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Devwudfw

Wkh sxusrvh ri wklv sdshu lv wr dqdo|vh gl�huhqw lpsolfdwlrqv ri wkh vwrfkdvwlf ehkdylru ri dvvhw

sulfhv yrodwlolwlhv iru rswlrq khgjlqj sxusrvhv1 Zh suhvhqw d vlpsoh vwrfkdvwlf yrodwlolw| prgho iru rswlrq

sulflqj dqg looxvwudwh lwv frqvlvwhqf| zlwk �qdqfldo vw|ol}hg idfwv1 Wkhq/ dvvxplqj d vwrfkdvwlf yrodwlolw|

hqylurqphqw/ zh vwxg| wkh dffxudf| ri Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg khgjlqj1 Pruh suhflvho|/

zh dqdo|vh wkh khgjlqj udwlrv eldvhv dqg lqyhvwljdwh gl�huhqw khgjlqj vfkhphv lq d g|qdplf vhwwlqj1

4 Lqwurgxfwlrq

Dvvxpswlrqv frqfhuqlqj wkh xqghuo|lqj dvvhw sulfh g|qdplfv duh wkh ixqgdphqwdo fkdudfwhulvwlf ri dq|
rswlrq0sulflqj prgho1 Wkh fodvvlfdo Eodfn dqg Vfkrohv ^4<:6` prgho dvvxphv wkdw wkh dvvhw sulfh lv
jhqhudwhg e| d jhrphwulf Eurzqldq prwlrq1 Krzhyhu/ pdq| hpslulfdo vwxglhv grfxphqw wkh h{fhvv nxuwrvlv
ri �qdqfldo dvvhw uhwxuqv* glvwulexwlrqv dqg wkhlu frqglwlrqdo khwhurfnhgdvwlflw|1

Prghov wkdw doorz wkh yrodwlolw| ri dvvhw sulfhv wr fkdqjh udqgrpo| duh frqvlvwhqw zlwk wkhvh revhuydwlrqv1
Pruhryhu/ d vwrfkdvwlf yrodwlolw| hqylurqphqw mxvwl�hv wkh h{lvwhqfh ri wkh vploh h�hfw iru wkh Eodfn dqg
Vfkrohv lpsolhg yrodwlolwlhv dqg shuplwv xv wr h{sodlq lwv ihdwxuhv1 Wudglwlrqdoo|/ wkh vwrfkdvwlf ehkdylru ri
yrodwlolw| zdv h{sodlqhg lq whupv ri lqirupdwlrq duulydov ru uhodwhg wr fkdqjhv lq wkh ohyho ri wkh vwrfn sulfh
+vhh Fkulvwlh ^4<;5`,1

Ghvslwh lwv vwurqj hpslulfdo uhmhfwlrq/ wkh Eodfn dqg Vfkrohv prgho lv frpprqo| xvhg e| sudfwlwlrqhuv/
riwhq lq dq lqwhuqdoo| lqfrqvlvwhqw pdqqhu1 Iru h{dpsoh/ wkh khgjlqj surshuwlhv ri wkh Eodfn dqg Vfkrohv
prgho vhhp ehwwhu zkhq rqh xvhv wkh vhulhv ri lpsolhg yrodwlolwlhv udwkhu wkdq wkh forvh0wr0forvh klvwrulfdo
yrodwlolw| gdwd1 Lq wklv zd|/ rqh dgplwv wkdw dvvhw uhwxuqv* yduldelolw| fkdqjhv ryhu wlph dqg rqh xvhv d prgho
wkdw dvvxphv d frqvwdqw yrodwlolw| gl�xvlrq surfhvv iru wkh dvvhw sulfhv1

Wkh uhdvrq ri srsxodulw| ri wkh Eodfn dqg Vfkrohv prgho lv lwv vlpsolflw|1 Lw jlyhv d vlpsoh irupxod
iru wkh rswlrq sulfh dqg shuplwv xv wr h{solflwo| fdofxodwh rswlrq khgjlqj udwlrv1 Rq wkh rwkhu kdqg/ d
vwrfkdvwlf yrodwlolw| rswlrq sulflqj prgho uhtxluhv wkh xvh ri qxphulfdo whfkqltxhv iru rswlrq sulfh dqg juhhnv
frpsxwlqj1 Pruhryhu/ lwv sudfwlfdo lpsohphqwdwlrq uhtxluhv d suholplqdu| hvwlpdwlrq ri wkh sdudphwhuv ri
wkh xqrevhuydeoh odwhqw yrodwlolw| surfhvv +vhh Jk|vhov dqg do1 ^4<<8` iru d vxuyh| rq wklv wrslf,1

Khvwrq ^4<<6` ghulyhg d forvhg0irup vroxwlrq iru Hxurshdq rswlrqv lq d vshfldo vwrfkdvwlf yrodwlolw| hq0
ylurqphqw1 Jhqhudoo|/ uhvhdufkhuv kdyh xvhg Prqwh Fduor ru �qlwh gl�huhqfh phwkrgv wr vroyh vwrfkdvwlf
yrodwlolw| rswlrq sulflqj sureohpv1 Nxuslho dqg Urqfdool ^4<<;` vkrz krz wr dsso| Krsvfrwfk phwkrgv/
d fodvv ri �qlwh gl�huhqfh dojrulwkpv lqwurgxfhg lqlwldoo| e| Jrxuod| ^4<:3`/ wr wzr0vwdwh �qdqfldo prg0
hov1 Xqolnh Prqwh Fduor/ Krsvfrwfk phwkrgv duh yhu| xvhixo iru Dphulfdq rswlrq sulflqj dqg hdv| juhhnv
frpsxwlqj lq d vwrfkdvwlf yrodwlolw| iudphzrun1

Whpdlo= nxuslhoCprqwhvtxlhx1x0erughdx{1iu
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Wkh remhfw ri wklv sdshu lv wr lqyhvwljdwh gl�huhqw lpsolfdwlrqv ri wkh vwrfkdvwlf ehkdylru ri yrodwlolwlhv
iru rswlrq khgjlqj sxusrvhv1 Zh dqdo|vh gl�huhqw khgjlqj vwudwhjlhv dqg vwxg| wkh dffxudf| ri Eodfn dqg
Vfkrohv phwkrgv zkhq yrodwlolwlhv ri dvvhw sulfhv duh udqgrp1 Suhylrxv zrun frqfhuqhg zlwk wkh shuirupdqfh
ri khgjlqj vfkhphv iru rswlrqv rq vwrfnv kdv ehhq fduulhg rxw e| Er|oh dqg Hpdqxho ^4<;3` dqg Jdodl
^4<;6`1 Er|oh dqg Hpdqxho orrn lqwr wkh glvwulexwlrq ri glvfuhwh uhedodqfhg ghowd khgjh frvw lq wkh Eodfn
dqg Vfkrohv zruog1 Jdodl vwxglhv wkh vrxufhv ri wkh frvw dulvlqj iurp wkh glvfuhwh ghowd khgjlqj1 Kxoo

dqg Zklwh ^4<;: e` dqdo|vh wkh shuirupdqfh ri gl�huhqw khgjlqj vfkhphv iru fxuuhqf| rswlrqv lq d vlpsoh
vwrfkdvwlf yrodwlolw| hqylurqphqw1 Krzhyhu/ wkh| xvh wkh Eodfn dqg Vfkrohv irupxod wr dssur{lpdwh rswlrq
sulfhv dqg khgjlqj udwlrv1 Pruhryhu/ wkh| frqfhqwudwh rqo| rq wkh fdvh zkhuh wkh dvvhw sulfh uhwxuqv duh qrw
fruuhodwhg zlwk wkhlu yrodwlolwlhv1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ zh eulh | suhvhqw d vwrfkdvwlf yrodwlolw| prgho iru rswlrq
sulflqj1 Wkhq/ lq vhfwlrq 6/ zh frqiurqw lw zlwk vrph �qdqfldo vw|ol}hg idfwv1 Ilqdoo|/ lq vhfwlrq 7/ zh glvfxvv
rswlrq khgjlqj sureohpv lq vwrfkdvwlf yrodwlolw| hqylurqphqw1

5 Vwrfkdvwlf yrodwlolw| prgho iru rswlrq sulflqj

D vwrfkdvwlf yrodwlolw| rswlrq sulflqj prgho lv d vshfldo fdvh ri wkh wzr0vwdwh �qdqfldo prgho/ zlwk wzr vrxufhv
ri ulvn1 Wkh wzr0glphqvlrqdo vwdwh yhfwru [ +w, @
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zlwk H ^Z4 +w,Z5 +w,` @ �w1 Wkh ulvn0iuhh lqwhuhvw udwh u +w, lv dvvxphg frqvwdqw ru ghwhuplqlvwlf1 Wkh pdunhw
shuplwv frqwlqxrxv dqg iulfwlrqohvv wudglqj dqg qr duelwudjh rssruwxqlwlhv h{lvwv1 Krzhyhu/ ehfdxvh wkhuh lv
qr dvvhw wkdw lv fohduo| lqvwdqwdqhrxvo| shuihfwo| fruuhodwhg zlwk wkh vwdwh yduldeoh � +w,/ wkh pdunhw lv qrw
frpsohwh1

Lq wklv fdvh/ dvvxplqj wkdw �4>5 +w> V +w, > � +w,, @ �5>4 +w> V +w, > � +w,, @ 3/ wkh ydoxdwlrq sduwldo gl�huhqwldo
htxdwlrq iru d frqwlqjhqw fodlp S +w, rq dq dvvhw sd|lqj d frqwlqxrxv glylghqg g @ g +w> V +w, > � +w,, uhgxfhv
zlwk vlpsol�hg qrwdwlrq wr
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zkhuh �5 +w, lv fdoohg wkh yrodwlolw| ulvn suhplxp surfhvv1 Iru dq| fkrlfh ri �5 +w,/ wkh vroxwlrq ri wkh v|vwhp
+5, lv dq dgplvvleoh sulfh surfhvv iru wkh frqwlqjhqw fodlp S +w,1

Khvwrq ^4<<6` vxjjhvwv dq Ruqvwhlq0Xkohqehfn surfhvv iru wkh yrodwlolw| zklfk e| dssolfdwlrq ri Lwr*v
ohppd ohdgv wr d vtxduh0urrw surfhvv iru wkh lqvwdqwdqhrxv yduldqfh y +w, @ �5 +w,1 Wkh vwdwh gl�xvlrq surfhvv
ehfrphv �
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Lq Euhhghq*v ^4<:<` lqwhuwhpsrudo dvvhw sulflqj prgho/ wkh dvvhwv ulvn suhpld duh sursruwlrqdo wr wkhlu
lqvwdqwdqhrxv fryduldqfh zlwk uhvshfw wr djjuhjdwh frqvxpswlrq jurzwk1 Lq wklv fdvh
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lv wkh frqvwdqw uhodwlyh ulvn dyhuvlrq frh!flhqw1 Frqvlghulqj wkh frqvxpswlrq surfhvv
wkdw hphujhv lq wkh jhqhudo htxloleulxp prgho ri Fr{/ Lqjhuvroo/ dqg Urvv ^4<;8`
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Iljxuh 4= Lq xhqfh ri wkh yrodwlolw| ulvn suhplxp rq wkh Hxurshdq fdoo rswlrq sulfhv

dqg dvvxplqj wkdw H ^Z5 +w,Z6 +w,` @ �Bw/ Khvwrq jhqhudwhv wkh yrodwlolw| ulvn suhplxp wkdw lv sursruwlrqdo
wr wkh fxuuhqw ydoxh ri wkh lqvwdqwdqhrxv yduldqfh surfhvv

�5 +w, @ �y +w, +9,

zlwk � @ ��f�y�
B14

Lq vxfk d iudphzrun/ wkh frqwlqjhqw fodlp sulfh S +w, ehfrphv d olqhdu ixqfwlrq ri �1 Frqvhtxhqwo|/ wkh
fkrlfh ri � lv luuhohydqw iru rswlrq khgjlqj sxusrvhv dqg lq wkh uhpdlqghu ri wklv sdshu zh vhw � @ 3 iru
vlpsolflw|1 Wklv dvvxpswlrq vwdwhv wkdw wkh yrodwlolw| ulvn suhplxp lv qrqfrpshqvdwhg1

Vhwwlqj � @ 3 lv frqvlvwhqw zlwk wkh orj xwlolw| ixqfwlrq ri wkh uhsuhvhqwdwlyh djhqw +� @ 3, ru zlwk
d }hur fruuhodwlrq ehwzhhq wkh yrodwlolw| dqg wkh djjuhjdwh frqvxpswlrq jurzwk1 Lq wkh odwwhu fdvh/ wkh
sulfh  xfwxdwlrqv gxh wr wkh udqgrp whup lq wkh yduldqfh duh frpsohwho| glyhuvl�deoh = wkh yrodwlolw| kdv
}hur v|vwhpdwlf ulvn1 Wkh dvvxpswlrq ri wkh }hur yrodwlolw| ulvn suhplxp zdv lqwhusuhwhg e| Iroophu dqg
Vfkzhl}hu ^4<<5` dv wkh fkrlfh ri dq htxlydohqw pduwlqjdoh phdvxuh zklfk lv forvhvw wr S lq whupv ri uhodwlyh
hqwurs|1

6 Vwrfkdvwlf yrodwlolw| dqg vrph �qdqfldo vw|ol}hg idfwv

Wkh delolw| wr uhsurgxfh hpslulfdo vw|ol}hg idfwv lv dq lpsruwdqw prgho vshfl�fdwlrq dqg vhohfwlrq fulwhulrq1
Lq wklv vhfwlrq/ zh frqvlghu wkh vwrfkdvwlf yrodwlolw| gdwd jhqhudwlqj surfhvv dv gh�qhg e| wkh gl�xvlrq +6,1

Zh fkrrvh wkh iroorzlqj sdudphwhu ydoxhv = � @ 3/ wkh orqj0uxq lqvwdqwdqhrxv yduldqfh phdq � @ 3=65/
wkh phdq0uhyhuvlrq vshhg � @ 3=8/ wkh yrodwlolw| ri wkh yduldqfh surfhvv �y @ 3=</ wkh frqvwdqw ulvn0iuhh

4Wklv lv d olwwoh vwurqjhu uhvwulfwlrq wkdw wkh Dvvxpswlrq 2�2 lq Uhqdxow dqg Wrx}l d�bbSo1
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Iljxuh 5= Whuplqdo vwrfn sulfh glvwulexwlrqv

lqvwdqwdqhrxv lqwhuhvw udwh u @ 3=3;1 Zh dvvxph wkdw wkh fxuuhqw yduldqfh y +w3, lv htxdo wr lwv orqj0uxq
phdq �1

Il{lqj wkh wlph krul}rq wr rqh prqwk � @ 4
45
/ zh vlpxodwhg rxu vwrfkdvwlf yrodwlolw| prgho 433 wlphv

zlwk 5333 glvfuhwlvdwlrq srlqwv1 Zh �qg wkh iroorzlqj dyhudjh vnhzqhvv dqg nxuwrvlv vwdwlvwlfv iru wkh dvvhw
sulfh uhwxuqv =

Vn w+K3= Vn @ 3, Nx w+K3= Nx @ 6,
� @ 3 3=333 3=347 6=787B 7=47:
� @ �3=< 3=367 3=957 6=6::B 6=777
� @ 3=< �3=364 3=899 6=6<6B 6=8;;

Wkh sdudphwhu � fruuhvsrqgv wr wkh lqvwdqwdqhrxv fruuhodwlrq ri udqgrp vkrfnv wkdw d�hfw wkh dvvhw sulfh
dqg lwv yrodwlolw| surfhvv1

Eodfn ^4<:9` vxjjhvwv wkdw vwrfn sulfh pryhphqwv duh qhjdwlyho| fruuhodwhg zlwk yrodwlolw|1 Ehfdxvh
idoolqj vwrfn sulfhv lpso| dq lqfuhdvhg ohyhudjh ri �upv/ wklv hqwdlov pruh xqfhuwdlqw| dqg khqfh wkh vwrfn
sulfh yrodwlolw| whqgv wr ulvh1 Lq d vlpsoh Prgljoldql2Ploohu zruog zlwk qr glylghqgv dqg d frqvwdqw lqwhuhvw
udwh/ wkh dvvxpswlrq ri � @ 3 lv htxlydohqw wr d frqvwdqw ydoxh ri wkh �up ru d }hur ohyhudjh1 Mrkqvrq

dqg Vkdqqr ^4<;:` vxjjhvw wkdw li wkh �up*v sur�wdeoh lqyhvwphqwv whqg wr kdyh kljk yduldqfh/ wkhq wkh
frqwlqxrxv vwuhdp ri qhzv derxw wkhvh lqyhvwphqwv zloo surgxfh lqfuhphqwv lq vwrfn sulfh dqg lwv yrodwlolw|/
zklfk duh srvlwlyho| fruuhodwhg1 Vlploduo|/ li wkh qhz lqyhvwphqwv kdyh orz yduldqfh/ wkhq � vkrxog eh qhjdwlyh1
Krzhyhu/ Vfrww ^4<<4` e| vwxg|lqj wudqvdfwlrqv sulfhv iurp FERH zdv xqdeoh wr frpsxwh hvwlpdwhv ri �
vljql�fdqwo| gl�huhqw iurp }hur1 Kh zrunhg lq d vwrfkdvwlf yrodwlolw| iudphzrun zkhuh wkh orj0yrodwlolw|
iroorzv dq Ruvwhlq0Xkohqehfn surfhvv1

Wkh wdeoh deryh vkrzv wkdw vwrfkdvwlf yrodwlolw| lpsolhv khdy| wdlov lq wkh glvwulexwlrq ri vwrfn sulfh
uhwxuqv1 DUFK prghov surylgh d irupdo olqn ehwzhhq g|qdplf frqglwlrqdo yrodwlolw| ehkdylru dqg xq0
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Iljxuh 6= Vploh fxuyh iru Hxurshdq fdoo rswlrqv rq wkh FDF 73 rq Rfwrehu 5/ 4<<;

frqglwlrqdo ohswrnxuwrvlv1 Wkh vnhzqhvv h�hfwv suhvhqwhg lq wkh wdeoh duh frqvlvwhqw zlwk wkh vljq ri � exw
vwdwlvwlfdoo| lqvljql�fdqw1 Lq idfw/ hpslulfdo hylghqfh uhsruwhg e| Eodfn ^4<:9`/ Fkulvwlh ^4<;5` dqg Vfkz0
huw ^4<;<` vxjjhvwv wkdw ohyhudjh dorqh lv wrr vpdoo wr h{sodlq wkh hpslulfdo dv|pphwulhv rqh revhuyhv lq
vwrfn sulfhv1 Wkh sdudphwhu � fruuhvsrqgv wr wkh fxuuhqw fruuhodwlrq ehwzhhq vwrfn uhwxuq*v dqg lwv ydul0
dqfh*v vkrfnv/ zkhq vnhzqhvv ri dvvhw sulfh uhwxuqv lv hvvhqwldoo| fkdudfwhul}hg e| wkh qhjdwlyh fruuhodwlrq
ehwzhhq wkh fxuuhqw vwrfn sulfh dqg lwv ixwxuh yrodwlolw|1

Rq wkh rwkhu kdqg/ wkh lpsdfw ri � rq wkh whuplqdo vwrfn sulfh V +W , glvwulexwlrq lv fohdu1 Wkh vkdsh ri wkh
whuplqdo vwrfn sulfh glvwulexwlrq h{sodlqv Eodfn dqg Vfkrohv sulflqj eldvhv fdxvhg e| vwrfkdvwlf yrodwlolw|1
Iru h{dpsoh/ zkhq � ? 3/ Eodfn dqg Vfkrohv prgho whqgv wr ryhuhvwlpdwh wkh sulfh ri rxw0ri0wkh0prqh|
+xqghuhvwlpdwh wkh sulfh ri lq0wkh0prqh|, fdoo rswlrqv dqg xqghuhvwlpdwh wkh sulfh ri rxw0ri0wkh0prqh|
+ryhuhvwlpdwh wkh sulfh ri lq0wkh0prqh|, sxw rswlrqv1 Wklv lv ehfdxvh zkhq wkh vwrfn sulfh lqfuhdvhv/ yrodwlolw|
whqgv wr ghfuhdvh/ pdnlqj lw ohvv olnho| wkdw uhdoo| kljk vwrfn sulfhv zloo eh dfklhyhg1 Zkhq wkh vwrfn sulfh
ghfuhdvhv/ yrodwlolw| whqgv wr lqfuhdvh/ pdnlqj lw pruh olnho| wkdw uhdoo| orz vwrfn sulfhv zloo eh dfklhyhg1 Wkh
vdph sulflqj eldvhv duh zhoo uh hfwhg lq wkh vploh h�hfw lpsolhg e| d vwrfkdvwlf fkdudfwhu ri wkh yrodwlolw|1

Wkh Eodfn dqg Vfkrohv lpsolhg +ru lpsolflw, yrodwlolw| lv gh�qhg dv wkh ydoxh ri � zklfk htxdwhv wkh rswlrq
sulfh jlyhq e| wkh Eodfn dqg Vfkrohv irupxod wr wkh revhuyhg pdunhw sulfh ri wkh rswlrq1 Li rswlrq sulfhv lq
wkh pdunhw zhuh frqirupdeoh zlwk wkh Eodfn dqg Vfkrohv prgho/ doo wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolwlhv
fruuhvsrqglqj wr ydulrxv rswlrqv zulwwhq rq wkh vdph dvvhw zrxog frlqflgh zlwk wkh yrodwlolw| sdudphwhu �
ri wkh xqghuo|lqj dvvhw1 Lq uhdolw| wklv lv qrw wkh fdvh/ dqg wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw| khdylo|
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Iljxuh 7= Vploh fxuyh = lq xhqfh ri �

ghshqgv rq wkh fdohqgdu wlph/ wkh wlph wr pdwxulw| dqg wkh prqh|qhvv5 ri wkh rswlrq1 Wkh vploh fxuyh
uhsuhvhqwv Eodfn dqg Vfkrohv lpsolhg yrodwlolwlhv dfurvv gl�huhqw vwulnh sulfhv1 Iljxuh 6 glvsod|v wkh yrodwlolw|
vploh iru fdoo rswlrqv rq wkh FDF 73 txrwhg rq Rfwrehu 5/ 4<<; lq PRQHS1

Lq wklv sdshu zh dvvxph wkdw wkh revhuyhg rswlrq sulfhv duh jlyhq e| wkh vwrfkdvwlf yrodwlolw| rswlrq
sulflqj prgho dv gh�qhg lq Vhfwlrq 41 Wklv jlyhv xv d suhflvh gh�qlwlrq ri wkh Eodfn dqg Vfkrohv lpsolhg
yrodwlolw| �l +w> { +w, > � +w,, dv wkh xqltxh vroxwlrq wr

S +w> { +w, > � +w,, @ SEV
�
w> { +w, > �l +w> { +w, > � +w,,

�
Iljxuh 7 uhsuhvhqwv wkh lpsdfw ri � rq wkh vkdsh ri wkh vploh fxuyh1 Iru � 9@ 3 zh revhuyh wkh vnhzqhvv ri wkh
vploh/ zklfk lv pruh riwhq hqfrxqwhuhg iru rswlrqv zulwwhq rq vwrfnv wkdq iru lqwhuhvw udwh ru h{fkdqjh udwh
rswlrqv1 Wkh ohyhudjh h�hfw � ? 3 lpsolhv d ghfuhdvlqj vploh fxuyh1 Fohduo|/ wkh FDF 73 vploh fruuhvsrqgv
wr wklv fdvh1

7 Rswlrq khgjlqj sureohpv

Rswlrq sulfh ghshqgv rq vhyhudo sdudphwhuv/ vxfk dv wkh xqghuo|lqj vwrfn sulfh dqg lwv yrodwlolw|/ wkh ulvn0iuhh
lqwhuhvw udwh/ dqg wkh wlph wr pdwxulw|1 Wkh vhqvlwlylwlhv ri rswlrq sulfhv wr wkhvh dujxphqwv sod| d fuxfldo
uroh lq wudglqj dqg pdqdjlqj sruwirolrv ri rswlrqv1

5Uhqdxow dqg Wrx}l d�bbSo gh�qh prqh|qhvv ri dq rswlrq rq wkh dvvhw 7 zlwk vwulnh sulfh g dqg pdwxulw| � dv
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Sudfwlwlrqhuv frqvlghu wkh iroorzlqj rswlrq vhqvlwlylwlhv +ru juhhnv, =
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Iru wkh Eodfn dqg Vfkrohv irupxod/ wkhvh rswlrq vhqvlwlylwlhv fdq eh fdofxodwhg h{solflwo|1 Ghowd lv wkh udwh
ri fkdqjh ri wkh sruwirolr ydoxh zlwk uhvshfw wr wkh dvvhw sulfh1 Jdppd lv wkh udwh ri fkdqjh ri ghowd zlwk
uhvshfw wr wkh dvvhw sulfh1 Yhjd lv wkh udwh ri fkdqjh ri wkh sruwirolr ydoxh zlwk uhvshfw wr wkh dvvhw*v
yrodwlolw|1

Wkh ghowd/ jdppd dqg yhjd phdvxuhv duh wkh prvw lpsruwdqw lq khgjlqj wkh h{srvxuh ri d sruwirolr ri
rswlrqv wr wkh pdunhw ulvn1 Wkh sudfwlwlrqhuv xvh wkhp wr txdqwli| wkh gl�huhqw dvshfwv ri wkh ulvn lqkhuhqw
lq wkhlu rswlrq sruwirolrv1 Wkh| dwwhpsw wr pdnh wkh sruwirolr lppxqh wr vpdoo fkdqjhv lq wkh sulfh ri wkh
xqghuo|lqj dvvhw +ghowd2jdppd khgjlqj, dqg lwv yrodwlolw| +vljpd khgjlqj,1 Frqvhtxhqwo|/ wkhuh lv d qhhg
iru yhu| dffxudwh frpsxwlqj ri juhhnv1

Rswlrq wudghuv �qg wkdw khgjlqj udwlrv frpsxwhg zlwk wkh Eodfn dqg Vfkrohv prgho dqg zlwk wkh forvh0
wr0forvh klvwrulf yrodwlolw| idlo wr dfklhyh d zhoo0khgjhg srvlwlrq1 Wkh xvxdo sudfwlfh wr lpsuryh wkh khgjlqj
surshuwlhv ri wkh Eodfn dqg Vfkrohv prgho lv wr xvh wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw|1 Krzhyhu/ lq
suhvhqfh ri vwrfkdvwlf yrodwlolw|/ wkh xvh ri Eodfn dqg Vfkrohv lpsolhg yrodwlolwlhv lq frqmxqfwlrq zlwk wkh
Eodfn dqg Vfkrohv frpsxwhg juhhnv pd| surgxfh ydulrxv eldvhv lq rswlrq khgjlqj vwudwhjlhv1

714 Khgjlqj udwlrv eldvhv

Iroorzlqj Uhqdxow dqg Wrx}l ^4<<9`/ zh gh�qh wkh ghowd khgjlqj eldv dv wkh gl�huhqfh ehwzhhq wkh Eodfn
dqg Vfkrohv lpsolhg yrodwlolw|0edvhg ghowd dqg wkh vwrfkdvwlf yrodwlolw| prgho*v rqh

�EV
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�
��VY

w +{>�,

Uhqdxow dqg Wrx}l suryh wkdw/ surylghg zh kdyh � @ 3/ zh yhuli| ;{ � 3 dqg � A 3
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�EV
�
�{> �l +�{>�,

�
� �VY +�{>�,

�EV
�
3> �l +3> �,

�
@ �VY +3> �,

Iru dq lq0wkh0prqh| +rxw0ri0wkh0prqh|, rswlrq/ wkh xvh ri Eodfn dqg Vfkrohv lpsolhg yrodwlolw| ohdgv wr dq
xqghukhgjhg +ryhukhgjhg, srvlwlrq1

Zh looxvwudwh wklv lq Iljxuh 81 Zkdw lv lqwhuhvwlqj/ lv wkh lpsdfw ri � rq wkh ghowd khgjlqj eldv1
Zh �qg rqh0vljqhg eldvhv zkhq devroxwh ydoxhv ri � whqg wr rqh +m�m � 3=8 iru rxu sdudphwhu ydoxhv,1

Sursrvlwlrq 4 ;{ dqg ;� A 3 zh kdyh
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�
{> �l +{> �,
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Iljxuh 8= Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg dqg wkh vwrfkdvwlf yrodwlolw| prgho*v ghowdv iru d Hxur0
shdq fdoo rswlrq

Iru � vwurqjo| qhjdwlyh/ wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg ghowd khgjlqj ohdgv v|vwhpdwlfdoo|
wr dq xqghukhgjhg srvlwlrq/ zkdwhyhu wkh prqh|qhvv ri wkh rswlrq1 Iru � vwurqjo| srvlwlyh/ wkh xvh ri Eodfn
dqg Vfkrohv lpsolflw yrodwlolw| ohdgv v|vwhpdwlfdoo| wr dq ryhukhgjhg srvlwlrq1

Jdppd phdvxuhv wkh vshhg ri rswlrq sulfh fkdqjhv lq uhdfwlrq wr wkh xqghuo|lqj dvvhw sulfh prgl�fdwlrq1
Wkhuhiruh/ jdppd uh hfwv wkh qhhg ri uhodwlyho| iuhtxhqw dgmxvwphqwv lq wkh sruwirolr lq rughu wr nhhs lw ghowd
qhxwudo1 Li jdppd lv odujh/ ghowd lv kljko| vhqvlwlyh wr wkh sulfh ri xqghuo|lqj dvvhw dqg jrrg pdqdjhphqw ri
rswlrqv sruwirolr uhtxluhv dq dfwlyh ghowd khgjlqj1 Li jdppd lv vpdoo/ ghowd fkdqjhv vorzo| dqg uhedodqflqj
wr nhhs d sruwirolr ghowd qhxwudo fdq eh pdgh uhodwlyho| ohvv iuhtxhqwo|1

Iljxuh : frpsduhv wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg jdppdv zlwk wkh vwrfkdvwlf yrodwlolw|
prgho rqhv1 Zh whqg wr kdyh wkh iroorzlqj uhodwlrqv

� @ 3 @, �EV
�
{> �l

�
� �VY +{>�, iru { �$ 3

�$�4 @, �EV
�
{> �l

�
� �VY +{>�, iru { ? 3

�$ .4 @, �EV
�
{> �l

�
� �VY +{>�, iru { A 3

Uhfdoo wkh ihdwxuh ri wkh vploh fxuyh iru wkh FDF 73 fdoo rswlrqv1 Lw lpsolhv wkdw Eodfn dqg Vfkrohv ghowd0
qhxwudo srvlwlrqv duh lq wklv fdvh lqvx!flhqw1 Pruhryhu/ lq wkh fdvh ri rxw0ri0wkh0prqh| rswlrqv/ wkh ghowd
khgjlqj qhhgv wr eh pruh g|qdplf1

Lq rughu wr pdnh d sruwirolr jdppd qhxwudo/ zh qhhg d qhz srvlwlrq lq d wudghg rswlrq1 Li � lv wkh
jdppd ri wkh sruwirolr dqg �r lv wkh jdppd ri d wudghg rswlrq/ wkh srvlwlrq lq wudghg rswlrq wkdw pdnhv
wkh sruwirolr jdppd qhxwudo lv � �

�r
1 Dv lq wkh sxuh ghowd khgjlqj fdvh/ wkh dffxudwh fdofxodwlrq ri juhhnv lv

fuxfldo1

Dv lq wkh jdppd fdvh/ zh fdq pdnh d sruwirolr lppxqh wr fkdqjhv lq yrodwlolw| ri wkh xqghuo|lqj dvvhw
sulfh e| wdnlqj d qhz � Y

Yr
srvlwlrq lq d wudghg rswlrq/ zkhuh Y dqg Yr duh uhvshfwlyho| wkh yhjdv ri wkh

;



Iljxuh 9= Ghowd khgjlqj eldv = lq xhqfh ri �

sruwirolr dqg ri wkh wudghg rswlrq1 Qh{w/ zh kdyh wr uhdgmxvw rxu srvlwlrq lq wkh xqghuo|lqj dvvhw lq rughu wr
nhhs ghowd0qhxwudolw| ri wkh sruwirolr1 Vxfk d vwudwhj| lv fdoohg ghowd0vljpd khgjlqj1 Edmhx{ dqg Urfkhw
^4<<5` suryh wkdw lq d vwrfkdvwlf yrodwlolw| frqwh{w zlwk � @ 3 wkh khgjlqj sureohp fdq eh vroyhg wkurxjk d
ghowd0vljpd khgjlqj vwudwhj| = dq| Hxurshdq rswlrq frpsohwhv wkh pdunhw1

Lw lv vkrzq lq Iljxuh ; wkdw wkh yhjd fdofxodwhg iurp d vwrfkdvwlf yrodwlolw| prgho lv txlwh vlplodu wr wkh
Eodfn dqg Vfkrohv yhjd zkhq � @ 31 Lw lv qrw wkh fdvh zkhq � whqgv wr 4 lq devroxwh whupv1

715 Rswlrq khgjlqj vwudwhjlhv lq vwrfkdvwlf yrodwlolw| hqylurqphqw

D �qdqfldo lqvwlwxwlrq wkdw vhoov dq rswlrq idfhv wkh sureohp ri pdqdjlqj lwv pdunhw ulvn1 Iru h{dpsoh/
wkh khgjlqj sureohp iru d �qdqfldo lqvwlwxwlrq wkdw zulwhv dw wlph w3 d Hxurshdq fdoo rswlrq ri sulfh F +w3,
frqvlvwv ri surgxflqj d zhdowk ri Pd{^V +W ,�N> 3` dw wkh pdwxulw| wlph W @ w3 . � 1

Lq wkh Eodfn dqg Vfkrohv zruog/ zkhuh yrodwlolwlhv ri dvvhw sulfhv duh frqvwdqw/ sxuh ghowd khgjlqj vx!fhv
wr vroyh wkh khgjlqj sureohp1 D vkruw srvlwlrq lq dq rswlrq lv khgjhg zlwk d wlph0ydu|lqj orqj srvlwlrq lq
wkh xqghuo|lqj vwrfn1 Dw dq| jlyhq wlph/ wkh orqj srvlwlrqv duh uhdgmxvwhg wr htxdo wkh ghowd ri wkh rswlrq
srvlwlrq1 Zkhq wkh khgjh lv uhedodqfhg frqwlqxrxvo|/ wkh dfwxdol}hg frvw ri wklv vwudwhj| lv h{dfwo| htxdo wr
wkh sulfh F +w3, ri wkh rswlrq = wkh qhw khgjh frvw lv }hur1 Iljxuh < vkrzv wkh glvwulexwlrqv ri Eodfn dqg
Vfkrohv qhw khgjh frvwv iru zhhno|/ gdlo| dqg wzlfh d gd| uhedodqflqj1 Doo kdyh d phdq qrw vljql�fdqwo|
gl�huhqw iurp }hur1 Wkh vwdqgdug ghyldwlrqv ri qhw frvwv duh uhvshfwlyho| 4=34/ 3=86 dqg 3=6;/ dqg wkh khgjh
shuirupdqfhv6 3=5:/ 3=47 dqg 3=431

6Khgjh shuirupdqfh lv gh�qhg dv wkh udwlr ri vwdqgdug ghyldwlrq ri wkh frvw ri zulwlqj rswlrq dqg khgjlqj lw wr wkh lqlwldo

wkhruhwlfdo sulfh ri wkh rswlrq1 Kxoo dqg Zklwh d�bH. eo lqwhusuhw vr gh�qhg khgjh shuirupdqfh dv d phvxuh ri wkh shufhqwdjh

ryhusulflqj ri wkh rswlrq wkdw lv qhfhvvdu| wr surylgh d fhuwdlq ohyho ri surwhfwlrq djdlqvw orvw1

<



Iljxuh := Sdwwhuqv iru yduldwlrq ri jdppd = Eodfn dqg Vfkrohv dqg vwrfkdvwlf yrodwlolw| prgho fdvh

Wkh ghowd0jdppd vwudwhj| hqdeohv wkh shuirupdqfh ri d glvfuhwh uhedodqfhg khgjlqj wr eh lpsuryhg1 Wkh
ghowd0jdppd khgjlqj vfkhph dssolhg wr wkh h{dpsoh ri Iljxuh < uhgxfhv wkh vwdqgdug ghyldwlrqv ri wkh qhw
khgjh frvwv wr 3=5;/ 3=43 dqg 3=39 uhvshfwlyho| iru wkh zhhno|/ gdlo| dqg wzr0wlphv d gd| uhedodqflqj1 Wkh
uhvshfwlyh khgjh shuirupdqfhv ehfrph 3=3;/ 3=36 dqg 3=351

Lq wklv vhfwlrq/ zh vwxg| wkh shuirupdqfhv ri khgjlqj vfkhphv lq d vwrfkdvwlf yrodwlolw| zrug dv gh�qhg
lq vhfwlrq 51 Pruh suhflvho|/ zh frpsduh shuirupdqfhv ri Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg khgjlqj
zlwk wkh vwrfkdvwlf yrodwlolw| prgho edvhg rqhv1 Zh dvvxph wkdw wkh frqwlqjhqw fodlp sulfhv vdwlvi| wkh
sduwldo gl�huhqwldo htxdwlrq +5, zlwk iru vlpsolflw| �5 +w, @ 3 dqg g @ 31

Wkh phwkrgrorj| zh dsso| lv lqvsluhg e| wkhKxoo dqgZklwh ^4<<: e` sdshu1 Kxoo dqg Zklwh vwxg| gli0
ihuhqw khgjlqj vfkhphv iru fxuuhqf| rswlrqv lq vwrfkdvwlf yrodwlolw| hqylurqphqw1 Krzhyhu/ lq wkhlu fdofxoxv/
wkh| xvh wkh Eodfn dqg Vfkrohv prgho edvhg irupxodv iru juhhnv dqg rswlrq sulfh1

71514 Sxuh ghowd khgjlqj

Frqvlghu d frqwlqxrxvo| uhedodqfhg khgjh sruwirolr frqvlvwlqj ri d vkruw srvlwlrq lq rqh Hxurshdq fdoo rswlrq
dqg d orqj srvlwlrq lq � xqghuo|lqj vwrfnv

S +w, @ �F +w, . �V +w, +:,

Wkh vhwwlqj xs ri wklv sruwirolr lv �qdqfhg e| d ordq dw wkh frqvwdqw ulvn0iuhh lqwhuhvw udwh u1 Wkh lqvwdqwdqhrxv
fkdqjh lq wkh ydoxh ri wkh khgjh sruwirolr S lv jlyhq e|

U +S +w,, @ �uS +w, gw. gS +w, +;,

zlwk
gS +w, @ GSgw.SV +w> V +w, > � +w,,� +w,V +w, gZ4 +w,

.S� +w> V +w, > � +w,,�5>5 +w> V +w, > � +w,, gZ5 +w,
+<,
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Iljxuh ;= Sdwwhuqv iru yduldwlrq ri yhjd = Eodfn dqg Vfkrohv dqg vwrfkdvwlf yrodwlolw| prgho fdvh

zkhuh G lv wkh G|qnlq rshudwru1 Zh kdyh zlwk vlpsol�hg qrwdwlrq

GS @ Sw . �V +w,SV . �5S� .
4

5
�5 +w,V5 +w,SVV .

4

5
�55>5S�� . �� +w,V +w,�5>5SV�

Wkh sruwirolr S lv ghowd qhxwudo dw wlph w li 7

� @ FV @
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CV
+w> V +w, > � +w,, +43,

Xvlqj wkh Eodfn dqg Vfkrohv prgho dqg wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw| wr hvwlpdwh � ohdgv wr

�EV @ �EV @�EV
�
w> { +w, > �l +w> { +w, > � +w,,

�
+44,

Lq wklv fdvh zh rewdlq

gSEV +w, @
�
�GF +w, . �EV�V +w,

�
gw

.
�
�EV � FV

�
� +w,V +w, gZ4 +w, .F��5>5gZ5 +w,

+45,

Lq d vwrfkdvwlf yrodwlolw| zruog FV @ �VY 1 Qrwlqj wkdw KE@ �EV ��VY jlyhv

gSEV +w, @
�
�GF +w, . �EV�V +w,

�
gw

.KE� +w,V +w, gZ4 +w, . F��5>5gZ5 +w,
+46,

7Zkhq wkh sruwirolr frqvlvwv ri d vkruw srvlwlrq lq rqh Hxurshdq fdoo rswlrq dqg d srvlwlrq lq dq Hxurshdq h{fkdqjh0wudghg

rswlrq rq wkh vdph vwrfn/ zh kdyh

� E|� ' 3�� E|� n k�2 E|�

Wklv sruwirolr lv ghowd qhxwudo dw wlph | li
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Iljxuh <= Ghowd qhxwudo Eodfn dqg Vfkrohv qhw khgjh frvw glvwulexwlrqv zlwk glvfuhwh uhedodqflqj/ � @ 3=6/
u @ 3=3; dqg � @ 4

45

Wkh lqvwdqwdqhrxv fkdqjh lq ydoxh ri wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg khgjh sruwirolr kdv wzr
vwrfkdvwlf frpsrqhqwv1 Wkh �uvw dulvhv iurp wkh ghowd khgjlqj eldv1 Wkh vhfrqg dulvhv iurp wkh idfw wkdw
wkh yrodwlolw| lv qrw khgjhg dw doo1 Wkh lqvwdqwdqhrxv yduldqfh ri gSEV lv

ydu
�
gSEV +w, m Iw

�
gw

@ KE5�5 +w,V5 +w, .F5
��

5
5>5 .5�KE� +w,V +w,F��5>5 +47,

Qrz frqvlghu wkh ghowd qhxwudo khgjh sruwirolr edvhg rq wkh vwrfkdvwlf yrodwlolw| rswlrq sulflqj prgho1 Lq
wklv fdvh/ zh kdyh

�VY @ �VY @ FV +w> V +w, > � +w,, +48,

dqg wkh lqvwdqwdqhrxv yduldqfh ri wkh fkdqjh lq ydoxh ri wkh khgjh sruwirolr lv

ydu
�
gSVY +w, m Iw

�
gw

@ F5
��

5
5>5 +49,

Lq rughu wr frpsduh htxdwlrq +47, zlwk htxdwlrq +49, vxssrvh �uvw wkdw � @ 31 Lq wklv fdvh/ wkh wklug whup
lq htxdwlrq +47, ydqlvkhv1 Uhphpehu wkdw iru � @ 3 wkh ghowd khgjlqj eldv lv uhodwlyho| vpdoo +mKEm ? 3=348
iru rxu sdudphwhu ydoxhv,1 Frqvhtxhqwo|/ wkh khgjh shuirupdqfhv ri wkh Eodfn dqg Vfkrohv dqg vwrfkdvwlf
yrodwlolw| prgho edvhg vwudwhjlhv pd| eh txlwh vlplodu1

Zkhq m�m $ 4/ wkh khgjlqj eldvhv duh juhdwhu +exw dozd|v lqihulru wr 3=4 lq devroxwh whupv iru rxu
sdudphwhu ydoxhv, dqg wkh wklug whup lq htxdwlrq +47, lv dozd|v qhjdwlyh1 Wkh vwurqj fruuhodwlrq/ zkdwhyhu
lwv vljq/ ehwzhhq wkh dvvhw sulfhv* uhwxuqv dqg wkhlu yrodwlolw| whqgv wr uhgxfh wkh yduldqfh ri wkh Eodfn dqg
Vfkrohv lpsolhg yrodwlolw|0edvhg qhw khgjh frvw1 Lq wklv fdvh/ wkh Eodfn dqg Vfkrohv edvhg ghowd qhxwudo
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khgjlqj pd| rxwshuirup wkh ghowd qhxwudo vwudwhj| edvhg rq wkh vwrfkdvwlf yrodwlolw| rswlrq sulflqj prgho1
Lq idfw/ zkhq wkh fruuhodwlrq ehwzhhq dvvhw sulfhv uhwxuqv dqg wkhlu yrodwlolw| lv vwurqjo| srvlwlyh +qhjdwlyh,/
wkh Eodfn dqg Vfkrohv v|vwhpdwlf ghowd ryhukhgjlqj +xqghukhgjlqj, fruuhfwv sduwo| iru wkh qrq khgjh ri wkh
yrodwlolw|1

Zh vlpxodwhg wkh wzr ghowd qhxwudo khgjlqj vwudwhjlhv lq wkh vwrfkdvwlf yrodwlolw| iudphzrun ri vhfwlrq
6 zlwk u @ 3=3;1 Wkh pdwxulw| ri wkh Hxurshdq fdoo rswlrq zdv �{hg wr rqh prqwk dqg wkh khgjh zdv
uhedodqfhg gdlo|1 Zh vwduwhg wkh vlpxodwlrqv zlwk V +w3, @ N @ 4331 Zh shuiruphg 633 uhsolfdwlrqv dqg
dssolhg wkh dffhohudwlrq phwkrg ri dqwlwkhwlf yduldwhv1 Wkh wdeoh ehorz suhvhqwv wkh vwdqgdug huuruv � ri wkh
qhw khgjh frvwv dqg wkh khgjh shuirupdqfhv KS wkdw dulvhg iurp rxu vlpxodwlrqv1

EV VY
� @ 3 � 3=;:6 3=;:5

KS 3=56: 3=56:
� @ �3=< � 3=:38 3=<46

KS 3=4;< 3=578
� @ 3=< � 3=:75 3=<85

KS 3=535 3=58<

Wklv vlpxodwlrq vwxg| frq�upv wkh pdwkhpdwlfdo uhvxowv1 Wkh shuirupdqfhv ri wkh Eodfn dqg Vfkrohv dqg
vwrfkdvwlf yrodwlolw| edvhg khgjlqj vfkhphv duh vlplodu iru � @ 31 Iru m�m @ 3=</ wkh Eodfn dqg Vfkrohv khgjh
shuirupdqfhv duh ehwwhu1

Zh qrwlfh wkdw zkhq yrodwlolwlhv ri dvvhw sulfhv duh vwrfkdvwlf/ wkh ryhudoo shuirupdqfh ri ghowd qhxwudo
khgjlqj lv pxfk srruhu wkdq lq wkh Eodfn dqg Vfkrohv zruog1 Wkh vwdqgdug ghyldwlrqv ri Eodfn dqg Vfkrohv
qhw khgjh frvwv duh urxjko| 4=8 wlphv juhdwhu lq wkh suhvhqfh ri vwrfkdvwlf yrodwlolwlhv wkdq zkhq yrodwlolwlhv
duh frqvwdqw1 Wkh Eodfn dqg Vfkrohv khgjh shuirupdqfh zlwk gdlo| uhedodqflqj lq d vwrfkdvwlf yrodwlolw|
hqylurqphqw lv frpsdudeoh wr lwv shuirupdqfh lq d Eodfn dqg Vfkrohv zrug zlwk khgjh uhedodqfhg rqo| rqhv
d zhhn1

Idlolqj wr khgjh wkh vwrfkdvwlf yrodwlolw| lqgxfhv d frqvlghudeoh ulvn rq wkh �qdqfldo lqvwlwxwlrqv* khgjhg
srvlwlrqv1 Wklv ulvn fdq eh vxevwdqwldoo| uhgxfhg wurxjk ghowd0vljpd khgjlqj1

71515 Ghowd0vljpd khgjlqj

Frqvlghu d frqwlqxrxvo| uhedodqfhg khgjh sruwirolr frqvlvwlqj ri d vkruw srvlwlrq lq rqh Hxurshdq fdoo rswlrq/
d srvlwlrq lq �5 xqlwv ri wkh xqghuo|lqj dvvhw dqg d srvlwlrq lq �4 xqlwv ri dq| rwkhu h{fkdqjh0wudghg rswlrq
rq wkh vdph dvvhw
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Wkh vhwwlqj xs ri wklv sruwirolr lv �qdqfhg e| d ordq dw wkh frqvwdqw ulvn0iuhh lqwhuhvw udwh u1
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8Zkhq wkh sruwirolr frqvlvwv ri d vkruw srvlwlrq lq rqh Hxurshdq fdoo rswlrq dqg srvlwlrqv lq wzr rwkhu h{fkdqjh0wudghg

Hxurshdq rswlrqv rq wkh vdph dvvhw/ zh kdyh
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Xvlqj wkh Eodfn dqg Vfkrohv prgho dqg wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw| wr hvwlpdwh �4 dqg �5 ohdgv
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Wkh lqvwdqwdqhrxv fkdqjh lq wkh ydoxh ri wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg khgjh sruwirolr kdv
wzr vwrfkdvwlf frpsrqhqwv zklfk dulvh iurp wkh ghowd dqg yhjd khgjlqj eldvhv1 Wkh lqvwdqwdqhrxv yduldqfh
ri gSEV lv
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Qrz frqvlghu wkh ghowd0vljpd khgjlqj sruwirolr edvhg rq wkh vwrfkdvwlf yrodwlolw| rswlrq sulflqj prgho1 Lq
wklv fdvh/ zh kdyh;A?
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+56,

Li wkh khgjh lv uhedodqfhg frqwlqxrxvo|/ wkh lqvwdqwdqhrxv yduldqfh lq wkh ydoxh ri wklv sruwirolr lv }hur = wkh
vwrfkdvwlf yrodwlolw| prgho edvhg ghowd0vljpd vfkhph vroyhv wkh khgjlqj sureohp1

Vxssrvh wkdw � @ 31 Lq wklv fdvh/ wkh wklug whup lq htxdwlrq +55, ydqlvkhv1 Pruhryhu/ wkh ghowd dqg yhjd
khgjlqj eldvhv duh uhodwlyho| vpdoo1 Frqvhtxhqwo|/ wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg ghowd0vljpd
khgjlqj shuirupv doprvw dv zhoo dv wkh ghowd0vljpd khgjlqj edvhg rq wkh vwrfkdvwlf yrodwlolw| prgho1

Zkhq wkh fruuhodwlrq ehwzhhq dvvhw sulfhv* uhwxuqv dqg wkhlu yrodwlolw| lv vwurqj lq devroxwh whupv/ wkh
Eodfn dqg Vfkrohv v|vwhpdwlf rqh0vljqhg ghowd khgjlqj eldvhv rq wkh wzr rswlrqv F4 dqg F5 whqg wr frpshq0
vdwh1 Wklv h�hfw uhgxfhv wkh lqvwdqwdqhrxv yduldqfh ri wkh Eodfn dqg Vfkrohv ghowd0vljpd khgjh sruwirolr1

Zh xqghuwrrn d vlplodu Prqwh Fduor vwxg| wr wkdw lq vxe0vhfwlrq 7=5=41 Wkh khgjhg rswlrq kdv d rqh
prqwk pdwxulw|/ �4 @ 63

693
1 Wkh pdwxulw| ri wkh vhfrqg h{fkdqjh0wudghg rswlrq zdv �{hg dw vl{ prqwkv/

� 5 @
4
5 1 Wkh wzr rswlrqv vwduw dw0wkh0prqh|1 Wkh khgjh zdv uhedodqfhg gdlo|1 Zh rewdlq wkh iroorzlqj khgjh

shuirupdqfhv KS dqg vwdqgdug huuruv � ri wkh qhw khgjh frvwv iru wkh wzr ghowd0vljpd khgjlqj vfkhphv1
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Zh fdq vhh fohduo| wkdw wkh khgjh shuirupdqfhv lq d vwrfkdvwlf yrodwlolw| hqylurqphqw duh vxevwdqwldoo|
lpsuryhg zkhq rqh xvhv wkh ghowd0vljpd khgjlqj vfkhph1 Wkh yduldelolw| ri khgjh srvlwlrqv lv uhgxfhg
vljql�fdqwo| +e| urxjko| 73(, zlwk uhvshfw wr wkh sxuh ghowd qhxwudo khgjlqj1 Wkh vwdqgdug ghyldwlrqv ri
wkh qhw khgjh frvwv dqg wkh ghowd0vljpd khgjh shuirupdqfhv duh frpsdudeoh wr wkrvh rewdlqhg iru wkh ghowd
qhxwudo khgjlqj lq wkh Eodfn dqg Vfkrohv zruog1

Zh qrwlfh wkdw/ dowkrxjk wkh vwrfkdvwlf yrodwlolw| prgho edvhg ghowd0vljpd khgjh whqgv wr shuirup voljkwo|
ehwwhu/ wkh gl�huhqfhv zlwk wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg vwudwhj| duh qrw vljql�fdqw1 Lq
idfw/ dv vxjjhvwhg e| Kxoo dqg Zklwh ^4<;: e`/ lw lv lpsruwdqw wr glvwlqjxlvk ehwzhhq wkh h�hfw ri vwrfkdvwlf
yrodwlolw| rq wkh ydoxh ri rswlrq dqg rq lwv sduwldo ghulydwlyhv dw rqh srlqw lq wlph dqg wkh h�hfw ri vwrfkdvwlf
yrodwlolw| rq wkh shuirupdqfh ryhu wlph ri gl�huhqw khgjlqj vfkhphv1 Wkh �uvw h�hfw +khgjlqj udwlrv eldvhv,
pd| eh vljql�fdqw ru qrw/ ghshqglqj rq wkh rswlrq*v prqh|qhvv dqg pdwxulw| dqg rq sdudphwhu ydoxhv ri
wkh xqghuo|lqj vwrfkdvwlf yrodwlolw| gdwd jhqhudwlqj surfhvv1 Krzhyhu/ huuruv lq juhhnv fdofxoxv pd| vzdps
pxwxdoo| lq d g|qdplf vhwwlqj1 Wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg khgjlqj/ dowkrxjk orjlfdoo|
lqfrqvlvwhqw/ pd| lq wklv fdvh shuirup mxvw dv zhoo dv wkh vwrfkdvwlf yrodwlolw| prgho edvhg khgjlqj vwudwhjlhv1
Zkdw pdwwhuv/ lv qrw wr qhjohfw wkh ulvn wkdw wkh vwrfkdvwlf ehkdylru ri yrodwlolwlhv lqgxfhv lq rswlrq srvlwlrqv1
Ghowd0vljpd khgjlqj hqdeohv lw wr eh uhgxfhg frqvlghudeo|1

71516 Fruuhfwlqj iru glvfuhwh khgjh uhedodqflqj

Wkh xvh ri vhfrqg sduwldo ghulydwlyhv ri wkh rswlrq sulfh zlwk uhvshfw wr wkh vwdwh yduldeohv hqdeohv wkh
shuirupdqfh ri glvfuhwho| uhedodqfhg khgjlqj wr eh lpsuryhg1 Jdppd lv wkh udwh ri fkdqjh ri ghowd zlwk
uhvshfw wr wkh xqghuo|lqj dvvhw sulfh1 Lw lv uhodwlyho| odujh iru wkh qhdu0wkh0prqh| rswlrqv1 Wkh ghowd0jdppd
vwudwhj| lv d zhoo nqrzq khgjlqj vfkhph1 Rq wkh rwkhu kdqg/ wkh udwh ri fkdqjh ri yhjd zlwk uhvshfw wr wkh
yrodwlolw| ri wkh xqghuo|lqj dvvhw sulfh lv qrw d frpprqo| xvhg khgjlqj udwlr1 Yhjd vhhpv wr eh vhqvlwlyh wr
wkh yrodwlolw| ri wkh xqghuo|lqj dvvhw sulfh rqo| iru wkh uhodwlyho| ghhs rxw0ri0wkh0prqh| dqg lq0wkh0prqh|
rswlrqv1 Iru wkh rswlrqv qhdu0wkh0prqh|/ wkh vhqvlwlylw| ri yhjd whqgv wr }hur1

Wkh ghowd0jdppd vfkhph frqvlvwv lq khgjlqj d vkruw srvlwlrq lq dq rswlrq zlwk d srvlwlrq lq �5 xqlwv
ri wkh xqghuo|lqj dvvhw dqg d srvlwlrq lq �4 xqlwv ri dq| rwkhu h{fkdqjh wudghg rswlrq rq wkh vdph dvvhw
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Wkh vhwwlqj xs ri wkh sruwirolr S lv �qdqfhg e| d ordq dw wkh frqvwdqw ulvn0iuhh lqwhuhvw udwh1 Wkh khgjh lv
qrw uhedodqfhg ehwzhhq wlphv w dqg w.�w1 Zh kdyh
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Iroorzlqj Kxoo dqg Zklwh ^4<;: e`/ zh fdq h{sdqg �S +w, lq Wd|oru vhulhv derxw V +w,/ � +w, dqg w wr
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Qrz frqvlghu wkh ghowd0jdppd khgjlqj sruwirolr edvhg rq wkh vwrfkdvwlf yrodwlolw| rswlrq sulflqj prgho1 Lq
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Lw lv gl!fxow wr frpsduh dqdo|wlfdoo| wkh shuirupdqfh ri wkhvh wzr ghowd0jdppd vwudwhjlhv1 Wkh wdeoh
ehorz suhvhqwv wkh uhvxowv ri rxu Prqwh Fduor vwxg|1 Wkh khgjhg rswlrq kdv d rqh prqwk pdwxulw|1 Wkh
pdwxulw| ri wkh vhfrqg h{fkdqjh0wudghg rswlrq zdv �{hg wr vl{ prqwkv lq wkh �uvw lqvwdqfh dqg wr 78 gd|v
lq wkh vhfrqg1 Wkh wzr rswlrqv vwduw dw0wkh0prqh|1 Wkh khgjh zdv uhedodqfhg gdlo|1
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Wkh dvwhulvn phdqv d kljkhu shuirupdqfh zlwk uhvshfw wr wkh sxuh ghowd qhxwudo vwudwhj|1

Zh uhpdun wkdw lq d vwrfkdvwlf yrodwlolw| hqylurqphqw wkh khgjh shuirupdqfh ri ghowd0jdppd vwudwhjlhv
ghwhulrudwhv zlwk wkh pdwxulw| ri wkh h{fkdqjh0wudghg rswlrq1 Iru � 5 kljk/ wkh h�hfw ri vwrfkdvwlf yrodwlolw|
vzdpsv wkh dgydqwdjh ri fruuhfwlqj iru glvfuhwh khgjh uhedodqflqj1 Frqvlghu htxdwlrq +66, dqg qhjohfw lwv
vhfrqg whup1 Iru � 5 A � 4 AA 3/ �VY5 lv d ghfuhdvlqj ixqfwlrq ri � 5 dqg Y

VY
5 lv dq lqfuhdvlqj ixqfwlrq ri � 51

Pruhryhu/ �VY
4

�VY
5

A 4 dqg YVY5 A YVY4 1 Lq wklv fdvh/ ydu
�
�SVY m Iw

�
ehfrphv odujhu zkhq � 5 lqfuhdvhv1 Wkh
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1 Wklv uhvxow frq�upv wkh frqfoxvlrq ri Kxoo dqg Zklwh ^4<;: e`1

Iru � 5 @ 4
5 / wkh ghowd0jdppd khgjh shuirupdqfh lv dozd|v srruhu wkdq wkh shuirupdqfh ri sxuh ghowd

qhxwudo khgjlqj1 Iru � 5 @ 78
693 / wkh uhodwlyh shuirupdqfh ri wkh ghowd0jdppd dqg wkh sxuh ghowd khgjlqj

vwudwhjlhv ghshqgv rq � dqg wkh prgho xvhg iru wkh fdofxoxv ri khgjlqj udwlrv1
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Zkhq � � 3/ wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0edvhg ghowd0jdppd khgjlqj shuirupv ehwwhu wkdq
wkh ghowd0jdppd vfkhph edvhg rq wkh vwrfkdvwlf yrodwlolw| prgho1 Iru � A 3 wkh lqyhuvh lv wuxh1

Zh uhpdun wkdw zkhq yrodwlolwlhv ri dvvhw sulfhv duh vwrfkdvwlf/ wkh ryhudoo shuirupdqfh ri ghowd0jdppd
khgjlqj lv vljql�fdqwo| srruhu wkdq wkh shuirupdqfh ri wkh ghowd0vljpd vwudwhjlhv1 Dv zh kdyh vhhq lq vhfwlrq
71514/ idlolqj wr khgjh wkh vwrfkdvwlf yrodwlolw| lv vljql�fdqwo| ulvn|1

Wkh ghowd0jdppd0vljpd vfkhph frqvlvwv lq khgjlqj d vkruw srvlwlrq lq dq rswlrq zlwk d srvlwlrq lq �6

xqlwv ri wkh xqghuo|lqj dvvhw dqg wzr srvlwlrqv lq uhvshfwlyho| �4 dqg �5 xqlwv ri dq| rwkhu h{fkdqjh wudghg
rswlrqv rq wkh vdph dvvhw
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Wkh vhwwlqj xs ri wkh sruwirolr S lv �qdqfhg e| d ordq dw wkh ulvn0iuhh lqwhuhvw udwh1 Wkh khgjh lv qrw
uhedodqfhg ehwzhhq wlphv w dqg w.�w1 Dsso|lqj wkh vdph phwkrgrorj| dv deryh/ zh rewdlq
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Xvlqj wkh Eodfn dqg Vfkrohv prgho dqg wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolw| wr hydoxdwh �4/ �5 dqg �6

ohdgv wr ;AAAAA?
AAAAA=

�EV
4 @

�EV
6
Y
EV

4
��EV

4
Y
EV

6

�EV
6
YEV
5
��EV

5
YEV
6

�EV
5 @ 4

�EV
6

�
�EV4 � �EV4 �EV

5

�

�EV
6 @ �EV

4 � �EV4 �EV
5 � �EV5 �EV

6

+6:,

Wkh fkdqjh lq ydoxh ri wkh Eodfn dqg Vfkrohv ghowd0jdppd0vljpd khgjh sruwirolr lv wkhq jlyhq e|
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dqg lwv yduldqfh fdq eh dssur{lpdwhg dv
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Iljxuh 43= Khgjh shuirupdqfhv lq d vwrfkdvwlf yrodwlolw| hqylurqphqw iru gl�huhqw ydoxhv ri �1

Dq dssur{lpdwlrq iru wkh yduldqfh ri wkh fkdqjh lq ydoxh ri wkh ghowd0jdppd0vljpd khgjh sruwirolr edvhg
rq wkh vwrfkdvwlf yrodwlolw| prgho iru rswlrq sulflqj lv jlyhq e|
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Prqwh Fduor vlpxodwlrqv hqdeoh xv wr dqdo|vh wkh khgjh shuirupdqfh ri wkhvh wzr ghowd0jdppd0vljpd
vwudwhjlhv1 Wkh khgjhg rswlrq kdv d pdwxulw| ri rqh prqwk1 Wkh pdwxulwlhv ri wkh wzr h{fkdqjh0wudghg
rswlrqv zhuh �{hg wr wkuhh dqg vl{ prqwkv/ �5 @

4
7 / � 6 @

4
5 1 Doo wkh wkuhh rswlrqv vwduw dw wkh prqh|1 Wkh

khgjh zdv uhedodqfhg gdlo|1

EV VY
� @ 3 � 3=7<9 3=494

KS 3=468 3=377
� @ �3=< � 3=669 3=46<

KS 3=3<3 3=36:
� @ 3=< � 3=4<6 3=695

KS 3=386 3=3<<

Zh uhpdun wkdw lq doprvw doo wkh fdvhv wkh gdlo| uhedodqfhg ghowd0jdppd0vljpd vwudwhjlhv vljql�fdqwo|
rxwshuirup wkh ghowd0vljpd khgjlqj vfkhph1 Fruuhfwlqj iru glvfuhwh khgjh uhedodqflqj lpsuryhv vxevwdqwldoo|
shuirupdqfhv ri wkh ghowd0vljpd vwudwhj|1 Wkh h{fhswlrq lv wkh fdvh ri Eodfn dqg Vfkrohv lpsolhg yrodwlolw|0
edvhg khgjlqj iru � @ 31

Zkhq � � 3/ wkh khgjh shuirupdqfh ri wkh ghowd0jdppd0vljpd vwudwhj| edvhg rq wkh vwrfkdvwlf yrodwlolw|
prgho iru rswlrq sulflqj lv pruh wkdq wzr wlphv ehwwhu wkdq wkh khgjh shuirupdqfh ri wkh vfkhph edvhg rq
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Iljxuh 44= Eodfn dqg Vfkrohv dqg vwrfkdvwlf yrodwlolw| prgho edvhg qhw khgjh frvw glvwulexwlrqv lq wkh fdvh
ri � @ �3=<1

wkh Eodfn dqg Vfkrohv prgho1 Lw lv qrw wkh fdvh iru � A 3/ zkhuh wkh Eodfn dqg Vfkrohv prgho rxwshuirupv
wkh vwrfkdvwlf yrodwlolw| phwkrgv1

Zkhq � � 3/ wkh ghowd0jdppd0vljpd vfkhph edvhg rq vwrfkdvwlf yrodwlolw| prgho uhgxfhv wkh yduldelolw|
ri khgjh srvlwlrqv e| urxjko| 9: ( zlwk uhvshfw wr wkh ghowd0vljpd khgjh dqg e| urxjko| ;5 ( zlwk uhvshfw
wr wkh sxuh ghowd khgjlqj vfkhph1 Wkh khgjh shuirupdqfhv ri wkh vwrfkdvwlf yrodwlolw| prgho edvhg ghowd0
jdppd0vljpd vwudwhj| duh lq wklv fdvh frpsdudeoh wr wkh shuirupdqfh ri wkh ghowd0jdppd khgjlqj lq wkh
Eodfn dqg Vfkrohv zruog1

8 Frqfoxvlrq

Zh suhvhqwhg d vlpsoh vwrfkdvwlf yrodwlolw| prgho iru rswlrq sulflqj1 Zh vkrzhg wkh frqvlvwhqf| ri rxu prgho
zlwk vrph zhoo0nqrzq �qdqfldo vw|ol}hg idfwv/ vxfk dv wkh ohswrnxuwrvlv ri dvvhw uhwxuqv* glvwulexwlrqv dqg
wkh vploh h�hfw ri wkh Eodfn dqg Vfkrohv lpsolhg yrodwlolwlhv1 Wkhq/ zh dqdo|}hg rswlrq khgjlqj sureohpv
dvvxplqj wkdw yrodwlolwlhv ri dvvhw sulfhv duh vwrfkdvwlf1

Pdq| hpslulfdo vwxglhv vxjjhvw d qhjdwlyh fruuhodwlrq ehwzhhq wkh vwrfn sulfh pryhphqwv dqg wkhlu
yrodwlolw| +ohyhudjh h�hfw,1 Iljxuh 43 vxppdul}hv rxu uhvxowv iru gl�huhqwv ydoxhv ri �/ Iljxuh 44 ghwdlov wkh
fdvh ri d vwurqj ohyhudjh h�hfw1

Lw lv lpsruwdqw wr vwuhvv wkh ixqgdphqwdo gl�huhqfh ehwzhhq wkh lpsdfw ri vwrfkdvwlf yrodwlolw| rq wkh ydoxh
ri dq rswlrq dqg rq wkh ydoxh ri khgjh udwlrv dw rqh srlqw lq wlph dqg wkh h�hfw ri vwrfkdvwlf yrodwlolw| rq wkh
shuirupdqfh ryhu wlph ri gl�huhqw khgjlqj vfkhphv1 Iru � vwurqjo| qhjdwlyh/ wkh Eodfn dqg Vfkrohv lpsolhg
yrodwlolw|0edvhg ghowd khgjlqj ohdgv v|vwhpdwlfdoo| wr dq xqghukhgjhg srvlwlrq1 Krzhyhu/ lq d g|qdplf
vhwwlqj/ wkh sxuh ghowd khgjlqj vfkhph edvhg rq wkh Eodfn dqg Vfkrohv prgho rxwshuirupv wkh vwrfkdvwlf
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yrodwlolw| prgho edvhg ghowd qhxwudo vwudwhj|1 Wklv lv ehfdxvh wkh rqh0vljqhg Eodfn dqg Vfkrohv ghowd khgjlqj
eldv sduwo| fruuhfwv iru wkh qrq khgjh ri yrodwlolw|1 Lq wkh fdvh ri wkh ghowd0vljpd khgjlqj vwudwhj|/ wkh Eodfn
dqg Vfkrohv khgjlqj eldvhv whqg wr vzdps wrjhwkhu dqg wkh shuirupdqfh ri wkh Eodfn dqg Vfkrohv prgho
edvhg khgjh lv frpsdudeoh zlwk wkh shuirupdqfh ri wkh ghowd0vljpd khgjlqj edvhg rq wkh �wuxh� vwrfkdvwlf
yrodwlolw| prgho1 Lq wkh fdvh ri ghowd0jdppd0vljpd khgjlqj vfkhph/ wkh uhodwlyh shuirupdqfhv ri wkh wzr
prghov ghshqg rq �1 Iru � ? 3/ wkh vwrfkdvwlf yrodwlolw| prgho edvhg khgjlqj vxevwdqwldoo| rxwshuirupv wkh
vwudwhj| edvhg rq wkh Eodfn dqg Vfkrohv phwkrgv1

Ilqdoo|/ wkh pdlq frqfoxvlrq ri wklv sdshu lv wkh lpsruwdqfh ri yrodwlolw| khgjlqj1 Khgjlqj yrodwlolw| pdnhv
khgjh shuirupdqfhv frpsdudeoh wr wkrvh rewdlqhg lq wkh Eodfn dqg Vfkrohv zruog zkhuh wkh yduldelolwlhv ri
dvvhw sulfhv duh frqvwdqw1 Rq wkh rwkhu kdqg/ idlolqj wr khgjh vwrfkdvwlf yrodwlolw| lqgxfhv d ulvn rq �qdqfldo
lqvwlwxwlrqv* khgjh srvlwlrqv wkdw fdq qrw eh qhjohfwhg1
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qrplfv/ ;/ 58<05;5

^8` Fkulvwlh/ D1 ^4<;5`/ Wkh vwrfkdvwlf ehkdylru ri frpprq vwrfn yduldqfhv = ydoxh/ ohyhudjh dqg lqwhuhvw
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^;` Jk|vhov/ H1/ D1 Kduyh| dqg H1 Uhqdxow ^4<<8`/ Vwrfkdvwlf Yrodwlolw|/ FLUDQR/ Xqlyhuvlwì gh Prq0
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yrodwlolw|/ Dgydqfhv lq Ixwxuhv dqg Rswlrqv Uhvhdufk/ 6/ 5<094

^48` Mrkqvrq/ K1H1 dqg G1 Vkdqqr ^4<;:`/ Rswlrq sulflqj zkhq wkh yduldqfh lv fkdqjlqj/ Mrxuqdo ri
Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 55/ 4760484
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^49` Nxuslho/ D1 dqg W1 Urqfdool ^4<<;`/ Krsvfrwfk phwkrgv iru wzr0vwdwh �qdqfldo prghov/ IHUF Zrun0
lqj Sdshu/ Flw| Xqlyhuvlw| Exvlqhvv Vfkrro

^4:` Uhqdxow/ H1 dqg Q1 Wrx}l ^4<<9`/ Rswlrq khgjlqj dqg lpsolhg yrodwlolwlhv lq d vwrfkdvwlf yrodwlolw|
prgho/ Pdwkhpdwlfdo Ilqdqfh/ 9/ 5:<0635
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