Z1 Prurnrii dqg D1E1 Rzhq ^4<<:`/ Ydoxdwlrq ri pruwjdjh vhfxulwlhv xvlqj eurz0
qldq eulgjhv wr uhgxfh h�hfwlyh glphqvlrq/ Ghsduwphqw ri Pdwkhpdwlfv/ XFOD/ Whfkqlfdo uhsruw

6;Zh xvh wkh wulyldo vroxwlrq b E|� ' |3�1
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^49` Fdoyhwwl/ G1/ J1K1 Jroxe/ Z1E1 Judjj dqg O1 Uhlfkho ^4<<;`/ Frpsxwdwlrq ri Jdxvv0Nurqurg
txdgudwxuh uxohv/ Vwdqirug Xqlyhuvlw| Vflhqwl�f Frpsxwlqj/ Frpsxwdwlrqdo Pdwkhpdwlfv Uhsruw/
VFFP0<;03<

^4:` Fkhuqry/ P1 dqg H1 Jk|vhov ^4<<<`/ D vwxg| wrzdugv d xql�hg dssurdfk wr wkh mrlqw hvwlpdwlrq ri re0
mhfwlyhq dqg ulvn qhxwudo phdvxuhv iru wkh sxusrvh ri rswlrqv ydoxdwlrqv/ Shqqv|oydqld Vwdwh Xqlyhuvlw|/
Zrunlqj Sdshu

^4;` Gdylv/ S1M1 dqg S1 Udelqrzlw} ^4<;7`/ Phwkrgv ri Qxphulfdo Lqwhjudwlrq/ vhfrqg hglwlrq/ Dfdghplf
Suhvv/ Ruodqgr

^4<` Ghwhpsoh/ M1/ U1Jdufld dqg P1 Ulqglvedfkhu ^5333`/ D Prqwh Fduor phwkrg iru rswlpdo sruwirolrv/
FLUDQR/ Zrunlqj Sdshu/ 5333v038

^53` Ho Ndurxl/ Q1/ P1 Mhdqeodqf dqg V1H1 Vkuhyh ^4<<;`/ Rq wkh urexvwqhvv ri wkh Eodfn0Vfkrohv
htxdwlrq/ Pdwkhpdwlfdo Ilqdqfh/ ;/ <60459

^54` Hqwdfkhu/ N1 ^4<<;`/ D froohfwlrq ri vhohfwhg svhxgrudqgrp qxpehu jhqhudwruv zlwk olqhdu vwuxfwxuhv/
Ghsduwphqw ri Pdwkhpdwlfv/ Xqlyhuvlw| ri Vdo}exuj/ Zrunlqj Sdshu

^55` Iruqehuj/ E1 ^4<<;`/ Fdofxodwlrq ri zhljkwv lq �qlwh gl�huhqfh irupxodv/ VLDP Uhylhz/ 73/ 9;809<4

^56` Irxuqlì/ H1/ M0P1 Odvu|/ M1 Ohexfkrx{/ S0O1 Olrqv dqg Q1 Wrx}l ^4<<<`/ Dssolfdwlrqv ri Pdooldylq
fdofxoxv wr Prqwh Fduor phwkrgv lq �qdqfh/ Ilqdqfh ) Vwrfkdvwlfv/ 6/ 6<40745

^57` Irxuqlì/ H1/ M0P1 Odvu|/ M1 Ohexfkrx{ dqg S0O1 Olrqv ^4<<<`/ Dssolfdwlrqv ri Pdooldylq fdofxoxv
wr Prqwh Fduor phwkrgv lq �qdqfh LL/ FHUHPDGH/ Zrunlqj Sdshu/ <<34

^58` Ir{/ J1F1/ Phvvlqd/ S1F1 dqg U1G1 Zlooldpv ^4<<7`/ Sdudooho Frpsxwlqj Zrunv$/ Prujdq Ndxipdqq
Sxeolvkhuv/ Vdq Iudqflvfr

^59` Iulhgpdq/ D1 ^4<:8`/ Vwrfkdvwlf Gl�huhqwldo Htxdwlrqv dqg Dssolfdwlrqv/ yroxph L/ Dfdghplf Suhvv/
Qhz \run

^5:` Jhzhnh/ M1 ^4<<9`/ Prqwh Fduor vlpxodwlrq dqg qxphulfdo lqwhjudwlrq/ lq K1 Dppdq/ G1 Nhqgulfn dqg
M1 Uxvw +hgv1,/ Kdqgerrn ri Frpsxwdwlrqdo Hfrqrplfv/ Qruwk0Kroodqg/ Dpvwhugdp/ :640;33

^5;` Jroxe/ J1K1 dqg M1 Ruwhjd ^4<<6`/ Vflhqwl�f Frpsxwlqj= Dq Lqwurgxfwlrq zlwk Sdudooho Frpsxwlqj/
Dfdghplf Suhvv

^5<` Jroxe/ J1K1 dqg F1I1 Ydq Ordq ^4<;<`/ Pdwul{ Frpsxwdwlrqv/ vhfrqg hglwlrq/ Mrkqv Krsnlqv Xql0
yhuvlw| Suhvv

^63` Jroxe/ J1K1 dqg M1K1 Zhovfk ^4<9<`/ Fdofxodwlrq ri wkh Jdxvv txdgudwxuh uxohv/ Pdwkhpdwlfv ri
Frpsxwdwlrq/ 56/ 5540563

^64` Jrxuod|/ D1U1 ^4<:3`/ Krsvfrwfk= d idvw vhfrqg0rughu sduwldo gl�huhqwldo htxdwlrq vroyhu/ Mrxuqdo ri
wkh Lqvwlwxwh ri Pdwkhpdwlfv dqg Dssolfdwlrqv/ 9/ 6:806<3

^65` Jrxuod|/ D1U1 dqg V1 PfJxluh ^4<:4`/ Jhqhudo krsvfrwfk dojrulwkp iru wkh qxphulfdo vroxwlrq ri
sduwldo gl�huhqwldo htxdwlrqv/ Mrxuqdo ri wkh Lqvwlwxwh ri Pdwkhpdwlfv dqg Dssolfdwlrqv/ :/ 549055:

^66` Jrxuod|/ D1U1 dqg V1PfNhh ^4<::`/ Wkh frqvwuxfwlrq ri krsvfrwfk phwkrgv iru sduderolf dqg hoolswlf
htxdwlrqv lq wzr vsdfh glphqvlrqv zlwk d pl{hg ghulydwlyh/ Mrxuqdo ri Frpsxwdwlrqdo dqg Dssolhg
Pdwkhpdwlfv/ 6/ 5340538

^67` Kduulvrq/ M1P1 dqg V1U1 Solvnd ^4<;4`/ Pduwlqjdohv dqg vwrfkdvwlf lqwhjudov lq wkh wkhru| ri frqwlqxrxv
wudglqj/ Vwrfkdvwlf Surfhvvhv dqg wkhlu Dssolfdwlrqv/ 44/ 5480593

^68` Kduulvrq/ M1P1 dqg V1U1 Solvnd ^4<;6`/ D vwrfkdvwlf fdofxoxv prgho ri frqwlqxrxv wudglqj= frpsohwh
pdunhwv/ Vwrfkdvwlf Surfhvvhv dqg wkhlu Dssolfdwlrqv/ 48/ 6460649
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^69` Khvwrq/ V1O1 ^4<<6`/ D forvhg0irup vroxwlrq iru rswlrqv zlwk vwrfkdvwlf yrodwlolw| zlwk dssolfdwlrq wr
erqg dqg fxuuhqf| rswlrqv/ Uhylhz ri Ilqdqfldo Vwxglhv/ 9/ 65:0676

^6:` Kxoo/ M1F1 dqg D1 Zklwh ^4<;:`/ Wkh sulflqj ri rswlrqv rq dvvhwv zlwk vwrfkdvwlf yrodwlolwlhv/ Mrxuqdo
ri Ilqdqfh/ 75/ 5;40633

^6;` Lsvhq/ L1F1I1 dqg F1G1 Ph|hu ^4<<;`/ Wkh lghd ehklqg Nu|ory phwkrgv/ Dphulfdq Pdwkhpdwlfdo
Prqwko|/ 438/ ;;<0;<<

^6<` Ndudw}dv/ L1 ^4<;;`/ Rq wkh sulflqj ri Dphulfdq rswlrqv/ Dssolhg Pdwkhpdwlfv dqg Rswlplvdwlrq/ 4:/
6:093

^73` Nlp/ L1 ^4<<3`/ Wkh dqdo|wlf ydoxdwlrq ri Dphulfdq rswlrqv/ Uhylhz ri Ilqdqfldo Vwxglhv/ 6/ 87:08:5

^74` Nxuslho/ D1 dqg W1 Urqfdool ^4<<<`/ Krsvfrwfk phwkrgv iru wzr0vwdwh �qdqfldo prghov/ Mrxuqdo ri
Frpsxwdwlrqdo Ilqdqfh/ 6/ 860;<

^75` Nxuslho/ D1 ^4<<<`/ Dphulfdq rswlrqv h{huflvh srolf| lq d vwrfkdvwlf yrodwlolw| prgho/ Xqlyhuvlwì
Prqwhvtxlhx0Erughdx{ LY/ JUDSH/ Zrunlqj Sdshu

^76` Nxuslho/ D1 ^5333`/ Hvwlpdwlrq ghv sdudpëwuhv ghv prgëohv ã yrodwlolwì vwrfkdvwltxh/ Xqlyhuvlwì
Prqwhvtxlhx0Erughdx{ LY/ JUDSH/ Zrunlqj Sdshu

^77` Ohplhx{/ F1 dqg S1 O*Hfx|hu ^5333`/ D frpsdulvrq ri Prqwh Fduor/ odwwlfh uxohv dqg rwkhu orz0
glvfuhsdqf| srlqw vhwv/ lq K1 Qlhghuuhlwhu dqg M1 Vsdqlhu +hgv1,/ Prqwh Fduor dqg Txdvl0Prqwh Fduor
Phwkrgv 4<<;/ Vsulqjhu/ Ehuolq

^78` OhYhtxh/ U1M1 ^4<<;`/ Ilqlwh Gl�huhqfh Phwkrgv iru Gl�huhqwldo Htxdwlrqv/ Ghsduwphqw ri Dssolhg
Pdwkhpdwlfv/ Xqlyhuvlw| ri Zdvklqjwrq/ Ohfwxuh Qrwhv

^79` Pdnlylf/ P1 ^4<<8`/ Sdwk lqwhjudo Prqwh Fduor phwkrg iru ydoxdwlrq ri ghulydwlyh vhfxulwlhv= Dojrulwkp
dqg sdudooho lpsohphqwdwlrq/ Qhxudo Qhwzrun Zruog/ 8/ 836�857

^7:` Ph|hu/ J1K1 dqg M1 Krhn +ydq ghu, ^4<<:`/ Wkh ydoxdwlrq ri dphulfdq rswlrqv zlwk wkh phwkrg ri
olqhv/ Dgydqfhv lq Ixwxuhv dqg Rswlrqv Uhvhdufk/ </ 59805;8

^7;` Prhuehnh +ydq,/ S1O1M1 ^4<:9`/ Rq rswlpdo vwrsslqj dqg iuhh erxqgdu| sureohpv/ Dufklyh iru Udwlrqdo
Phfkdqlfv dqg Dqdo|vlv/ 93/ 434047;

^7<` Prurnrii/ Z1 dqg U1H1 Fdiolvfk ^4<<7`/ Txdvl0udqgrp vhtxhqfhv dqg wkhlu glvfuhsdqflhv/ VLDP
Mrxuqdo rq Vflhqwl�f dqg Vwdwlvwlfdo Frpsxwlqj/ 48/ 4584045:<

^83` Prurnrii/ Z1 dqg U1H1 Fdiolvfk ^4<<8`/ Txdvl0Prqwh Fduor lqwhjudwlrq/ Mrxuqdo ri Frpsxwdwlrqdo
Sk|vlfv/ 455/ 54;0563

^84` Qxdoduw/ G1 ^4<<8`/ Pdooldylq Fdofxoxv dqg Uhodwhg Wrslfv/ Suredelolw| dqg lwv Dssolfdwlrqv/ Vsulqjhu/
Ehuolq

^85` >nvhqgdo/ E1 ^4<<9`/ Dq lqwurgxfwlrq wr Pdooldylq fdofxoxv zlwk dssolfdwlrqv wr hfrqrplfv/ Qruzhjldq
Vfkrro ri Hfrqrplfv dqg Exvlqhvv Dgplqlvwudwlrq/ Zrunlqj Sdshu/ 62<9

^86` Ùnwhq/ J1 ^5333`/ Dssolfdwlrqv ri d K|eulg0Prqwh Fduor vhtxhqfh wr rswlrq sulflqj/ lq K1 Qlhghuuhlwhu
dqg M1 Vsdqlhu +hgv1,/ Prqwh Fduor dqg Txdvl0Prqwh Fduor Phwkrgv 4<<;/ Vsulqjhu/ Ehuolq

^87` Rzhq/ D1E1 ^4<<;d`/ Vfudpeolqj Vrero dqg Qlhghuuhlwhu0[lqj srlqwv/ Mrxuqdo ri Frpsoh{lw|/ 47/ BB

^88` Rzhq/ D1E1 ^4<<;e`/ Odwlq vxshufxeh vdpsolqj iru yhu| kljk glphqvlrqdo vlpxodwlrqv/ DFP Wudqvdf0
wlrqv rq Prgholqj dqg Frpsxwhu Vlpxodwlrq/ ;/ :40435

^89` Sdljh/ F1F1 dqg P1D1 Vdxqghuv ^4<;5d`/ OVTU= Dq dojrulwkp iru vsduvh olqhdu htxdwlrqv dqg vsduvh
ohdvw vtxduhv/ DFP Wudqvdfwlrqv rq Pdwkhpdwlfdo Vriwzduh/ ;/ 760:4
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^8:` Sdljh/ F1F1 dqg P1D1 Vdxqghuv ^4<;5e`/ Dojrulwkp 8;6> OVTU= Vsduvh olqhdu htxdwlrqv dqg ohdvw0
vtxduhv sureohpv/ DFP Wudqvdfwlrqv rq Pdwkhpdwlfdo Vriwzduh/ ;/ 4<8053<

^8;` Sdsdjhrujlrx/ D1 dqg M1I1 Wudxe ^4<<9`/ Ehdwlqj Prqwh Fduor/ Ulvn/ Mxqh/ 96098

^8<` Sdsdjhrujlrx/ D1 dqg M1I1 Wudxe ^4<<:`/ Idvwhu hydoxdwlrq ri pxowlglphqvlrqdo lqwhjudov/ Frpsxwhuv
lq Sk|vlfv/ 44/ 8:708:;

^93` Sdvnry/ V1K1 ^4<<7`/ Frpsxwlqj kljk glphqvlrqdo lqwhjudov zlwk dssolfdwlrqv wr �qdqfh/ Vxpphu Uh0
vhdufk Frqihuhqfh rq Frqwlqxrxv Dojrulwkpv dqg Frpsoh{lw|/ Prxqw Froohjh/ Mxqh

^94` Sdvnry/ V1K1 dqg M1I1 Wudxe ^4<<8`/ Idvwhu ydoxdwlrq ri �qdqfldo ghulydwlyhv/ Mrxuqdo ri Sruwirolr
Pdqdjhphqw/ 55/ 4460453

^95` Suhvv/ Z1K1/ V1D1 Whxnrovn|/ Z1W1 Yhwwhuolqj dqg E1S1 Iodqqhu| ^4<<5`/ Qxphulfdo Uhflshv lq
Iruwudq/ vhfrqg hglwlrq/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh

^96` Urpdqr/ P1 dqg Q1 Wrx}l ^4<<:`/ Frqwlqjhqw fodlpv dqg pdunhw frpsohwhqhvv lq d vwrfkdvwlf yrodwlolw|
prgho/ Pdwkhpdwlfdo Ilqdqfh/ :/ 6<<0745

^97` Urqfdool/ W1 dqg D1 Nxuslho ^4<<;`/ D JDXVV lpsohphqwdwlrq ri Krsvfrwfk phwkrgv � wkh SGH5G
oleudu|/ IHUF/ Flw| Xqlyhuvlw| Exvlqhvv Vfkrro

^98` Vddg/ \1 ^4<<9`/ Lwhudwlyh Phwkrgv iru Vsduvh Olqhdu V|vwhpv/ SZV Sxeolvklqj Frpsdq|/ Ervwrq

^99` Vddg/ \1 ^4<<;`/ Zrunvkrs rq Qxphulfdo Phwkrgv iru Odujh Vfdoh Olqhdu V|vwhpv ri Htxdwlrqv/ Dxv0
wudoldq Qdwlrqdo Xqlyhuvlw|/ Fdqehuud/ Dxvwudold/ Qry1 49053/ Ohfwxuh Qrwhv

^9:` Vfkxvv/ ]1 ^4<;3`/ Wkhru| dqg Dssolfdwlrqv ri Vwrfkdvwlf Gl�huhqwldo Htxdwlrqv/ Mrkq Zloh| ) Vrqv/
Qhz \run

^9;` Vfrww/ O1 ^4<;:`/ Rswlrq sulflqj zkhq wkh yduldqfh fkdqjhv udqgrpo|= wkhru|/ hvwlpdwlrq dqg dq
dssolfdwlrq/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 55/ 74<076;

^9<` Vordq/ L1K1 dqg K1 Zr�}qldnrzvnl ^4<<;`/ Zkhq duh Txdvl0Prqwh Fduor dojrulwkpv h!flhqw iru kljk0
glphqvlrqdo lqwhjudovB/ Mrxuqdo ri Frpsoh{lw|/ 47/ 4066

^:3` Vsdqlhu/ M1 dqg O1 Ol ^4<<;`/ Txdvl0Prqwh Fduor phwkrgv iru lqwhjudo htxdwlrqv/ lq K1 Qlhghuuhlwhu/
S1 Khoohndohn/ J1 Odufkhu dqg S1 ]lqwhukri +hgv1,/ Prqwh Fduor dqg Txdvl0Prqwh Fduor Phwkrgv 4<<9/
Ohfwxuhv Qrwhv lq Vwdwlvwlfv/ 45:/ Vsulqjhu/ Qhz \run

^:4` Vwrhu/ M1 dqg U1 Exoluvfk ^4<<6`/ Lqwurgxfwlrq wr Qxphulfdo Dqdo|vlv/ vhfrqg hglwlrq/ Wh{wv lq Dssolhg
Pdwkhpdwlfv/ 45/ Vsulqjhu/ Qhz \run

^:5` Wklìpdug/ H1 ^4<<;`/ Hfrqrplf jhqhudwlrq ri orz0glvfuhsdqf| vhtxhqfhv zlwk d e0du| Jud| Frgh/ Hfroh
Sro|whfkqltxh Iìgìudoh gh Odxvdqqh/ Gìsduwhphqw gh Pdwkhpdwltxhv/ Zrunlqj Sdshu

^:6` Wudxe/ M1I1 dqg K1 Zr�}qldnrzvnl ^4<<5`/ Wkh Prqwh Fduor dojrulwkp zlwk d svhxgr0udqgrp jhqhu0
dwru/ Pdwkhpdwlfv ri Frpsxwdwlrq/ 8;/ 636066<

^:7` Wrx}l/ Q1 ^4<<<`/ Dphulfdq rswlrqv h{huflfh erxqgdu| zkhq wkh yrodwlolw| fkdqjhv udqgrpo|/ Dssolhg
Pdwkhpdwlfv dqg Rswlplvdwlrq/ 6</ 7440755

^:8` Yloohqhxyh/ V1 dqg D1 ]dqhwwh ^4<<;`/ Sduderolf D1G1L1 phwkrgv iru sulflqj Dphulfdq rswlrqv rq
wzr vwrfnv/ Xqlyhuvlwì gh Pduqh0Od0Ydooìh/ Zrunlqj Sdshu/ 582<;

^:9` Zljjlqv/ M1E1 ^4<;:`/ Rswlrq ydoxhv xqghu vwrfkdvwlf yrodwlolw|/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 4</
68406:5

^::` Zloprww/ S1/ M1 Ghz|qqh dqg V1 Krzlvrq ^4<<6`/ Rswlrq Sulflqj= Pdwkhpdwlfdo Prghov dqg Frp0
sxwdwlrq/ R{irug Ilqdqfldo Suhvv/ R{irug/ Hqjodqg
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