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Devwudfw

Lq wklv sdshu/ wkh dxwkruv frqvlghu qrq xqlirup julgv wr vroyh SGH lq �qdqfh1 Wkh ruljlq ri wkh sureohp
frphv ri wkh idfw wkdw frpsxwlqj ydoxh0dw0ulvn hyhu| gd| lv wlph0frqvxplqj zkhq vhyhudo rswlrqv duh sulfhg
zlwk �qlwh gl�huhqfh phwkrgv1 Rqh ri vroxwlrq lv wkhq wr xvh vpdoohu glvfuhwl}dwlrq srlqwv1 Lq wklv fdvh/
qrq xqlirup julgv fdq wkhq eh xvhg wr vroyh SGH zlwk ehwwhu dffxudf| wkdq xqlirup julgv1 Iluvw d vroxwlrq
dojrulwkp lv ghulyhg dqg frqvlvwhqf| dqg vwdelolw| lvvxhv duh frqvlghuhug1 Wkhq gl�huhqw dssolfdwlrqv wr
rswlrq sulflqj duh suhvhqwhg1 Ilqdoo|/ wkh sureohp ri vwdelolw| lv vwxglhg1

4 Lqwurgxfwlrq

Suredelolw| wkhru|/ �qdqfh dqg qxphulfdo dqdo|vlv duh wkh pdlq wrrov zkhq sulflqj frqwlqjhqw fodlpv1 Ixqgd0
phqwdo wkhruhpv edvhg rq qr0duelwudjh dvvxpswlrqv ri dvvhw sulflqj surylgh xv zlwk d srzhuixo phwkrgrorj|/
fdoohg wkh pduwlqjdoh dssurdfk/ wr sulfh dq| �qdqfldo surgxfw1 Lqghhg/ d sulfh frxog eh h{suhvvhg dv dq h{0
shfwdwlrq ri wkh glvfrxqwhg sd|r� xqghu d vxlwdeoh suredelolw| phdvxuh +h1p1p1,1 Wkdqnv wr wkh Ih|qpdq0Ndf
wkhruhp wklv sulfh frxog eh htxdoo| h{solflwhg dv wkh vroxwlrq ri d sduwlfxodu edfnzdug sduwldo gl�huhqwldo htxd0
wlrq +SGH,1 Wkxv/ wkh idprxv Eodfn0Vfkrohv irupxod kdv ehhq ghulyhg e| vroylqj d rqh0glphqvlrqdo sduderolf
SGH dqdorjrxv wr wkh khdw htxdwlrq1 Vlqfh wklv euhdnwkurxjk/ SGHv kdyh ehhq sod|lqj dq hyhu0lqfuhdvlqj uroh
lq �qdqfh1 Lqghhg/ dowkrxjk rswlrqv frxog eh sulfhg xvlqj rqo| wkh suredelolvwlf dssurfk yld Prqwh0Fduor dqg
odwwlfh phwkrgv/ lw lv riwhq idvwhu dqg pruh dffxudwh wr orrn iru d vroxwlrq ri wkh gl�huhqwldo sureohp1 Vroylqj
wkh SGH pd| eh doo wkh pruh ohjlwlpdwh dv rqh pd| eh lqwhuhvwhg lq wkh frpsxwdwlrq ri khgjlqj udwlrv vxfk dv
wkh ghowd ru wkh jdppd1

Wklv sdshu irfxvhv rq krz wr vroyh wkdw gl�huhqwldo sureohp xvlqj d jhqhudo �qlwh gl�huhqfh phwkrg1 Wkh
�qlwh gl�huhqfh phwkrg lv xvxdoo| lpsohphqwhg zlwk xqlirup phvk1 Exw/ dv lw lv phqwlrqqhg lq Wdyhood dqg
Udqgdoo ^5333`/ lw pd| eh xvhixo wr dgdsw wkh julg wr wkh sd|r� ri wkh rswlrq1 Lw phdqv wkdw zkhq wkh sulfh ri
dq rswlrq pd| eh pruh vhqvlwlyh lq d suhflvh duhd/ lw vhhpv ohjlwlpdwh wr frqfhqwudwh wkh phvk lq wkdw duhd1 Vxfk
dq dssurdfk qhhgv wr jhw dq lqwxlwlyh lghd ri wkh �lghdo� phvk vlqfh rqh pd| sursrvh h{0dqwh wkh glvwulexwlrq
ri wkh glvfuhwl}dwlrq srlqwv ri wkh julg1 Lw dsshduv wkdw iru sulflqj �qdqfldo surgxfwv/ rqh frxog hdvlo| jxhvv
zkhuh wkh phvk kdv wr irfxv rq1

Wklv sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq wzr/ zh suhvhqw wkh jhqhudo dojrulwkp ri wkh �qlwh gl�huhqfh
phwkrg iru qrq xqlirup julgv1 Zh pd| dovr jlyh vrph dujxphqwv derxw wkh frqvlvwhqf| dqg wkh vwdelolw| ri
wkdw qxphulfdo dojrulwkp1 Vhfwlrq wkuhh doorzv wr ghdo zlwk wkh fdvh zkhuh wkh julgv duh dovr qrq xqlirup
lq wlph1 Vhfwlrq irxu pd| suhvhqw vrph frqfuhwh dssolfdwlrqv ri wkdw dojrulwkp wr wkh sulflqj ri rswlrqv1 Lq

WYlhzv h{suhvvhg lq wklv sdshu duh wkh dxwkruv* dqg qrw wkrvh ri wkh Fuìglw O|rqqdlv1
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sduwlfxodu/ zh zloo sursrvh gl�huhqw nlqgv ri julg jhqhudwlrqv dqg revhuyh wkhlu pdlq dgydqwdjhv dqg gudzedfnv
zkhq sd|r�v ydu|1 Ilqdoo| lq vhfwlrq �yh/ rqh pd| gudz vrph dwwhqwlrq wr wkh fdvh zkhuh xvlqj qrq xqlirup
julgv frxog ohdg wr vwdelolw| sureohpv1

5 Vroylqj sduwldo gl�huhqwldo htxdwlrqv zlwk �qlwh gl�huhqfh phwkrgv
dqg qrq xqlirup julgv

Zh frqvlghu wkh olqhdu sduderolf htxdwlrq

C x +w> {,

C w
. f +w> {,x +w> {, @ Dwx +w> {, . g +w> {, +4,

zkhuh Dw lv wkh jhqhudo gl�huhqwldo rshudwru

Dwx +w> {, @ d +w> {,
C5 x +w> {,

C {5
. e +w> {,

C x +w> {,

C {
+5,

Wkh pdlq lghd lv wr vroyh wkh htxdwlrq +4, iru +w> {, 5 9�=1 Iru frqyhqlhqw frpsxwdwlrq/ zh wdnh 9 @ ^w�> w.`
dqg = @ ^{�> {.`1 Lq wklv fdvh/ zh xvh wkh phwkrg ri �qlwh gl�huhqfh/ zhoo0dgdswhg iru 50rughu sduderolf
htxdwlrqv lq {1

514 Wkh �qlwh gl�huhqfh phwkrg

Zh lqwurgxfh d qrq xqlirup �qlwh0gl�huhqfh phvk iru w dqg {1 Ohw P dqg Q eh eh wkh qxpehu ri glvfuhwlvdwlrq
srlqwv iru w dqg { uhvshfwlyho|1 Zh qrwh xpl eh wkh dssur{lpdwh vroxwlrq wr +4, dw wkh julg srlqw +wp> {l,
dqg x +wp> {l, wkh h{dfw vroxwlrq ri wkh sduwldo gl�huhqwldo htxdwlrq dw wklv srlqw41 Zh xvh dovr wkh qrwdwlrq
kl @ {l � {l�4 dqg np @ wp � wp�41

51414 Glvfuhwlvdwlrq vfkhph iru wkh vsdfh

Li zh frqvlghu wkh fhqwudo gl�huhqfh phwkrg wr dssur{lpdwh wkh ghulydwlyhv/ zh kdyh

C x +wp> {l,

C {
* xpl.4 � xpl�4

{l.4 � {l�4
+6,

Iru wkh vhfrqg ghulydwlyh/ zh vxssrvh wkdw

C5 x +w> {,

C {5
* k.l

�
xpl.4 � xpl

�� k�l
�
xpl � xpl�4

�
+7,

Iru h{dpsoh/ zh kdyh

x +wp> {l.4, @ x +wp> {l, . kl.4
C x +wp> {l,

C {
.

4

5
k5l.4

C5 x +wp> {l,

C {5
.R

�
k6l.4

�
x +wp> {l�4, @ x +wp> {l,� kl

C x +wp> {l,

C {
.

4

5
k5l

C5 x +wp> {l,

C {5
.R

�
k6l

�
+8,

4Qhyhuwkhohvv/ � E|6c %�� zloo dovr ghqrwh wkh dssur{lpdwlrq vroxwlrq zkhq zh zloo vwxg| wkh frqvlvwhqf| dqg vwdelolw| ri wkh
dojrulwkp1
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Lw frphv wkdw5

C5 x +wp> {l,

C {5
@ 5

kl
�
xpl.4 � xpl

�
. kl.4

�
xpl�4 � xpl

�
klk5l.4 . kl.4k5l

@ 5
kl

�
xpl.4 � xpl

�� kl.4

�
xpl � xpl�4

�
klkl.4 +kl.4 . kl,

+;,

dqg zh kdyh

k.l @
5

kl.4 +kl.4 . kl,

k�l @
5

kl +kl.4 . kl,
+<,

Wkh htxdwlrq +4, ehfrphv

C x +w> {,

C w
. fpl x

p
l @ Dp

l . gpl +43,

zlwk

Dp
l @ dpl

�
k.l

�
xpl.4 � xpl

�� k�l
�
xpl � xpl�4

��
. epl

xpl.4 � xpl�4
{l.4 � {l�4

+44,

Zh rewdlq �qdoo|

C x +w> {,

C w
@ Ep

l +45,

zlwk

Ep
l @ Dp

l . gpl � fpl x
p
l +46,

51415 Glvfuhwlvdwlrq vfkhph iru wkh wlph

Wkh prvw fodvvlfdo phwkrg wr vroyh wkh htxdwlrq +4, lv wr xvh wkh Hxohu vfkhph1 Zh kdyh

C x +w> {,

C w
* xpl � xp�4l

np
+47,

Zh uhpdun dovr wkdw wkh htxdwlrq +4, ehfrphv

xpl � xp�4l

np
. fpl x

p
l @ Dwx +w> {, . gpl +48,

5Dqrwkhu dssur{lpdwlrq frxog eh gh�qhg iurp +8,1 Zh kdyh

Y2 � E|6c %��

Y %2
s 2
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�
n �6

�3� 3
�
�l.43�l

�l.4n�l

� �
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�2
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' e
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�6
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�
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�
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�
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�
�
�2
�n� n �2

�

�
E��n� n ���

+9,

Lq wklv fdvh/ zh kdyh

�n
�

' e
���

�2
�n� n �2

�

�
E��n� n ���

�3
�

' e
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�2
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�
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Krzhyhu/ wkh ixqfwlrq Dwx +w> {, ghshqgv erwk rq wkh wlph w dqg wkh vsdfh {1 Wkdw*v zk| zh frxog qrw hpsor|
wkh wudglwlrqdo Hxohu dojrulwkp

xpl @ xp�4l . np ^Dwx +w> {, . gpl � fpl x
p
l ` +49,

Lq wklv fdvh/ zh wkhq uhsodfh wkh ixqfwlrq Dwx +w> {, e| lwv qxphulfdo dssur{lpdwlrq Dp
l 1 Vr/ zh kdyh

xpl @ xp�4l . np ^Dp
l . gpl � fpl x

p
l `

@ xp�4l . npEp
l +4:,

51416 Wkh �0vfkhph phwkrg

Lq wkh suhylrxv sdudjudsk/ zh kdyh xvhg wkh vlqjoh0vlghg iruzdug gl�huhqfh wr dssur{lpdwh wkh ghulydwlyh C x+w>{,
C w

1
Wkhuh h{lvwv dqrwkhu dojrulwkp/ olnh wkh Ulfkdugvrq h{wudsrodwlrq1 Wkh �0vfkhph phwkrg lv d frpelqdwlrq ri
ohiw0vlghg dqg uljkw0vlghg gl�huhqfhv1 Ohw � 5 ^3> 4`1 Zh kdyh

xpl @ xp�4l . np
�
+4� �,Ep�4

l . �Ep
l

�
+4;,

Xvlqj wkh h{suhvvlrq ri Ep
l / zh rewdlq

xp�4l�4

�
dp�4l +4� �,npk

�
l � ep�4l +4� �,

np
kl.4 . kl

�
.xp�4l

�
4� dp�4l +4� �,np

�
k.l . k�l

�� fp�4l +4� �,np
�

.xp�4l.4

�
dp�4l +4� �,npk

.
l . ep�4l +4� �,

np
kl.4 . kl

�
.xpl�4

�
dpl �npk

�
l � epl �

np
kl.4 . kl

�
.xpl

��4� dpl �np
�
k.l . k�l

�� fpl �np
�

.xpl.4

�
dpl �npk

.
l . epl �

np
kl.4 . kl

�
@ � �

gp�4l +4� �,np . gpl �np
�

+4<,

515 Wkh gl�huhqw qxphulfdo dojrulwkpv

Zh qrwh qrz

�pl @ dpl k
�
l � epl

kl.4 . kl

�pl @ dpl
�
k.l . k�l

�
. fpl

�pl @ dpl k
.
l .

epl
kl.4 . kl

+53,

51514 Wkh h{solflw vfkhph

Wklv vfkhph fruuhvsrqgv wr � @ 31 Zh kdyh wkhq

xpl @ �p�4l npx
p�4
l�4 .

�
4� �p�4l np

�
xp�4l . �p�4l npx

p�4
l.4 . gp�4l np +54,

Zh rewdlq wkh qxphulfdo vroxwlrq e| lwhudwlrqv iurp wkh lqlwldo frqglwlrq dqg e| xvlqj Glulfkohw frqglwlrqv1

51515 Wkh frpsohwho| lpsolflw vfkhph

Wklv vfkhph fruuhvsrqgv wr � @ 41 Zh kdyh wkhq

�pl npx
p
l�4 . +�4� �pl np,xpl . �pl npx

p
l.4 @ � �

xp�4l . gpl np
�

+55,

Zh rewdlq wkh qxphulfdo vroxwlrq e| vroylqj wkh olqhdu v|vwhp +55, dqg xvlqj Qhxpdqq frqglwlrqv1

7



51516 Wkh pl{hg vfkhphv

Zh kdyh wkhq � 5 `3> 4^1 Iru h{dpsoh/ wkh zhoo0idprxv Fudqn0Qlfkrovrq vfkhph fruuhvsrqgv wr � @ 4
5 1 Zh

lqwurgxfh wkh iroorzlqj qrwdwlrqv

)pl @ +4� �,np�
p�4
l

�pl @ 4� +4� �,np�
p�4
l

 pl @ +4� �,np�
p�4
l

!pl @ �np�
p
l

*pl @ �4� �np�
p
l

"pl @ �np�
p
l

#pl @ +4� �,gp�4l np . �gpl np +56,

Wr rewdlq wkh qxphulfdo vroxwlrq/ zh kdyh wr vroyh wkh olqhdu v|vwhp

!pl x
p
l�4 . *pl x

p
l . "pl x

p
l.4 @ � �

)pl x
p�4
l�4 . �pl x

p�4
l .  pl x

p�4
l.4 . #pl

�
+57,

Wkh fruuhvsrqglqj pdwul{ irup lv

�pxp @ � ^�p�4xp�4 .�p` . %p +58,

zlwk

xp @

599999999997

xp4
xp5
111
xpl
111

xpQ�6
xpQ�5

6::::::::::8
+59,

Wkh 
p dqg �p pdwulfhv duh gh�qhg lq wkh iroorzlqj pdqqhu

�p @

5999999997

*p4 "p4 3
!p5 *p5 "p5 3
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1

3 !pl *pl "pl 3
1 1 1

1 1 1
1 1 1

1 1 1
3 !pQ�5 *pQ�5

6::::::::8
+5:,

�p @

5999999997

�p4  p4 3
)p5 �p5  p5 3
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1

3 )pl �pl  pl 3
1 1 1

1 1 1
1 1 1

1 1 1
3 )pQ�5 �pQ�5

6::::::::8
+5;,
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%p lv wkh uhvlgxdo devruwlrq yhfwru +Nxuslho dqg Urqfdool ^4<<<`,

%p @

599999999997

� �
!p4 x

p
3 . )p�44 xp�43

�
3
111
3
111
3

� �
"pQ�5x

p
Q�4 .  p�4Q�5x

p�4
Q�4

�

6::::::::::8
+5<,

516 Lqwhjudwlqj wkh erxqgdu| frqglwlrqv

D qhz irup ri wkh v|vwhp ri htxdwlrqv +58, lv

�pxp @ yp . %p +63,

zlwk

yp @ � ^�p�4xp�4 .�p`

Wkh xvh ri erxqgdu| frqglwlrqv +Glulfkohw ru2dqg Qhxpdqq,6

x
�
w�> {

�
@ x+w�, +{,

x
�
w> {�

�
@ x+{�, +w,

Z C x +w> {,

C {

����
{@{�

@ x3+{�, +w,

x
�
w> {.

�
@ x+{., +w,

Z C x +w> {,

C {

����
{@{.

@ x3+{., +w, +64,

ohdgv xv wr prgli|7 wkh htxdwlrq +63,

�Bpxp @ yBp +65,

zlwk

�Bp #� �p

yBp #� yp

+yBp,4 #� �)p�44 xp�43

+yBp,Q�4 #� � p�4Q�5x
p�4
Q�4

� Frqglwlrqv rq {�

� Glulfkohw= x +w> {�, @ x{� +w,

+yBp,4 #� �!p4 x{� +wp,

6Zh lqwurgxfh wkh iroorzlqj qrwdwlrqv=
Z

fruuhvsrqgv wr wkh  Lh rshudwru +@
Z
K phdqv wkdw rqo| rqh h{suhvvlrq lv wuxh � @ Lh K,

dqg
Y

lv wkh @?_ rshudwru +zlwk @
Y
K/ erwk wkh wzr h{suhvvlrqv @ dqg K duh vdwlv�hg,1

7{ lv dq dffxpxodwru olnh wkh F dvvljqphqw rshudwru n '/ l1h1 zh kdyh

@{ KUi @ ' @n K
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� Qhxpdqq= C x+w>{,
C {

���
{@{�

@ x3
{�

+w,

+�Bp,4>4 #� !p4

+yBp,4 #� !p4 x
3
{� +wp,k4

� Frqglwlrqv rq {.

� Glulfkohw= x +w> {., @ x{. +w,

+yBp,Q�5 #� �"pQ�5x{. +wp,

� Qhxpdqq= C x+w>{,
C {

���
{@{.

@ x3
{.

+w,

+�Bp,Q�5>Q�5 #� "pQ�5

+yBp,Q�5 #� �"pQ�5x3{. +wp,kQ�4

517 Frqvlvwhqf| dqg vwdelolw|

Lq wklv sdudjudsk/ zh jlyh vrph uhvxowv derxw wkh frqvlvwhqf| dqg vwdelolw| ri wkh �0vfkhph zlwk qrq xqlirup
julgv1

51714 Frqvlvwhqf| ri qxphulfdo dssur{lpdwlrqv

Zh frqvlghu d uhjxodu vroxwlrq ri wkh sureohp1 Zh duh jrlqj wr vkrz wkdw wkh qxphulfdo dssur{lpdwlrqv lq wlph
dqg vsdfh duh erwk frqvlwhqw1 Iru wkh �uvw ghulydwlyh/ wkhlu rughu lv rqh1 Qhyhuwkhohvv/ iru wkh vhfrqg ghulydwlyh
lq vsdfh/ wkh rughu lv rqh dqg qrw wzr olnh iru xqlirup julgv1

� Zlwk rxu qxphulfdo vfkhph/ zh rewdlq

x +wp . np.4> {l, @ x +wp> {l, . np.4
C x +wp> {l,

C w
.

4

5
n5p.4

C5 x +w> {l,

C w5
+66,

zkhuh w 5 ^wp> wp . np.4`1 Lw frphv wkdw����x +wp . np.4> {l,� x +wp> {l,

np.4
� C x +wp> {l,

C w

���� � 4

5
np.4

����C5 x +w> {l,C w5

���� +67,

Ohw xv ghqrwh F4 @ pd{w5^w�>w.`

���C5 x+w>{l,C w5

��� dqg n @ pd{ np.41 Zh �qdoo| kdyh����x +wp . np.4> {l,� x +wp> {l,

np.4
� C x +wp> {l,

C w

���� � 4

5
F4n +68,

� Iru wkh �uvw ghulydwlyh lq vsdfh/ zh rewdlq=����x +wp> {l . kl.4,� x +wp> {l � kl,

kl.4 . kl
� C x +wp> {l,

C {

���� � 4

5 +kl.4 . kl,

�����k5l.4

C5 x
�
wp> {+.,

�
C {5

� k5l
C5 x

�
wp> {+�,

�
C {5

�����
+69,

zkhuh {+�, 5 ^{l � kl> {l` dqg {+., 5 ^{l> {l . kl.4`1 Zh lqwurgxfh wkh qrwdwlrq k @ kl b kl.41 Lw frphv
wkdw �����k5l.4

C5 x
�
wp> {+.,

�
C {5

� k5l
C5 x

�
wp> {+�,

�
C {5

����� � 5F5k
5 +6:,
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zkhuh F5 @ pd{
{5^{+�,>{+.,`

���C5 x+w>{,C {5

���1 Zh �qdoo| rewdlq����x +wp> {l . kl.4,� x +wp> {l � kl,

kl.4 . kl
� C x +wp> {l,

C {

���� � F5k +6;,

� Zlwk d vlplodu dqdo|vlv/ zh duh jrlqj wr vwxg| frqvlvwhqf| iru wkh vhfrqg ghulydwlyh lq vsdfh1 E| xvlqj
Wd|oru irupxod/ zh rewdlq

x +wp> {l . kl.4, @ x +wp> {l, . kl.4
C x +wp> {l,

C {
.

4

5
k5l.4

C5 x +wp> {l,

C {5
.

4

9
k6l.4

C6 x
�
wp> {+.,

�
C {6

x +wp> {l � kl, @ x +wp> {l,� kl
C x +wp> {l,

C {
.

4

5
k5l

C5 x +wp> {l,

C {5
� 4

9
k6l

C6 x
�
wp> {+�,

�
C {6

+6<,

zkhuh8 {+�, 5 ^{l � kl> {l` dqg {+., 5 ^{l> {l . kl.4`1 Zh frqvlghu wkh glvfuhwlvdwlrq vfkhph +<, iru wkh vsdfh1
Lw frphv wkdw

k.l ^x +wp> {l.4,� x +wp> {l,` � k�l ^x +wp> {l,� x +wp> {l�4,` @
C5 x +wp> {l,

C {5

.
4

6 +kl.4 . kl,

%
k5l.4

C6 x
�
w> {+.,

�
C {6

� k5l
C6 x

�
w> {+�,

�
C {6

&
+73,

Zh kdyh �����k5l.4

C6 x
�
w> {+.,

�
C {6

� k5l
C6 x

�
w> {+�,

�
C {6

����� � 5k5 pd{
{5^{+�,>{+.,`

����C6 x +w> {,C {6

���� +74,

Ohw xv ghqrwh F6 @ pd{
{5^{+�,>{+.,`

���C6 x+w>{,C {6

���1 Zh kdyh����k.l ^x +wp> {l.4,� x +wp> {l,`� k�l ^x +wp> {l,� x +wp> {l�4,`� C5 x +wp> {l,

C {5

���� � 5

6
F6k +75,

51715 Frqvlvwhqf| ri wkh ��vfkhph

Zh fdq qrz vwxg| wkh frqvlwhqf| iru wkh ��vfkhph1 Dv iru wkh suhylrxv sdudjudsk/ zh frqvlghu d uhjxodu
vroxwlrq ri wkh sureohp dqg zh dsso| lw wr rxu vfkhph1 E| Wd|oru irupxod/ zh rewdlq

x +wp . np.4> {l,� x +wp> {l,

np.4
� C x +wp> {l,

C w
@

4

5
np.4

C5 x +wp> {l,

C w5
.R

�
n5p.4

�
+76,

Ehfdxvh ri wkh rughu rqh ri wkh qxphulfdo dssur{lpdwlrq ri wkh vhfrqg ghulydwlyh lq vsdfh/ zh kdyh

k.l ^x +wp> {l.4,� x +wp> {l,`� k�l ^x +wp> {l,� x +wp> {l�4,` @
C5 x +wp> {l,

C {5
.R +k, +77,

Zh uhfdoo wkdw

xp.4
l @ xpl . np.4

�
�Ep.4

l . +4� �,Ep
l

�
+78,

Xvlqj htxdwlrqv +76, dqg +77,/ lw frphv wkdw

C x +wp> {l,

C w
.

4

5
np.4

C5 x +wp> {l,

C w5
.R

�
n5p.4

�� �Ep.4
l � +4� �,Ep

l @ 3 +79,

8Qrwh wkdw %E3� dqg %En� wdnh gl�huhqw ydoxhv iurp wkh suhylrxv rqhv1

;



zlwk9

Ep
l @ d +wp> {l,

�
C5 x +wp> {l,

C {5
.R +k,

�
. e +wp> {l,

�
C x +wp> {l,

C {
.R +k,

�
. +7:,

g +wp> {l,� f +wp> {l,x +wp> {l, +7;,

Diwhu froohfwlqj whupv dqg xvlqj wkh idfw wkdw x lv wkh vroxwlrq ri wkh olqhdu sduderolf htxdwlrq +4,/ zh kdyh:

4

5
np.4

C5 x +wp> {l,

C w5
. �

�
�Ep
l � �Ep.4

l

�
.R

�
n5p.4

�� d +wp> {l,R +k,� e +wp> {l,R +k,

��R +k, ^d +wp.4> {l,� d +wp> {l, . e +wp.4> {l,� e +wp> {l,` @ 3 +7<,

Lq wkh fdvh zkhuh wkh ixqfwlrqv d/ e/ f dqg g kdyh qr wlph ghshqghqfh/ zh rewdlq

4

5
np.4

C5 x +wp> {l,

C w5
� ���Ep.4

l .R
�
n5p.4

�� d +{l,R +k,� e +{l,R +k, @ 3 +83,

zlwk

��Ep.4
l @ d +{l,

�
C5 x +wp.4> {l,

C {5
� C5 x +wp> {l,

C {5

�
. e +{l,

�
C x +wp.4> {l,

C {
� C x +wp> {l,

C {

�
�f +{l, +x +wp.4> {l,� x +wp> {l,, +84,

Xvlqj wkh Wd|oru irupxod wr �uvw rughu; jlyhv xv

4

5
np.4

�
C5 x +wp> {l,

C w5
� 5�

�
d +{l,

C6 x +wp> {l,

Cw C{5
. e +{l,

C5 x +wp> {l,

Cw C{
� f +{l,

C x +wp> {l,

Cw

��
�� �d +{l,R �

n5p.4

�
. e +{l,R

�
n5p.4

�� f +{l,R
�
n5p.4

��
.R

�
n5p.4

�� d +{l,R +k,� e +{l,R +k, @ 3

+86,

Li zh ghulyh lq wlph wkh olqhdu sduderolf htxdwlrq +4,/ zh kdyh

C5 x +w> {,

Cw5
�
�
d +{,

C6 x +w> {,

Cw C{5
. e +{,

C5 x +w> {,

C w C {
� f +{,

C x +w> {,

Cw

�
@ 3 +87,

Zh frqfoxgh wkdw lq wkh fdvh zkhuh � @ 4
5 dqg wkh ixqfwlrqv d/ e/ f dqg g kdyh qr wlph ghshqgdqfh/ wkh vfkhph

lv frqvlvwhqw dqg lwv rughu lv wzr lq wlph dqg rqh lq vsdfh=��xp.4
l � xpl � np.4

�
�Ep.4

l . +4� �,Ep
l

��� � R
�
n5p.4

�
.R +k, +88,

9ehfdxvh zh kdyh vkrzq suhylrxvo| wkdw wkh rughu ri wkh qxphulfdo dssur{lpdwlrq ri wkh �uvw dqg vhfrqg ghulydwlyh lq vsdfh lv
erwk rqh1

:Zh xvh wkh qrwdwlrq

��
6

� ' �
6

� 3 @ E|6c %��� E��3 K E|6c %��� E��

; wkdw lv zh xvh wkh iroorzlqj dssur{lpdwlrqv

Y2 � E|6n�c %��

Y %2
3

Y2 � E|6c %��

Y %2
' &6n�

Y� � E|6c %��

Y| Y%2
n�

�
&26n�

�

Y � E|6n�c %��

Y %
3

Y � E|6c %��

Y %
' &6n�

Y2 � E|6c %��

Y| Y%
n�

�
&2
6n�

�

� E|6n�c %��3 � E|6c %�� ' &6n�
Y � E|6c %��

Y|
n�

�
&2
6n�

�
+85,

<



51716 Vwdelolw| ri wkh qxphulfdo dojrulwkp

Zh ehjlq wr uhfdoo wkh sulqflsdo wkhruhp ri vwdelolw| lq wkh fdvh ri qrq xqlirup julgv=

Wkhruhp 4 +Wkrpìh ^4<<3`, Wkh vwdelolw| surshuw| lv yhul�hg li

n $ 3
a

k $ 3
a

u $ 3 +89,

zkhuh u @ nk�5 ghqrwhv wkh phvk udwlr1

Uhpdun 5 Wklv lv wkh pruh jhqhudo uhvxow rq vwdelolw|1 Exw iru vshfl�f h{dpsohv/ zh fdq rewdlq pruh suhflvh
uhvxowv1 Iru h{dpsoh/ lq wkh fdvh ri wkh Khdw htxdwlrq/ wkh �0vfkhph lv xqfrqglwlrqdoo| vwdeoh li � � 4

5 1 Li
� ? 4

5 / wkh vwdelolw| frqglwlrq ehfrphv u � 4
5+4�5�, 1

Lq wklv sdudjudsk/ zh vkrz krz qrq xqlirup julgv prgli| wkhvh uhvxowv1 Lq sduwlfxodu/ zh wu| wr h{klelw
vrph vx!flhqw frqglwlrqv iru wkh qxphulfdo dojrulwkpv wr eh vwdeoh lq wkh sduwlfxodu fdvh ri wkh Khdw htxdwlrqv1
Wkxv/ zh frqvlghu wkh iroorzlqj Glulfkohw sureohp

C x +w> {,

C w
@

C5 x +w> {,

C {5

x +3> {, @ x3 +{,

x +w> {�, @ x +w> {., @ 3

Wkh glvfuhwl}dwlrq phwkrg suhvhqwhg deryh ohdgv wr wkh �0vfkhph v|vwhp suhvhqwhg lq wkh htxdwlrq +4;,/ l1h

D +�,xp @ D +� � 4,xp�4 +8:,

zkhuh

xp @

599999999997

xp4
xp5
111
xpl
111

xpQ�6
xpQ�5

6::::::::::8
+8;,

dqg Dp +�, @ Lg. �np �K �E zlwk

K @

5999999999997

4
k4k5

3

3
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1

1 1 1 4
klkl.4

1 1 1
1 1 1

1 1 1 3
3 4

kQ�5kQ�4

6:::::::::::8
+8<,
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E @

5999999999997

5 �5k4
k4.k5

3

�5k6
k5.k6

5 �5k5
k5.k6

1 1 1

3
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1 �5kl.4

kl.kl.4
5 �5kl

kl.kl.4
3

1 1 1
1 1 1

1 1 1 �5kQ�5
kQ�6.kQ�5

3 �5kQ
kQ�5.kQ�4

5

6:::::::::::8
+93,

Wklv odvw pdwul{ frxog eh ghfrpsrvhg dv iroorzv

E @ hE . O +94,

zkhuh

hE @

599999999997

5 �4 3

�4 5 �4
1 1 1

3
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1 �4 5 �4 3

1 1 1
1 1 1

1 1 1 �4
3 �4 5

6::::::::::8
+95,

lv wkh xvxdo pdwul{ ri wkh xqlirup julgv fdvh dqg

O @

599999999997

3 �4 3

��5 3
1 1 1

3
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1

1 1 1 3 3
1 1 1

1 1 1
1 1 1 �Q�5

3 ��Q�4 3

6::::::::::8
+96,

zlwk

�l @
kl.4 � kl
kl . kl.4

+97,

Wkxv/ iru lqvwdqfh/ lq wkh fdvh ri d vsdwldo phvk jlyhq e|

{l @ i

�
l

Q

�
+98,

zlwk dq lqfuhdvlqj ixqfwlrq i 5 F5 +^3> 4` > ^{�> {.`, zh kdyh

�l @
Fl
Q

+99,

zlwk

mFlm �
vxs{5^3>4` mi 33 +{,m
5 lqi{5^3>4` i 3 +{,

+9:,
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Pruhryhu/ zh nqrz wkdw lq wkh iroorzlqj h{suhvvlrq

D +�, @
�
Lg. �np �K � hE�

� ~} �
F+�,

. �np �K � O� ~} �
%+�,

+9;,

doo wkh hljhqydoxhv �l ri wkh wkh �uvw pdwul{ F +�, frxog eh zulwwhq lq wkh iroorzlqj zd|

�l @ 4 . �np�
5
l +9<,

ehfdxvh wkh hljhqydoxhv ri wkh pdwul{ hE duh nqrzq wr eh 7 vlq5
�

l�
Q�4

�
iru l 5 i4> ===> Q � 5j > dqg wkh pdwul{ K

lv gldjrqdo gh�qlwh srvlwlyh vr wkdw wkh hljhqydoxhv ri wkh pdwul{ K � hE duh srvlwlyh dqg frxog eh zulwwhq dv
�5l 1 Wkxv/ wkh pdwul{ F +�, lv dozd|v lqyhuvleoh dqg

nD +�,�F +�,n4 @ n% +�,n4 � 5nppd{
l

���� 4

klkl.4

����pd{
l

����kl.4 � kl
kl . kl.4

���� +:3,

Lw phdqv wkdw

;�> <n3 +�, m ;np ? n3 +�, D +�, lv lqyhuvleoh

Vr/ ;np ? n3 +�,

xp @ D +�,�4D +� � 4,xp�4 +:4,

dqg ���D +�,�4D +� � 4,
���
4

� nD +� � 4,n4
nD +�,n4

� nF +� � 4,n4 . n% +� � 4,n4
nF +�,n4 � n% +�,n4

+:5,

Xvlqj +9<, wkh eljjhvw hljhqydoxh ri wkh pdwul{ F +�, lv d 4 . �np�
5
l� dqg wkh eljjhvw hljhqydoxh ri wkh pdwul{

F +� � 4, lv d 4 . +� � 4,np�5l� zlwk wkh vdph l�= Vr/ vlqfh wkh| dovr jhw wkh vdph hljhqyhfwru zh kdyh

nF +� � 4,n4
nF +�,n4

@
���F +�,�4F +� � 4,

���
4

@

����4 . +� � 4,np�5l�

4 . �np�5l�

����
dqg iru � � 4

5

�4 ?
4 . +� � 4, np�5l�

4 . �np�5l�
? 4

Vr nF+��4,n
4

nF+�,n
4

? 4 dqg vlqfh n% +� � 4,n4 dqg n% +�,n4 duh uhvshfwlyhoh| qhjoljleoh zlwk uhvshfw wrnF +� � 4,n4
dqg nF +�,n4 zkhq n% +�,n4 whqgv wr 3/ zh frxog frqfoxgh wkdw

���D +�,�4D +� � 4,
���
4

� 4 zkhq n% +�,n4 lv

yhu| vpdoo/vr wkdw wkh �0vfkhph ehfrphv vwdeoh1 Ilqdoo|/ zh kdyh wkh iroorzlqj uhvxowv =

Sursrvlwlrq 6 Lq wkh fdvh ri wkh Khdw htxdwlrq/ iru d �0vfkhph zkhuh � � 4
5 > wkh qxphulfdo dojrulwkp suhvhqwhg

deryh lv vwdeoh +vr lv frqyhujhqw, dv vrrq dv

5nppd{
l

���� 4

klkl.4

����pd{
l

����kl.4 � kl
kl . kl.4

���� +:6,

lv vpdoo hqrxjk1

Uhpdun 7 Xvlqj wkh gh�qlwlrqv n @ pd{np/ k @ pd{kl/ u @ pd{ np@ +klkl.4,/ zh uhwu| d vwdelolw| frqglwlrq<

vlplodu wklv ri wkh wkhruhp 41
<Ehfdxvh zh ghgxfh iurp wkh htxdwlrq +:3, wkdw

80 Ew�8
"
< f +:7,
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6 Wkh fdvh ri whpsrudo qrq xqlirup julgv

Lq wkh suhylrxv dqdo|vlv/ wkh julg fdq eh qrq xqlirup lq vsdfh/ lq wlph ru erwk lq vsdfh dqg wlph1 Lq �jxuh
4/ zh kdyh uhsuhvhqwhg vrph h{dpsohv ri qrq xqlirup julgv1 Qhyhuwkhohvv/ wkh julg lq { lv wkh vdph iru hyhu|
ydoxh ri wp1 Lq wklv vhfwlrq/ zh suhvhqw d prgl�fdwlrq ri wkh dojrulwkp lq rughu wr xvh whpsrudo qrq xqlirup
julgv1 Wklv w|sh ri julgv fruuhvsrqgv wr �jxuh 51 Lq wklv fdvh/ zh kdyh wr lqwurgxfh d qhz qrwdwlrq {

+p,
l zklfk

lv wkh l0wk srlqw ri wkh julg dw wlph w @ wp1 Wkh l0wk srlqw {+p,
l lv qrw qhfhvvdulo| wkh l0wk srlqw {+p.4,

l dw wlph
w @ wp.41 Pruhryhu/ wkh qxpehu ri glvfuhwlvdwlrq srlqwv dqg wkh erxqgdulhv frxog fkdqjh zlwk wp1

Iljxuh 4= H{dpsohv ri qrq0xqlirup julgv

Zh mxvw suhvhqw wkh pdlq lghdv wr prgli| wkh suhylrxv dojrulwkp/ exw zh lqylwh wkh uhdghu wr frqvxow
wkh JDXVV frgh wr xqghuvwdqg wkh prgl�fdwlrqv lq d pruh ghdshu zd|1 Iljxuh 6 suhvhqwv wkh judsklfdo
uhsuhvhqwdwlrq ri whpsrudo qrq xqlirup julgv1 Wkh sureohp lv wkdw vrph srlqwv +ru doo srlqwv, ri wkh julg {

+p,
l

frxog qrw frlqflgh zlwk wkh srlqwv ri wkh julg {
+p.4,
l 1 Exw vroylqj wkh htxdwlrq v|vwhp +57, iru {+p.4,

l uhtxluhv

wkh qxphulfdo vroxwlrq ri x
�
wp> {

+p.4,
l

�
dqg qrw ri x

�
wp> {

+p,
l

�
1 Wkh lghd lv wkhq wr chvwlpdwh* wkh ydoxhv ri

x
�
wp> {

+p.4,
l

�
nqrzlqj wkhvh ri x

�
wp> {

+p,
l

�
1 Li zh vxssrvh wkdw wkh vroxwlrq lv uhjxodu/ wklv fdq eh dfklhyhg

e| dq lqwhusrodwlrq phwkrg1 Lq rxu JDXVV frgh/ zh kdyh fkrrvhq d fxelf lqwhusrodwlrq phwkrg1 Wkh qxphulfdo
vroxwlrq dw wp lv wkhq rewdlqhg e| vroylqj wkh iroorzlqj olqhdu v|vwhp

�pxp @ � ^�p�4�xp�4 .�p` . %p +:8,

zkhuh �xp�4 lv qrw wkh qxphulfdo vroxwlrq xp�4 rewdlqhg dw wkh suhylrxv lwhudwlrq/ exw wkh lqwhusrodwhg ydoxhv
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Iljxuh 5= H{dpsohv ri whpsrudo qrq0xqlirup julgv

Iljxuh 6= Wkh sureohp ri whpsrudo qrq0xqlirup julgv
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ri xp�4 iru wkh yhfwru { @ {+p,ri glphqvlrq Q +p,1 Khuh lv wkh lwhudwlyh surfhvv=

x3 �$ �x3 �$ x4 �$ �x4 �$ x5 �$ �x5 �$ = = =
& & & & & &

{+3, {+4, {+4, {+5, {+5, {+6,

Q +3, Q +4, Q +4, Q +5, Q +5, Q +6,

7 Vrph rswlrqv sulflqj h{dpsohv

Lq wklv vhfwlrq/ zh duh jrlqj wr vwxg| vrph sduwlfxodu fdvhv ri rswlrq sulflqj zkhuh zh zloo frpsduh wkh uhvxowv
rewdlqhg zlwk xqlirup julgv dqg qrq xqlirup julgv1

714 Qrq xqlirup julgv jhqhudwlrq

Wr fuhdwh qrq xqlirup julgv/ zh fdq xvh gl�huhqw phwkrgv wr jhqhudwh wkh srlqwv1 Zh suhvhqw qrz wkuhh julg
jhqhudwlrq phwkrgv=

41 Zh qrwh ,4 +{�> {.> Q, wkh xqlirup julg/ wkdw lv

[ =@ i{lj @

�
{� =

+{. � {�,

Q � 4
= {.

�
+:9,

51 Lq wkh vhfrqg julg ,5 +I> {
�> {.> Q,/ zh frqvlghu d suredelolw| ghqvlw| ixqfwlrq I +{,1 Dv lq d vdpsolqj

surfhgxuh/ wkh srlqwv i{lj fruuhvsrqg wr Q uhdol}dwlrqv ri wkh udqgrp yduldeoh zlwk glvwulexwlrq I1 Li zh
frqvlghu d ghwhuplqlvwlf vdpsolqj/ zh kdyh

I +{l,�I +{l�4, @
4

Q
+::,

61 Wkh wklug ,6 +{B> �> {�> {.> Q, xvh d wudqvirupdwlrq zklfk sodfhv wkh srlqwv durxqg d wdujhw {B1 Iru
h{dpsoh/ Wdyhood dqg Udqgdoo ^5333` vxjjhvw wkh iroorzlqj wudqvirupdwlrq=

{l @ {B . � vlqk

�
f5

l

Q
. f4

�
4� l

Q

��
+:;,

zkhuh

f4 @ vlqk�4
�
{� � {B

�

�
f5 @ vlqk�4

�
{. � {B

�

�
+:<,

Dv h{sodlqhg e| Wdyhood dqgUdqgdoo ^5333`/ �wklv wudqvirupdwlrq pdsv wkh lqwhuydo ^3> 4` wr wkh lqwhuydo
^{�> {.` dqg julg srlqwv duh wkhuhiruh frqfhqwudwhg qhdu wkh fulwlfdo srlqw {B�1 � lv d sdudphwhu zklfk
ghwhuplqhv wkh xqliruplw| ri wkh julg1 Li � lv vpdoo/ zh rewdlq d kljko| qrq xqlirup julgv zkhuhdv wkh
julg lv xqlirup iru d kljk ydoxh ri �

Qrwh wkdw zh fdq jhqhudwh rwkhuv qrq xqlirup julgv e| srlqwzlvh frpsrxqg phwkrgv1 Khuh duh vrph
h{dpsohv=

,7 @ d4,4

�
{�> {.> Q

�
. d5,5

�
I> {�> {.> Q

�
. d6,6

�
{B> �> {�> {.> Q

�
,8 @ d4,6

�
{B4> �4> {

�> {.> Q
�
. d5,6

�
{B5> �5> {

�> {.>Q
�

,9 @
s
,4 +{�> {.> Q,,6 +{B> �> {�> {.> Q, +;3,

48



715 Hxurshdq rswlrqv

Zh lqwurgxfh vrph qrwdwlrqv1 V +w, ghqrwhv wkh sulfh ri wkh xqghuo|lqj dvvhw dw wlph w1 Zh dvvxph wkdw wkh
sulfh V +w, lv d jhrphwulf eurzqldq prwlrq xqghu wkh ulvn0qhxwudo suredelolw| T�

gV +w, @ eV +w, gw. �V +w, gZ +w,
V +w3, @ V3

+;4,

zlwk Z +w, d T0Zlhqhu surfhvv/ e wkh frvw0ri0fduu| sdudphwhu dqg � wkh yrodwlolw|1 Ohw xv ghqrwh F +w3> V3, wkh
ydoxh ri dq Hxurshdq fdoo rswlrq zlwk vwulnh N dqg pdwxulw| W 1 F +w3> V3, lv jlyhq e| wkh irupxod ri Eodfn
dqg Vfkrohv ^4<:6`1 Zh pd| vkrz wkdw wkh sulfh lv wkh vroxwlrq ri wkh iroorzlqj SGH� 4

5�
5V5 C5V F +w> V, . eV CV F +w> V, . Cw F +w> V,� uF +w> V, @ 3

F +W> V, @ +V �N,.
+;5,

Zh kdyh vroyhg wklv htxdwlrq zlwk wkuhh julgv=

41 Wkh �uvw julg lv d xqlirup julg>

51 Wkh vhfrqg julg lv edvhg rq wkh lqyhuvlrq ri wkh ghowd juhhn frh!flhqw43 >

61 Wkh wklug rqh fruuhvsrqgv wr wkh Wdyhood0Udqgdoo julgv zlwk {B @ N dqg � @ 51

Wkh sdudphwhuv wdnh wkh iroorzlqj qxphulfdo ydoxhv= N @ 433/ W @ 3=58/ � @ 3=5/ u @ 3=38 dqg e @ 31 Iru wkh
julg jhqhudwlrq/ zh vhw {� @ 83/ {. @ 483/ Q @ 484 dqg P @ 5841 Zh kdyh uhsuhvhqwhg wkh julgv lq �jxuh
71 Iljxuh 8 suhvhqwv wkh qxphulfdo huuruv1 Zh uhpdun wkdw wkh qrq xqlirup julgv jlyh ehwwhu uhvxowv iru wklv
qxphulfdo h{dpsoh1

716 Dphulfdq rswlrqv

Wkh sulflqj ri Dphulfdq rswlrqv lv d sureohp ri vwrsslqj wlph1 Wkh h{huflvh ri dq Dphulfdq rswlrq dw wlph �
surfxuhv iru wkh kroghu d sd|r� ( +�> V +�,,1 Wkh sd|r� ixqfwlrq ( lv frqwlqxrxv dqg qrqqhjdwlyh1 Wkh rswlrq
lv lvvxhg dw wlph w3 @ 3 dqg wkh h{sludwlrq gdwh lv W 1 Wkh qr duelwudjh dujxphqw lpso| wkdw wkh sulfh ri dq
Dphulfdq rswlrq F +w> V +w,, yhul�hv dw hdfk wlph w

F +w> V +w,, � ( +w> V +w,, +;6,

Wkh vwrsslqj uhjlrq lv wkhuhiruh gh�qhg dv

G @ i+w> V +w,, 5 ^3> W `�UV m F +w> V +w,, @ ( +w> V +w,,j +;7,

Wkh frqwlqxdwlrq uhjlrq lv wkh frpsohphqw ri G lq ^3> W `�UV

F @ i+w> V +w,, 5 ^3> W `�UV m F +w> V +w,, A ( +w> V +w,,j +;8,

Wkh vwrsslqj erxqgdu| lv wkh iurqwlhu CF � G ri F h{suhvvhg lq whupv ri wkh xqghuo|lqj dvvhw1 Wkh rswlpdo
vwrsslqj wlph lv wkh �uvw wlph wkh xqghuo|lqj dvvhw uhdfkhv wkh vwrsslqj erxqgdu|1 Lw lv wkxv gh�qhg e|

�� @ lqi i� 5 ^w> W ` m F +�> V +�,, @ ( +�> V +�,,j
@ lqi i� 5 ^w> W ` m +�> V +�,, 5 Gj +;9,

Wkh Dphulfdq fdoo sulfh lv wkh vroxwlrq ri d yduldwlrqdo lqhtxdolwlhv sureohp=� �
4
5�

5V5 C5V F +w> V, . eV CV F +w> V, . Cw F +w> V,� uF +w> V,
�
+F +w> V,� ( +�> V,, � 3

F +W> V, @ ( +�> V, @ +V �N,.
+;:,

43Qrwh wkdw wkh ghowd ri wkh fdoo rswlrq vfdohg e| eEK3o�� lv d suredelolw| glvwulexwlrq1
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Iljxuh 7= Julgv ri wkh Hxurshdq fdoo h{dpsoh

Iljxuh 8= Qxphulfdo huuruv iru wkh Hxurshdq fdoo h{dpsoh

4:



Zh frqvlghu wkh suhylrxv h{dpsoh zlwk wkh vdph sdudphwhuv44 dqg zh xvh d irxuwk julg zklfk lv d voljkw
prgl�fdwlrq ri wkh wklug julg � {B lv qrw htxdo wr wkh vwulnh/ exw fruuhvsrqgv wr wkh ydoxh 4431 Iljxuh 9
uhsuhvhqwv wkh vwrsslqj uhjlrq G @ i+w> V +w,, 5 ^3> W `�UV m V +w, @ VBj1 Zh uhpdun wkdw qrq xqlirup julgv
jlyh d pruh vprrwkhg vwrsslqj iurqwlhu1

Iljxuh 9= Vwrsslqj uhjlrq ri wkh Dphulfdq fdoo h{dpsoh

717 Elqdu| dqg Eduulhu rswlrqv

Zh frqvlghu qrz wkh fdvh ri h{rwlf rswlrqv/ dqg lq sduwlfxodu elqdu| dqg eduulhu rswlrqv1 Zh xvh wkh suhylrxv
h{dpsoh ri wkh Hxurshdq rswlrq/ exw zh fkdqjh qrz wkh sd|r� ixqfwlrq1 Lq wkh fdvh ri wkh Elqdu| rswlrq/ wkh
sd|r� lv "^V+W ,�N`1 Zh kdyh xvhg wkh Wdyhood0Uhqgdoo julgv zlwk {B @ N dqg gl�huhqw ydoxhv ri �1 Zkhq � lv
htxdo wr 533/ wkh julg lv doprvw xqlirup1

Zh wkhq frqvlghu dq Xs0dqg0Rxw fdoo rswlrq +XRF, zlwk d eduulhu O htxdo wr 443 dqg vdph sdudphwhuv1 Iru
wkh qrq xqlirup julg/ zh xvh wkh suhylrxv Wdyhood0Uhqgdoo julg exw zlwk {B @ O1 Zh frqvlghu dovr d whpsrudo
qrq xqlirup julg gh�qhg dv iroorzv , @ ,6 +{B +w, > � +w, > {�> {.> Q, zlwk

� {B +w, @ O dqg � +w, @ 533 iru w 5 �
3> 46W

�
>

� {B +w, @ O dqg � +w, @ 53 iru w 5 �
4
6W>

5
6W

�
>

� dqg {B +w, @ N dqg � +w, @ 5 iru w 5 �
5
6W> W

�
1

44Krzhyhu/ zh vhw %3 ' Df/ %n ' 2ff/ � ' 2D� dqg � ' Df�1

4;



Wkdqnv wr irupxodv surylghg e| Uxelqvwhlq dqg Uhlqhu ^4<<4`/ zh kdyh frpsxwhg wkh devroxwh huuru iru
wkh sulfh dqg wkh juhhnv1 Iljxuh ; fruuhvsrqgv wr wkh elqdu| rswlrq/ zkhuhdv wkh huuruv iru wkh eduulhu rswlrq
duh vkrzq lq �jxuh :1 Zh uhpdun wkdw qrq xqlirup julgv pd| jlyh ehwwhu uhvxowv wkdq xqlirup julgv1 Pruhryhu/
lw dsshduv lq wkh fdvh ri wkh eduulhu rswlrq wkdw xvlqj d whpsrudo julg fdq lpsuryh wkh uhvxowv1

Iljxuh := Qxphulfdo huuruv iru wkh Elqdu| fdoo h{dpsoh

8 Zkhq qrq xqlirup julgv gr qrw zrunB

Zh kdyh vkrzq wkdw zh frxog rewdlq ehwwhu uhvxowv zlwk d qrq xqlirup julgv1 Krzhyhu/ li zh dqdo|vh wkh vwdelolw|
htxdwlrq +BB,/ zh uhpdun wkdw wkh h{suhvvlrq ri wkh phvk udwlr lv

u4 @ pd{
np
k5l

+;;,

Lq wkh fdvh ri xqlirup julgv zlwk phvk vsdflqjv n dqg k/ u5 lv htxdo wr nk�51 Zlwk wkh vdph qxpehu ri
glvfuhwl}dwlrq srlqwv/ lw frphv qhfhvvdulo| wkdw u4 A u51 Dqg lq vrph fdvhv/ wkh qrq xqlirup phvk udwlr fdq eh
yhu| odujh1 Zh fdq wkhq idfh wr vrph vwdelolw| sureohpv1 Zh kdyh looxvwudwhg wkhp lq �jxuhv < dqg 431 Lq �jxuh
</ zh xvh wkh suhylrxv h{dpsoh ri sulflqj dq Hxurshdq fdoo rswlrq erwk zlwk d xqlirup julg dqg d qrq xqlirup
julg edvhg rq wkh Wdyhood0Udqgdoo phwkrg dqg mxvw prgli| wkh qxpehu Q ri srlqwv lq vsdfh1 Zh revhuyh d
sureohp zkhq wkh sulfh V lv forvh wr wkh vwulnh N lq wkh fdvh ri wkh qrq xqlirup julgv1 Wklv vwdelolw| sureohp
kdv d elj lpsdfw rq wkh frpsxwdwlrq ri wkh juhhnv1 Lw fdq eh h{sodlqhg e| wkh idfw wkdw npk�5l lv yhu| odujh lq
wklv uhjlrq zkhq Q lv lpsruwdqw1 Iljxuh 43 uhsuhvhqwv wkh hyroxwlrq ri wkh phvk udwlr zlwk uhvshfw wr Q li wkh
rwkhu sdudphwhuv duh jlyhq45 1 Wkh gl�huhqfh ehwzhhq xqlirup dqg qrq xqlirup phvk udwlrv fdq eh yhu| kxjh1

45Zh kdyh wdnhq |3 ' f/ |n ' �/ � ' D�/ %3 ' Df dqg %n ' �Df1 Wkh julg lv wkh Wdyhood0Uhqgdoo*v rqh zlwk %
 ' �ff1

4<



Iljxuh ;= Qxphulfdo huuruv iru wkh Eduulhu fdoo h{dpsoh

Iljxuh <= Qxphulfdo huuruv zkhq zh lqfuhdvh wkh glvfuhwl}dwlrq qxpehu iru wkh vsdfh
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Iljxuh 43= Phvk udwlr ri xqlirup julgv yhuvxv qrq0xqlirup julgv

9 Frqfoxvlrq

Lq wklv sdshu/ zh kdyh sursrvhg wkh xvh ri qrq xqlirup julgv wr vroyh SGH sureohpv lq �qdqfh1 Zh kdyh ghulyhg
wkh �0vfkhph dojrulwkp dqg zh kdyh frqvlghuhg lwv vwdelolw| dqg frqvlvwhqf|1 Pruhryhu/ zh kdyh srylghg vrph
h{dpsohv zkr vkrz wkh lqwhuhvw ri vxfk phwkrgv1 Krzhyhu/ zh pxvw eh fduhixo zlwk wkhvh phwkrgv zkhq wkh
qxpehu ri glvfuhwl}dwlrq srlqwv lv kljk ehfdxvh wkh| pd| surgxfh vljql�fdqw huuruv1

Wkh pdlq dgydqwdjh ri qrq xqlirup julgv lq �qdqfh lv wkdw zh fdq rewdlq ehwwhu uhvxowv zkhq wkh qxpehu ri
glvfuhwl}dwlrq srlqwv lv orz1 Lw lv yhu| lqwhuhvwlqj lq ydoxh0dw0ulvn dssolfdwlrqv1 Wr frpsxwh YdU zlwk ghulydwlyhv/
zh kdyh wr uhydoxh wkh pdun0wr0pdunhw ri wkh sruwirolr1 Ehfdxvh lw lv wlph frqvxplqj +zkhq wkh ydoxdwlrq lv
grqh e| vroylqj SGHv, dqg zh gr qrw qhhw juhhnv/ zh fdq xvh d qxpehu ri glvfuhwl}dwlrq srlqwv vpdoohu wkdq
wkh rqh xvhg e| wkh wudghu1 Qrq xqlirup julgv fdq wkhq eh xvhixo iru wkdw1

Lq wklv sdshu/ zh kdyh xvhg cqdlyh* qrq xqlirup julgv1 Krzhyhu/ lw zrxog eh lqwhuhvwlqj wr ghwhuplqh crswlpdo*
julgv1 Iru h{dpsoh/ lq wkh fdvh ri Eduulhu rswlrqv/ zh fdq frqfhqwudwh julg srlqwv qhdu wkh vwulnhN ru wkh eduulhu
O ru wkh sulfh ri wkh dvvhw V31 Zh fdq dovr frqvwuxfw wkh julg e| pl{wxuhv ri wkh wkuhh julgv1 Zh kdyh

d4,6

�
N>�4> V

�> V.> Q
�
. d5,6

�
O>�5> V

�> V.> Q
�
. d6,6

�
V3> �6> V

�> V.> Q
�

+;<,

zlwk d4 . d5 . d6 @ 41 Lw zrxog eh lqwhuhvwlqj wr kdyh dq lghd derxw wkh rswlpdo ydoxhv ri d4/ d5 dqg d6 dqg
�4/ �5 dqg �6 ri zklfk plqlpl}h wkh fulwhulrq +x +w3> V3,�F +w3> V3,,

5 zkhuh F +w3> V3, lv wkh wuxh ydoxh1 Dqg
zh fdq frpsolfdwh wkh sureohp e| dvvxplqj wkdw wkh d*v dqg �*v duh wlph0ghshqghqw1 Dqrwkhu h{dpsoh lv wkh
Gxsluh prgho zklfk lv frpsxwdwlrqdo lqwhqvlyh1 Vroylqj wkh SGH ri Gxsluh ^4<<7` uhtxluhv wr fdoleudwh wkh
yrodwlolw| vxuidfh �5 +�>N, lq hdfk srlqwv ri wkh julg1 Ehfdxvh wkh wlph ri frpsxwdwlrq fdq wkhq eh orqj46/ zh

46 Lq idfw/ lw qhyhu h{fhhgv ihz vhfrqgv/ zklfk lv d �orqj� wlph zkhq zh kdyh wr uhydoxh d sruwirolr zlwk wkrxvdqgv ri surgxfwv1
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fdq vxjjhvw wr xvh d qrq xqlirup julg1 Wkh sureohp lv zkdw julg wr xvh1 Shukdsv/ wkh crswlpdo* julg lv qrw
qhfhvvdulo| wkh vdph dv iru wkh Uxelqvwhlq0Uhlqhu prgho1

Ehfdxvh wkh julgv duh ghwhuplqhg h{ dqwh/ lw zrxog eh dovr lqwhuhvwlqj wr kdyh d �udwlrqdo� surfhgxuh zklfk
jhqhudwhv wkh julg ghshqglqj rq wkh sd|r� ixqfwlrq1 Zh ohdyh wklv ghyhorsphqw iru odwhu zrunv1

Uhihuhqfhv

^4` Eodfn/ I1 dqg P1 Vfkrohv ^4<:6`/ Wkh sulflqj ri rswlrqv dqg frusrudwh oldelolwlhv/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ ;4/ 96:098<

^5` Erghdx/ M1/ J1 Ulerxohw dqg W1 Urqfdool ^5333`/ D JDXVV lpsohphqwdwlrq ri qrq xqlirup julgv iru
sgh � wkh SGH oleudu|/ Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ Fuìglw O|rqqdlv

^6` Gh Erru/ F1 ^4<:;`/ D Sudwlfdo Jxlgh wr Vsolqhv/ Dssolhg Pdwkhpdwlfdo Vflhqfhv/ 5:/ Vsulqjhu0Yhuodj/
Qhz \run

^7` Gxsluh/ E1 ^4<<7`/ Sulflqj zlwk d vploh/ Ulvn Pdjd}lqh/ :04/ 4;053

^8` Nxuslho/ D1 dqg W1 Urqfdool ^4<<<`/ Krsvfrwfk phwkrgv iru wzr0vwdwh �qdqfldo prghov/ Mrxuqdo ri
Frpsxwdwlrqdo Ilqdqfh/ 605/ 860;<

^9` Uxelqvwhlq/ P1H1 dqg H1 Uhlqhu ^4<<4`/ Euhdnlqj grzq wkh eduulhuv/ Ulvn Pdjd}lqh/ 70;/ 5;068

^:` Vklnlq/ H1Y1 dqg D1L1 Solv ^4<<8`/ Kdqgerrn rq Vsolqhv +iru wkh Xvhu,/ FUF Suhvv/ Erfd Udwrq

^;` Vwrhu/ M1 dqg U1 Exoluvfk ^4<<6`/ Lqwurgxfwlrq wr Qxphulfdo Dqdo|vlv/ Wh{wv lq Dssolhg Pdwkhpdwlfv/
45/ Vsulqjhu0Yhuodj/ Qhz \run

^<` Wdyhood/ G1 dqg F1 Udqgdoo ^5333`/ Sulflqj Ilqdqfldo Lqvwuxphqwv � Wkh Ilqlwh Gl�huhqfh Phwkrg/
Zloh| Vhulhv Lq Ilqdqfldo Hqjlqhhulqj/ Mrkq Zloh| ) Vrqv/ Qhz \run

^43` Wkrpìh/ Y1 ^4<<3`/ Ilqlwh gl�huhqfh phwkrgv iru olqhdu sduderolf htxdwlrqv/ lq S1J1 Flduohw dqg M1O1 Olrqv
+hgv,/ Kdqgerrn ri Qxphulfdo Dqdo|vlv � Yroxph L/ Qruwk0Kroodqg/ 804<9

D Fxelf vsolqh lqwhusrodwlrq

Zh iroorz wkh suhvhqwdwlrq ri Vklnlq dqg Solv ^4<<8`1 Ohw wkh lqwhuydo ^d> e` zlwk wkh julg ' gh�qhg e|

d @ {3 ? {4 ? � � � ? {q @ e +<3,

Gh�qlwlrq 8 D fxelf vsolqh V' +{, rq ' lv d uhdo ixqfwlrq zlwk wkh surshuwlhv=

41 V' +{, 5 F5 ^d> e`>

51 V' +{, lv d sro|qrpldo ri rughu 6 rq hyhu| vhjphqw 'l @ ^{l> {l.4`

V' +{, @ Vl +{, @ �l . �l +{� {l, . �l +{� {l,
5 . �l +{� {l,

6 +<4,

Lq wkh lqwhusrodwlrq sureohp/ zh dvvxph wkdw wkh fxelf vsolqh*v judsk sdvvhv wkurxjk wkh srlqwv +{l> |l,1 Zh
frxog vkrz wkdw +Vwrhu dqg Exoluvfk ^4<<6`,

�l @ |l

�l @

�
|l.4 � |l
kl.4

�
� kl.4

�V33l.4 +{l.4, . 5V 33l +{l,
9

�
�l @

4

5
V 33l +{l,

�l @
V33l.4 +{l.4,� V33l +{l,

9kl.4
+<5,
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zlwk kl @ {l � {l.41 Lq rughu wr ghwhuplqh wkh frh!flhqwv ri wkh sro|qrpldov/ zh qhhg wzr pruh uhvwulfwlrqv/
zklfk duh jhqhudoo| edvhg rq erxqgdu| frqglwlrqv1 Iru h{dpsoh/ zh frxog xvh wkhvh wzr hqg frqglwlrqv=

� Hqg frqglwlrqv ri wkh �uvw w|sh � V 3' +{3, @ |33
V 3' +{q, @ |3q

+<6,

� Hqg frqglwlrqv ri wkh vhfrqg w|sh � V33' +{3, @ 3
V33' +{q, @ 3

+<7,

Ohw xv gh�qh wkh iroorzlqj vfdoduv

�l @
kl.4

kl.4 . kl
�l @ 4� �l

�l @
9

kl.4 . kl

�
|l.4 � |l
kl.4

� |l � |l�4
kl

�
+<8,

Wkh fxelf vsolqh lqwhusrodwlrq uhtxluhv dovr wr vroyh wkh v|vwhp ri wkh irup;?=
5}3 . �B3}4 @ �B3
�l}l�4 . 5}l . �l}l.4 @ �l l @ 4> 5> = = = > q� 4
�Bq}q�4 . 5}q @ �Bq

zlwk }l =@ V33l +{l,1 Lq wkh fdvh ri wkh vhfrqg w|sh/ zh kdyh �B3 @ �B3 @ �Bq @ �Bq @ 31 Iru wkh �uvw fdvh/ zh
kdyh �B3 @ �Bq @ 4/ �B3 @ 9k�44

�
k�44 +|4 � |3,� |33

�
dqg �Bq @ 9k�4q

�
|3q � k�4q +|q � |q�4,

�
1 Vroylqj wkh suhylrxv

v|vwhp ohdg xv wr �qg wkh ydoxhv ri �l/ �l/ �l dqg �l wkdqnv wr wkh htxdwlrqv +<5,1

E JDXVV lpsohphqwdwlrq

SGH lv d JDXVV lpsohphqwdwlrq ri wkh phwkrgv ghvfulehg lq wklv sdshu1 Wkh oleudu| dqg lwv pdqxdo +Erghdx/
Ulerxohw dqg Urqfdool ^5333`, fdq eh grzqordghg dw wkh iroorzlqj xuo=

kwws=22zzz1jur1fuhglwo|rqqdlv1iu
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