
Krz wr jhw erxqgv iru glvwulexwlrq frqyroxwlrqvB
D vlpxodwlrq vwxg| dqg dq dssolfdwlrq wr ulvn pdqdjhphqw

Y1 Gxuuohpdq/ D1 Qlnhjkedol ) W1 UrqfdoolW

Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh
Fuìglw O|rqqdlv

Iudqfh

Vhswhpehu 43/ 5333

Devwudfw

Lq wklv sdshu/ zh frqvlghu wkh sureohp ri erxqgv iru glvwulexwlrq frqyroxwlrqv dqg zh suhvhqw vrph
dssolfdwlrqv wr ulvn pdqdjhphqw1 Zh vkrz wkdw wkh xsshu Iuìfkhw erxqg lv qrw dozd|v wkh pruh ulvn|
ghshqghqfh vwuxfwxuh1 Lw lv lq frqwudglfwlrq zlwk wkh eholhi lq �qdqfh wkdw pd{lpdo ulvn fruuhvsrqg wr wkh
fdvh zkhuh wkh udqgrp yduldeohv duh frprqrwrqlf1

4 Lqwurgxfwlrq

Zh frqvlghu khuh wzr sureohpv dssolhg wr �qdqfh1 Wkh �uvw rqh lv wkh Nroprjrury sureohp dqg zh vkrz krz
Pdndury lqhtxdolwlhv frxog eh xvhg lq ulvn pdqdjhphqw1 Wkh vhfrqg rqh lv edvhg rq wkh Ndqwrurylfk glvwdqfh
ehwzhhq wzr glvwulexwlrqv1 Iru wklv wzr sureohp/ zh vkrz wkdw pd{lpdo ulvn grhv qrw fruuhvsrqg wr wkh fdvh
zkhuh wkh udqgrp yduldeohv duh frprqrwrqlf1

5 Glvwulexwlrq frqyroxwlrqv dqg Pdndury lqhtxdolwlhv

Lq wklv vhfwlrq/ zh dsso| wkh Pdndury lqhtxdolwlhv wr ulvn djjuhjdwlrq1

514 Wkh wuldqjoh ixqfwlrqv dqg j�rshudwlrqv

Zh qrwh �. wkh vsdfh ri suredelolw| glvwulexwlrq ixqfwlrqv zkrvh vxssruw lv frqwdlqhg lq U.1 Vfkzhl}hu
^4<<4` jlyhv wkh iroorzlqj gh�qlwlrq iru d wuldqjoh ixqfwlrq=

Gh�qlwlrq 4 Jlyhq d ixqfwlrq � = �. ��. �$ �./ � lv d wuldqjoh ixqfwlrq li lw vdwlv�hv4

41 � +I> %3, @ I>

51 � +I4>I5, @ � +I5>I4,>

WFruuhvsrqglqj dxwkru= Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ Ehuf|0H{sr � Lpphxeoh Ehuf| Vxg � 7
i ìwdjh/ <3 txdl gh Ehuf|
� :8946 Sdulv Fhgh{ 45 � Iudqfh> H0pdlo dguhvv= wklhuu|1urqfdoolCfuhglwo|rqqdlv1iu

4
0f lv wkh xqlw vwhs0ixqfwlrq

0f E%� '

�
f li % $ f
� li % : f

+4,

4



61 � +I4>I5, � � +J4>J5, zkhqhyhu I4 +{, � J4 +{, dqg I5 +{, � J5 +{, iru { 5 U.>

71 � +� +I4>I5, >I6, @ � +I4> � +I5>I6,,>

Vfkzhl}hu dqg Vnodu ^4<;6` gh�qh dovr d suredelolvwlf phwulf vsdfh dv wkh rughuhg wulsoh +V>x/�, zkhuh
V lv d vhw/ x lv d pdsslqj iurp V �V lqwr �. dqg � d wuldqjoh ixqfwlrq1 Vfkzhl}hu ^4<<4` grhv wkh iroorzlqj
lqwhusuhwdwlrq=

Lq vkruw/ suredelolvwlf phwulf vsdfhv duh jhqhudol}dwlrqv ri ruglqdu| phwulf vsdfhv lq zklfk U. lv
uhsodfhg e| wkh vhw �. dqg wkh rshudwlrq ri dgglwlrq rq U. lv uhsodfhg e| d wuldqjoh ixqfwlrq1

Wzr wuldqjoh ixqfwlrqv sod| d vshfldo uroh1 Ohw E eh wkh fodvv ri Eruho0phdvxudeoh wzr sodfh ixqfwlrqv1 Ohw
[4 dqg [5 eh wzr udqgrp yduldeohv zlwk glvwulexwlrqv I4 dqg I51 Zh wkhq frqvlghu wkh udqgrp yduldeoh
[ @ O +[4> [5, zlwk glvwulexwlrq J dqg O 5 E1 Wkh vxsuhpdo frqyroxwlrq �F>O +I4>I5, lv

�F>O +I4>I5, +{, @ vxs
O+{4>{5,@{

F +I4 +{4, >I5 +{5,, +5,

zkhuhdv wkh lq�pdo frqyroxwlrq �F>O +I4>I5, fruuhvsrqgv wr

�
F>O +I4>I5, +{, @ lqi

O+{4>{5,@{

�F +I4 +{4, >I5 +{5,, +6,

zlwk �F wkh gxdo ri wkh frsxod F1 Dqrwkhu lpsruwdqw ixqfwlrq lv wkh ��frqyroxwlrq +Iudqn ^4<<4`, gh�qhg e|

�F>O +I4>I5, +{, @

]
O+{4>{5,?{

gF +I4 +{4, >I5 +{5,, +7,

Lq jhqhudo/ zh kdyh

�F�>O +I4>I5, � �F>O +I4>I5, � �F>O +I4>I5, � �
F>O +I4>I5, � �

F�>O +I4>I5, +8,

515 Wkh ghshqghqf| erxqgv

Ghshqghqf| erxqgv duh uhodwhg wr d Nroprjrury*v sureohp +Pdndury ^4<;4`,= �qg glvwulexwlrq ixqfwlrq Jb

dqg Ja vxfk wkdw iru doo { lq U/ Jb +{, @ lqi Su i[4 .[5 ? {j dqg Ja +{, @ vxsSu i[4 .[5 ? {j zkhuh
wkh lq�pxp dqg vxsuhpxp duh wdnhq ryhu doo srvvleoh mrlqw glvwulexwlrq ixqfwlrqv kdylqj pdujlqv I4 dqg I51
Wkh vroxwlrq lv wkhq Jb @ �F�>. +I4>I5, dqg Ja @ �F�>. +I4>I5,1

Wklv vroxwlrq kdv d orqj klvwru| +vhh wkh vhfwlrq hljkw ri Vfkzhl}hu ^4<<4`,1 Qrwh wkdw lw krogv hyhq iru qrq
srvlwlyh udqgrp yduldeohv dqg pruhryhu wkhvh erxqgv fdqqrw eh lpsuryhg +Iudqn/ Qhovhq dqg Vfkzhl}hu
^4<;:`,1 Zlooldpvrq ^4<;<` h{whqgv wklv uhvxow zkhq F� ! F dqg O ghqrwhv wkh irxu dulwkphwlf rshudwruv +./
�/ � dqg �,1

Wkhruhp 5 Ohw [4 dqg [5 eh wzr srvlwlyh udqgrp yduldeohv zlwk glvwulexwlrqv I4 dqg I5 dqg ghshqghqfh
vwuxfwxuh F vxfk wkdw F� ! F1 Wkhq/ wkh glvwulexwlrq J ri [ @ O +[4> [5, lv frqwdlqhg zlwklq wkh erxqgv
Jb +{,� J +{, � Ja +{, zlwk Jb +{, @ �F�>O +I4>I5, +{, dqg Ja +{, @ �F�>O +I4>I5, +{,1 Wkhvh erxqgv
duh wkh srlqwzlvh ehvw srvvleoh1

Zlooldpvrq dqg Grzqv ^4<<3` uhpdun wkdw nqrzlqj d wljkwhu orzhu erxqg wkdq wkh orzhu Iuìfkhw erxqg
+F� ! F� ! F, surylgh wljkwhu erxqgv Jb dqg Ja/ exw nqrzlqj d wljkwhu xsshu erxqg wkdq wkh xsshu
Iuìfkhw erxqg +F ! F. ! F., kdv fxulrxvo| qr h�hfw rq wkh ghshqghqf| erxqgv$
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516 Gxdolw| ri lq�pdo dqg vxsuhpdo frqyroxwlrqv

Ohw I eh d glvwulexwlrq1 Zh qrwh I+�4, wkh lqyhuvh ri I/ wkdw lv I+�4, +x, @ vxs i{ m I +{, ? xj1 Iudqn dqg

Vfkzhl}hu ^4<:<` vkrz wkhq wkdw �F>O +I4>I5, @ ��
+�4,
F>O

�
I
+�4,
4 >I

+�4,
5

�
dqg �F>O +I4>I5, @ ��

+�4,
F>O

�
I
+�4,
4 >I

+�4,
5

�
zlwk

��F>O
�
I
+�4,
4 >I

+�4,
5

�
+x, @ lqi

F+x4>x5,@x
O
�
I
+�4,
4 +x4, >I

+�4,
5 +x5,

�
+9,

dqg

��
F>O

�
I
+�4,
4 >I

+�4,
5

�
+x, @ vxs

�F+x4>x5,@x

O
�
I
+�4,
4 +x4, >I

+�4,
5 +x5,

�
+:,

Zlooldpvrq dqg Grzqv ^4<<3` ghulyh wkhq qxphulfdo dojrulwkpv wr frpsxwh wkh ghshqghqf| erxqgv Jb dqg
Ja1 Iru h{dpsoh/ li F� @ F� dqg O lv wkh rshudwlrq ./ zh kdyh

J
+�4,
b +x, @ lqi

pd{+x4.x5�4>3,@x
I
+�4,
4 +x4, .I

+�4,
5 +x5,

@ lqi
y5^x>4`

I
+�4,
4 +y, .I

+�4,
5 +x� y . 4, +;,

dqg

J
+�4,
a +x, @ vxs

plq+x4.x5>4,@x

I
+�4,
4 +x4, .I

+�4,
5 +x5,

@ vxs
y5^3>x`

I
+�4,
4 +y, .I

+�4,
5 +x� y, +<,

517 Vrph vlpxodwlrqv

Iudqn/ Qhovhq dqg Vfkzhl}hu ^4<;:` ghulyh dqdo|wlfdo h{suhvvlrqv ri wkh ghshqghqf| erxqgv lq wkh fdvh ri
jdxvvldq/ Fdxfk| dqg h{srqhqwldo glvwulexwlrqv zkhq F� @ F� dqg O lv wkh rshudwlrq .1 Zh suhvhqw qrz
vrph vlpxodwlrqv edvhg rq wkh qxphulfdo dojrulwkpv ri Zlooldpvrq dqg Grzqv ^4<<3`1

Zh frqvlghu wkh h{dpsoh zkhq [4 dqg [5 duh wzr jdxvvldq glvwulexwlrqv Q +�4> �4, dqg Q +�5> �5,1 Li wkh
ghshqghqfh vwuxfwxuh lv Qrupdo zlwk sdudphwhu �/ lw frphv wkdw wkh glvwulexwlrq J ri [4 . [5 lv jdxvvldq
dqg zh kdyh J @ Q

�
�4 . �5>

s
�54 . 5��4�5 . �55

�
1 Wkh orzhu dqg xsshu ghshqghqf| erxqgv duh jlyhq e|

htxdwlrqv +;, dqg +<, zkhq F� @ F�1 Li F� @ FB/ Jb dqg Ja ehfrphv

J
+�4,
b +x, @ lqi

y5^3>4`
I
+�4,
4 +y, .I

+�4,
5

�x
y

�
+43,

dqg

J
+�4,
a +x, @ vxs

y5^3>4`

I
+�4,
4 +y, .I

+�4,
5

�
x� y

4� y

�
+44,

Lq wkh fdvh zkhuh F� @ F./ zh rewdlq wkh iroorzlqj uhvxowv

J
+�4,
b +x, @ lqi

plq+x4>x5,@x
I
+�4,
4 +x4, .I

+�4,
5 +x5,

@ vxs
pd{+x4>x5,@x

I
+�4,
4 +x4, .I

+�4,
5 +x5,

@ vxs
x4.x5�plq+x4>x5,@x

I
+�4,
4 +x4, .I

+�4,
5 +x5,

@ J
+�4,
a +x, +45,
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Zh kdyh uhsruwhg lq wkh �jxuh 4 wkh ghshqghqf| erxqgv zkhq �4 @ 4/ �5 @ 5/ �4 @ 5 dqg �5 @ 4 lq wkh fdvh
F� @ F�1 Pruhryhu/ zh kdyh uhsuhvhqwhg wkh glvwulexwlrq J zkhq wkh ghshqghqfh vwuxfwxuh lv uhvshfwlyho|
F�/ FB dqg F.1 Wkh �jxuh 5 vkrzv wkh lpsdfw ri d wljkwhu orzhu frsxod erxqg +F� @ FB,1 Ilqdoo|/ zh
frqvlghu wkh lq xhqfh ri wkh vwdqgdug huuru +�4 @ �5 @ �, lq wkh �jxuh 6 � wkh vrolg olqhv fruuhvsrqg wr wkh
fdvh F� @ F� zkhuhdv wkh gdvkhg olqh fruuhvsrqg wr wkh fdvh F� @ FB1

Iljxuh 4= Ghshqghqf| erxqgv iru wzr jdxvvldq pdujlqv

Zh vxssrvh qrz wkdw wkh pdujlqv duh vwxghqw w� zlwk � ghjuhhv ri iuhhgrp1 Qrwh wkdw wkh olplw glvwulexwlrq
zkhq � lv .4 lv wkh vwdqgdugl}hg qrupdo glvwulexwlrq1 Lq wkh �jxuh 7/ zh kdyh uhsuhvhqwhg wkh ghshqghqf|
erxqgv zkhq � lv uhvshfwlyho| 5 +gdvkhg olqhv, dqg .4 +vrolg olqhv,1 Zh uhpdun fohduo| wkh lpsdfw ri wkh idw
wdlov rq Jb dqg Ja1

518 Ilqdqfldo dssolfdwlrqv

51814 D �uvw looxvwudwlrq

Hpeuhfkwv/ PfQhlo dqg Vwudxpdqq ^4<<<` dsso| wkh suhylrxv uhvxowv ri ghshqghqf| erxqgv rq wkh djjuh0
jdwlrq sureohp ri ydoxh0dw0ulvn1 Wkh| kljkoljkw wkh iroorzlqj idoodf|=

Wkh zruvw fdvh YdU iru d olqhdu sruwirolr [4.[5 rffxuv zkhq wkh Shduvrq fruuhodwlrq
� +[4> [5, lv pd{lpdo/ l1h1 [4 dqg [5 duh frprqrwrqlf1

Wkh ydoxh0dw0ulvn lv d phdvxuh ri hfrqrplf fdslwdo zklfk fruuhvsrqgv wr wkh � txdqwloh ri wkh +srwhqwldo, orvv
glvwulexwlrq I=

YdU� +[, @ I�4 +�, +46,

Xvlqj wkh gxdolw| wkhruhp/ zh frxog wkhq vkrz wkdw wkh fruuhvsrqglqj ghshqghqf| erxqgv duh

J
+�4,
a +�, � YdU� +[4 .[5, � J

+�4,
b +�, +47,

7



Iljxuh 5= Lpsdfw ri d srvlwlyh txdgudqw ghshqghqfh +F " FB, rq wkh ghshqghqf| erxqgv

Iljxuh 6= Lpsdfw ri � rq wkh ghshqghqf| erxqgv

8



Iljxuh 7= Ghshqghqf| erxqgv iru wzr vwxghqw pdujlqv

zkhuhJ+�4,
a dqgJ

+�4,
b duh jlyhq e| htxdwlrqv +;, dqg +<,1 Dv qrwhg e| Hpeuhfkwv/PfQhlo dqg Vwudxpdqq

^4<<<`/ wkhvh erxqgv duh ehvw0srvvleoh1

Hpeuhfkwv/ PfQhlo dqg Vwudxpdqq ^4<<<` frqvlghu wkh h{dpsoh zkhuh wkh udqgrp yduldeohv ri wkh
orvvhv duh wzr Jdppd glvwulexwlrq zlwk sdudphwhu htxdo wr 61 Wkh| frpsduh wkh ghshqghqf| erxqgv ri wkh
djjuhjdwhg YdU zlwk YdU frpsxwhg xqghu wkh k|srwkhvlv ri frprqrwrqlflw| � I�4 +�, @ I�44 +�,.I�45 +�,�
dqg lqghshqghqfh � { @ I�4 +�, lv wkhq frpsxwhg xvlqj d qxphulfdo surfhgxuh wr vroyh wkh qrq0olqhdu htxdwlrq
�FB>. +I4>I5, +{, @ �1 Zh kdyh uhsurgxfhg wkhlu uhvxowv lq wkh �jxuh 81 Zh uhpdun wkdw wkh pd{lpdo ydoxh ri

YdU� +[4 .[5,/ l1h1 wkh ydoxh wdnhq e| J
+�4,
b +�,/ frxog eh frqvlghudeo| odujhu wkdq wkh fruuhvsrqglqj ydoxh

zkhq F @ F.1 Hpeuhfkwv/ PfQhlo dqg Vwudxpdqq ^4<<<` frqfoxgh wkdw �wklv lv qrw vxusulvlqj vlqfh zh
nqrz wkdw YdU lv qrw d vxedgglwlyh ulvn phdvxuh +Duw}qhu/ Ghoedhq/ Hehu dqg Khdwk ^4<<<`, dqg wkhuh
duh vlwxdwlrqv zkhuh YdU� +[4 .[5, A YdU� +[4, . YdU� +[5,�1

51815 Wkh glyhuvl�fdwlrq h�hfw

Ohw ( +[, eh d ulvn phdvxuh dvvrfldwhg wr wkh ��qdo qhw zruwk ri d srvlwlrq� [1 Duw}qhu/ Ghoedhq/ Hehu
dqg Khdwk ^4<<<` vkrz wkdw li ( lv d frkhuhqw phdvxuh ri ulvn/ wkhq zh yhuli| wkdw wkh vxedgglwlylw| d{lrp

( +[4 .[5, � ( +[4, . ( +[5, +48,

Zh jhqhudoo| gh�qh wkh glyhuvl�fdwlrq h�hfw dv iroorzv

G @
( +[4, . ( +[5,� ( +[4 .[5,

( +[4, . ( +[5,
+49,

9



Iljxuh 8= Ghshqghqf| erxqgv iru Ydoxh0dw0Ulvn zlwk Jdppd pdujlqdov

Lq dq hfrqrplf fdslwdo dssurdfk +uhi1 ^4`,/ lw frphv wkdw G 5 ^3> 4`1 Lq wkh fdvh ri wkh ydoxh0dw0ulvn/ lw vhhpv
qdwxudo wr wudqvsrvh wkh gh�qlwlrq/ dqg zh kdyh

G @
YdU� +[4, . YdU� +[5,�YdU� +[4 .[5,

YdU� +[4, . YdU� +[5,
+4:,

Krzhyhu/ zh kdyh vhhq wkdw wkhuh duh vlwxdwlrqv zkhuh YdU� +[4 .[5, A YdU� +[4, . YdU� +[5,1 D pruh
dssursuldwh gh�qlwlrq lv wkhq

�G @
J

+�4,
b +�,�YdU� +[4 .[5,

J
+�4,
b +�,

+4;,

Lw frphv wkdw

�G @
J

+�4,
b +�,�YdU� +[4, . YdU� +[5,

J
+�4,
b +�,

.
YdU� +[4, . YdU� +[5,

J
+�4,
b +�,

�G

@ "
�
F

+�,
b >F.>�

�
.
k
4� "

�
F

+�,
b >F.>�

�l
�G +4<,

zlwk

"
�
F

+�,
b >F.>�

�
@

J
+�4,
b +�,�YdU� +[4, . YdU� +[5,

J
+�4,
b +�,

Hpeuhfkwv/ PfQhlo dqg Vwudxpdqq ^4<<<` lqwhusuhw "
�
F

+�,
b >F.>�

�
dv �wkh dprxqw e| zklfk YdU idlov wr

eh vxedgglwlyh�1

:



� @ �3=8 � @ 3 � @ 3=8 � @ 3=:8
a� @ [ a� @ [ a� @ [ a� @ [

� " G �G G �G G �G G �G
31;3 3177 3153 3188 3138: 317: 31343 3177 31343 3177
31;8 316< 3157 3187 313<; 3178 31359 3174 31343 316<
31<3 3168 315; 3187 3145 3176 31378 316; 3134< 316:
31<8 3165 3165 3187 3149 3176 3138; 3169 31357 3167
31<; 3163 3165 3186 314< 3176 31384 3167 313;5 3169

Wdeoh 4= Uhvxowv zlwk �4 @ 5 dqg �5 @ 5

� @ �3=8 � @ 3 � @ 3=8 � @ 3=:8
a� @ �3=4; a� @ 3 a� @ 3=4; a� @ 3=5;

� " G �G G �G G �G G �G
31;3 316< 315: 3189 3144 3179 31395 3176 31343 3173
31;8 3167 3163 3187 314; 3179 313<; 3173 3138: 316;
31<3 315< 3167 3186 3154 3177 313;8 3168 31387 3166
31<8 3158 316; 3186 3157 3176 3144 3166 31397 315<
31<; 3155 3173 3186 315: 3176 3147 3165 313:7 315;

Wdeoh 5= Uhvxowv zlwk �4 @ 6 dqg �5 @ 7

� @ �3=8 � @ 3 � @ 3=8 � @ 3=:8
a� @ �3=6< a� @ 3 a� @ 3=6< a� @ 3=8<

� " G �G G �G G �G G �G
31;3 3169 3159 3186 3154 317< 313<5 3175 31368 316;
31;8 3163 3165 3185 3155 3179 3146 316< 31375 3166
31<3 3157 316; 3186 3157 3175 3146 3167 31389 315<
31<8 314< 3173 3184 3159 3173 3145 315< 3139: 3157
31<; 3148 3176 3185 315< 316< 3147 315: 313:8 3154

Wdeoh 6= Uhvxowv zlwk �4 @ < dqg �5 @ 43

� @ �3=8 � @ 3 � @ 3=8 � @ 3=:8
a� @ �3=7; a� @ 3 a� @ 3=7; a� @ 3=:5

� " G �G G �G G �G G �G
31;3 3169 3164 3189 314< 317; 313;3 3174 313;3 3174
31;8 315< 3168 3187 3154 3177 3145 316; 313:6 3168
31<3 3157 316: 3185 3159 3176 3144 3165 313:6 315<
31<8 314; 3174 3184 3159 3173 3145 315; 3139: 3156
31<; 3147 3178 3186 3163 316< 3147 3159 313:: 3154

Wdeoh 7= Uhvxowv zlwk �4 @ 83 dqg �5 @ 83

;



Zh frqvlghu wkh h{dpsoh ri wzr vwxghqw pdujlqv w�4 dqg w�5 1 Zh vxssrvh wkdw zh djjuhjdwh wkh ulvnv xvlqj
d Qrupdo frsxod zlwk sdudphwhu � +� wdnhv uhvshfwlyho| wkh ydoxh �3=8/ 3/ 318 hw 31:8,1 Iru hdfk djjuhjdwlrq/

zh frpsxwh G/ �G dqg "
�
F

+�,
b >F.>�

�
iru gl�huhqw frq�ghqfh ohyhov1 Wkh uhvxowv duh jlyhq lq wkh wdeohv 4�

71 Pruhryhu/ zh kdyh uhsruwhg dovr wkh Shduvrq fruuhodwlrq a�1 Zlwk wklv h{dpsoh/ zh frxog gr wkh iroorzlqj
uhpdunv=

41 wkh glyhuvl�fdwlrq h�hfw grhv qrw ghshqg rqo| rq wkh fruuhodwlrq/ exw dovr rq pdujlqdo glvwulexwlrqv>

51 wkh ghshqghqfh vwuxfwxuh +l1h1 wkh frsxod xvhg wr shuirup wkh djjuhjdwlrq, sod|v d pruh lpsruwdqw uroh
wkdq wkh fruuhodwlrq iru ghwhuplqlqj wkh glyhuvl�fdwlrq h�hfw>

61 d orzhu fruuhodwlrq grhv qrw lpso| v|vwhpdwlfdoo| d juhdwhu glyhuvl�fdwlrq h�hfw1

51816 Wkh cvtxduh urrw* uxoh

Lq wkh �qdqfh lqgxvwu|/ wkh djjuhjdwlrq lv riwhq grqh xvlqj wkh cvtxduh urrw* uxoh

YdU� +[4 .[5, @

t
^YdU� +[4,`

5 . 5� +[4> [5,YdU� +[4,YdU� +[5, . ^YdU� +[5,`
5 +53,

zlwk � +[4> [5, wkh Shduvrq fruuhodwlrq ehwzhhq wkh wzr udqgrp yduldeohv [4 .[51 Zkhq � +[4> [5, @ 4/ zh
rewdlq ri frxuvh YdU� +[4 .[5, @ YdU� +[4, . YdU� +[5,1 Vrphwlphv/ ulvn pdqdjhuv kdyh qr lghdv derxw
wkh ydoxh ri � +[4> [5, dqg vxssrvh � +[4> [5, @ 31 Wklv frxog eh mxvwl�hg lq rshudwlrqdo ulvn phdvxuhphqw1
Iru pdunhw ulvn phdvxuhphqw/ wkh mxvwl�fdwlrq lv pruh gl!fxow lq wkh fdvh ri wkh ulvn djjuhjdwlrq e| ghvnv1
Krzhyhu/ wklv uxoh lv vrphwlphv xvhg zkhq wkh djjuhjdwlrq lv shuiruphg e| pdunhwv +iru h{dpsoh/ erqg/ htxlw|
dqg frpprglwlhv pdunhwv, ehfdxvh ri wkh vhjphqwdwlrq dvvxpswlrq1

Zh vxssrvh wkdw [4 dqg [5 duh wzr vwxghqw udqgrp yduldeohv zlwk 8 dqg : ghjuhhv ri iuhhgrp1 Zh frqvlghu
gl�huhqw ghshqghqfh vwuxfwxuhv wr shuirup wkh djjuhjdwlrq dqg zh frpsduh wkh rewdlqhg ydoxhv zlwk wkh ydoxhv
frpsxwhg zlwk wkh cvtxduh urrw* uxoh1 Zh kdyh dovr uhsruwhg wkh xsshu ghshqghqf| erxqg1 Zlwk wklv h{dpsoh/
zh uhpdun wkdw wkh uhohydqfh ri wklv uxoh ghshqgv rq wkh frq�ghqfh ohyho1 Zh kdyh wkh lpsuhvvlrq wkdw lw zrunv
ehwwhu zkhq � lv forvhg wr rqh dqg � +[4> [5, lv forvhg wr 31

51817 Wkh YdU djjuhjdwlrq lq sudfwlfh

Lq sudfwlfh/ ulvn pdqdjhuv xvh wkuhh phwkrgv wr frpsxwh ydoxh0dw0ulvn= dqdo|wlfdo/ klvwrulfdo dqg Prqwh Fduor1 Lq
wkh �uvw phwkrg/ zh nqrz wkh glvwulexwlrq ri wkh orvvhv [/ zkhuhdv lq wkh wzr rwkhuv/ zh nqrz vrph uhdol}dwlrqv
ri wkh udqgrp yduldeoh1 Qhyhuwkhohvv/ djjuhjdwlrq +ru ��frqyroxwlrq, ri gl�huhqw w|shv ri YdU lv qrw d qxphulfdo
sureohp +vhh Zlooldpvrq ^4<;<` iru d vxuyh| ri wkh gl�huhqw dojrulwkpv= Vnlqqhu2Dfnur|g phwkrg/ vsolqh
edvhg phwkrgv/ Odjxhuuh dqg Phoolq wudqvirupv/ hwf1,1 Lq sduwlfxodu/ Zlooldpvrq ^4<;<` vxjjhvwv wr xvh wkh
frqghqvdwlrq surfhgxuh +dojrulwkp 61715;,1 Iru wkh ghshqghqf| erxqgv/ Zlooldpvrq suhvhqwv dovr dq dojrulwkp
edvhg rq wkh xqlirup txdqwlvdwlrq phwkrg1

Zh xvh wkh OPH h{dpsoh ri Erx|ì/ Gxuuohpdq/ Qlnhjkedol/ Ulerxohw dqg Urqfdool ^5333`1 Zh
frqvlghu wkh vsrw sulfhv ri wkh frpprglwlhv Doxplqlxp Door| +DO,/ Frsshu +FX,/ Qlfnho +QL,/ Ohdg +SE, dqg
wkh 48 prqwkv iruzdug sulfhv ri Doxplqlxp Door| +DO048,/ gdwlqj edfn wr Mdqxdu| 4<;;1 Zh frqvwlwxwh wzr
sruwirolrv zlwk wkh frpsrvlwlrqv

DO DO048 FX QL SE
S4 8 6
S5 8 5 �6

Frpsxwdwlrqv jlyh xv wkh iroorzlqj ydoxhv iru wkh ydoxh0dw0ulvn zlwk d <<( frq�ghqfh ohyho=

Dqdo|wlfdo YdU Klvwrulfdo YdU
S4 696=38 778=:7
S5 4359=36 45:7=97
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Iljxuh 9= Looxvwudwlrq ri wkh cvtxduh urrw* uxoh

Zh uhpdun wkdw wkh phwkrg kdv d juhdw lq xhqfh rq wkh ghshqghqf| erxqg iru wkh ydoxh0dw0ulvn +vhh wkh �jxuh
:,1 Iru looxvwudwlrq/ khuh duh wkh ydoxhv ri J+�4,

b +�, iru � htxdo wr <<(=

S4 S4

Dqdo|wlfdo YdU Klvwrulfdo YdU
S5 Dqdo|wlfdo YdU 483:=;8 49;3=::
S5 Klvwrulfdo YdU 4<63=:3 5436=9:

51818 Elyduldwh ZFV phwkrgrorj|

Ghshqghqf| erxqgv frxog dovr eh xvhg wr sursrvh d pxowlyduldwh yhuvlrq ri wkh �zruvw0fdvh vfhqdulr� +ru ZFV,
gh�qhg e| Erxgrxnk/ Ulfkdugvrq hw Zklwhodz ^4<<8`=

ZFV dvnv wkh iroorzlqj txhvwlrq= zkdw lv wkh zruvw wkdw fdq kdsshq wr wkh ydoxh ri wkh �up*v
wudglqj sruwirolr ryhu d jlyhq shulrg +hj/ 53 wudglqj gd|v,B

Dv h{sodlqhg e| Edkdu/ Jrog/ Nlwwr hw Srol}x ^4<<:`/ wkh xvh ri wkh ZFV phwkrg frxog lqwhuhvw ulvn
pdqdjhuv=

111YdU kdv ehhq fulwlflvhg dw d pruh ixqgdphqwdo ohyho � wkdw lw dvnv wkh zurqj txhvwlrq111
YdU uhtxluhv d suredelolw| wkdw orvv vkrfnv/ ryhu d vkruw krul}rq/ zloo qrw h{fhhg d fhuwdlq �jxuh1
Wklv lv riwhq lqwhusuhwhg dv h{suhvvlqj wkh qxpehu ri wlphv d orvv vkrfn lq h{fhvv ri wkh vxemhfwlyh
wkuhvkrog zrxog rffxu ryhu d orqj wlph krul}rq1 Exw pdqdjhuv duh pruh olnho| eh frqfhuqhg zlwk
wkh suredelolw| ri uhdolvlqj d vshfl�f orvv vkrfn/ udwkhu wkdq wkh suredelolw| ri odqglqj lq d uhjlrq
ri odujh orvv vkrfnv1
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Iljxuh := Sorw ri J+�4,
b +�,

Zh zrxog gh�qh wkh glvwulexwlrq I� ri "�Q @ plq +[4> = = = > [q> = = = > [Q ,1 Li zh vxssrvh wkdw wkh udqgrp
yduldeohv [q duh lqghshqghqw zlwk wkh vdph glvwulexwlrq I/ zh kdyh I� +{, @ 4 � ^4�I +{,`Q 1 Ohw i�
dqg i eh wkh fruuhvsrqglqj ghqvlwlhv1 Edkdu/ Jrog/ Nlwwr hw Srol}x ^4<<:` vkrz wkdw i� +{, @ Q �
^4�I +{,`Q�4 i +{, dqg I�4� +�, @ I�4

�
4� +4� �,

4

Q

�
1 I�4� +�, lv wkhq wkh txdqwloh ri wkh zruvw1 Zlwkrxw

nqrzohgjh rq wkh ghshqghqf| ixqfwlrq/ frpsxwlqj d elyduldwhZFV frxog eh grqh xvlqj wkh suhylrxv ghshqghqf|
erxqgv1

Qrwh wkdw wklv dqdo|vlv frxog dovr eh h{whqghg lq wkh fdvh zkhuh wkh udqgrp yduldeohv duh qrw lqghshqghqw1
Ohw F eh wkh frsxod ri wkh udqgrp yhfwru +[4> = = = > [q> = = = > [Q , dqg Iq eh wkh glvwulexwlrq ri wkh udqgrp
yduldeoh [q1 Zh kdyh

I� +{, @ Su
�
"�Q � {

�
@ 4� Su +[4 A {> = = = >[q A {> = = = >[Q A {,

@ 4� �F +I4 +{, > = = = >Iq +{, > = = = >IQ +{,, +54,

zlwk �F wkh mrlqw vxuylydo ixqfwlrq +vhh ^:` iru dq h{solflw irup ri �F,1 Lq wkh fdvh zkhuh F @ FB dqg Iq @ I/ zh
rewdlq wkh suhylrxv h{suhvvlrq1 Lq wkh jhqhudo fdvh/ wkh txdqwloh ri wkh zruvw lv rewdlqhg wkdqnv wr d qxphulfdo
urrw �qglqj surfhgxuh1

51819 Fruuhodwlrq vwuhvv0whvwlqj surjudpv

Zh phqwlrq khuh d odvw h{dpsoh ri �qdqfldo dssolfdwlrqv1 D vlpsoh gh�qlwlrq ri vwuhvv0whvwlqj lv wkh iroorzlqj

Wkh duw ri vwuhvv whvwlqj vkrxog jlyh wkh lqvwlwxwlrq d ghhshu xqghuvwdqglqj ri wkh vshfl�f sruw0
irolrv wkdw frxog eh sxw lq mhrsdug| jlyhq d fhuwdlq vlwxdwlrq1 Wkh txhvwlrq wkhq zrxog eh= �Zrxog

44



wklv eh hqrxjk wr eulqj grzq wkh �upB� Wkdw zd|/ hdfk lqvwlwxwlrq fdq nqrz h{dfwo| zkdw vfhqdulr
lw lv wkh| gr qrw zdqw wr hqjdjh lq +Plfkdho Rqj/ DEQ Dpur/ lq Gxqedu dqg Luylqj ^4<<;`,1

Lq d txdqwlwdwlyh vwuhvv0whvwlqj surjudp/ rqh ri wkh elj gl!fxow| lv wr vwuhvv wkh fruuhodwlrq dqg wr phdvxuh lwv
lpsdfw1 Wkh h�hfw ri wkh zruvw vlwxdwlrq frxog wkhq eh frpsxwhg zlwk wkh ghshqghqf| erxqgv1

6 Wkh Ndqwrurylfk glvwdqfh edvhg phwkrg

614 Wkh Gdoo*djolr sureohp

Eduulr/ Jlqì dqg Pdwuäq ^4<<<` gh�qh wkh Ndqwrurylfk glvwdqfh ru O40Zdvvhuvwhlq glvwdqfh ehwzhhq wzr
suredelolw| phdvxuhv S4 dqg S5 dv

g4 +S4>S5, =@ lqi

�]]
U5

m{4 � {5m g� +{4> {5, = � 5 S �
U
5
�
zlwk pdujlqdov I4 dqg I5

�
+55,

Zh fdq zulwh lw lq dqrwkhu zd|=

g4 +S4>S5, @ lqi
I5I+I4>I5,

H m[4 �[5m +56,

zkhuh I lv wdnhq rq wkh vhw ri doo suredelolw| zlwk pdujlqdov I4 dqgI5 �I ehorqjv wr wkh Iuìfkhw fodvvI +I4>I5,1
Vkrudfn dqg Zhooqhu ^4<;9` vkrzhg wkdw li I4 dqg I5 duh wkh glvwulexwlrq ixqfwlrqv dvvrfldwhg wr S4 dqg
S5/ wkhq zh kdyh

g4 +S4>S5, @

] .4

�4

mI5 +{,�I4 +{,m g{ +57,

ru

g4 +S4>S5, @

] 4

3

��I�45 +{,�I�44 +{,
�� g{ +58,

Zh fdq uhpdun wkdw zkhq S4 lv htxdo wr S5/ wkh Iuhfkhw xsshu erxqg frsxod F. lv wkh vroxwlrq ri wkh sureohp1
Pruh jhqhudoo|/ Gdoo*djolr ^4<<4` vkrzhg wkdw wkhuh lv d vhw ri plqlpl}lqj mrlqw glvwulexwlrq ixqfwlrqv=

� wkh odujhvw lv I. +{4> {5,@ F. +I4 +{4, >I5 +{5,,>

� wkh vpdoohvw lv

I� +{4> {5, @ 4^{4�{5`

%
I4 +{4,�

�
lqi

{4�{�{5
^I4 +{,�I5 +{,`

�.
&
.

4^{4A{5`

%
I5 +{5,�

�
lqi

{5�{�{4
^I5 +{,�I4 +{,`

�.
&

+59,

� dq| frqyh{ frpelqdwlrq ri I. dqg I� lv vwloo d vroxwlrq ri +56,1

615 Ilqdqfldo dssolfdwlrqv

Wklv h{suhvvlrq +56, ri wkh Ndqwrurylfk glvwdqfh lv yhu| khosixo zkhq zh frqvlghu wkdw wkh udqgrp yduldwhv
[4 dqg [5 uhsuhvhqw orvvhv iru d wzr glphqvlrqdo sruwrirolr1 Zh vhh wkdw wkh mrlqw suredelolw| phdvxuhv zklfk
plqlpl}h +56, zloo eh wkrvh zlwk �pd{lpxp ulvnv�1 Wkh| fdq eh frqvlghuhg dv wkh pruh ulvn| glvwulexwlrqv1 Lq
wklv fdvh/ wkh xsshu Iuìfkhw erxqg lv d vroxwlrq/ exw lw lv qrw xqltxh1 Wklv lv lq frqwudglfwlrq zlwk wkh eholhi
lq �qdqfh/ wkdw wkh pd{lpdo ulvn fruuhvsrqgv wr wkh fdvh zkhuh wkh udqgrp yduldeohv duh frprqrwrqlf1

Ohw xv frqvlghu wzr h{dpsohv1 Lq wkh �uvw h{dpsoh/ zh dvvxph wkdw wkh pdujlqv duh jdxvvldq +[4 � Q +3> 4,
dqg [5 � Q +3> 5,,1 Lq wkh vhfrqg rqh/ zh xvh wzr Ehwd glvwulexwlrqv +[4 � � +5> 7, dqg [5 � � +3=8> 3=8,,1 Zh
kdyh uhsruwhg wkh ydoxhv wdnhq e| I. +{4> {5, dqg I� +{4> {5, lq wkh �jxuh ;1 Zh uhpdun wkdw wkh wzr erxqgv
duh yhu| gl�huhqw1
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Iljxuh ;= Looxvwudwlrq ri wkh Gdoo*djolr sureohp

7 Frqfoxvlrq

Lq wklv sdshu/ zh dsso| wkh ghshqghqf| erxqgv wr wkh ydoxh0dw0ulvn sureohp/ dqg vkrz wkdw wkh pruh ulvn|
glvwulexwlrq lv qrw dozd|v wkh xsshu Iuìfkhw frsxod1
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