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Abstract

Copulas are a general tool to construct multivariate distributions and to investigate dependence structure
between random variables. However, the concept of copula is not popular in Finance. In this paper, we
show that copulas can be extensively used to solve many …nancial problems.
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Frsxodv iru Ilqdqfh

Frqwhqwv

4 Lqwurgxfwlrq 7

5 Frsxodv/ pxowlyduldwh glvwulexwlrqv dqg ghshqghqfh 7
514 Vrph gh�qlwlrqv dqg surshuwlhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7
515 Ghshqghqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;

51514 Phdvxuh ri frqfrugdqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;
51515 Phdvxuh ri ghshqghqfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43
51516 Rwkhu ghshqghqfh frqfhswv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45

516 D vxppdu| ri gl�huhqw frsxod ixqfwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47
51614 Frsxodv uhodwhg wr hoolswlfdo glvwulexwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47
51615 Dufklphghdq frsxodv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;
51616 H{wuhph ydoxh frsxodv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

6 Vwdwlvwlfdo lqihuhqfh ri frsxodv 54
614 Vlpxodwlrq whfkqltxhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54
615 Qrq0sdudphwulf hvwlpdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55

61514 Hpslulfdo frsxodv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55
61515 Lghqwl�fdwlrq ri dq Dufklphghdq frsxod 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56

616 Sdudphwulf hvwlpdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57
61614 Pd{lpxp olnholkrrg hvwlpdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 58
61615 Phwkrg ri prphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;

7 Ilqdqfldo Dssolfdwlrqv 5<
714 Fuhglw vfrulqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

71414 Wkhruhwlfdo edfnjurxqg rq vfrulqj ixqfwlrqv= d frsxod lqwhusuhwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 5<
71415 Vwdwlvwlfdo phwkrgv zlwk frsxodv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

715 Dvvhw uhwxuqv prghoolqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<
71514 Sruwirolr djjuhjdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63
71515 Wlph vhulhv prghoolqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63
71516 Pdunry surfhvvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63

7151614 Wkh � surgxfw dqg Pdunry surfhvvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63
7151615 Dq lqyhvwljdwlrq ri wkh Eurzqldq frsxod 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 64
7151616 Xqghuvwdqglqj wkh whpsrudo ghshqghqfh vwuxfwxuh ri gl�xvlrq surfhvvhv 1 1 1 1 1 67

716 Ulvn phdvxuhphqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6;
71614 Orvv djjuhjdwlrq dqg Ydoxh0dw0Ulvn dqdo|vlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

7161414 Wkh glvfuhwh fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74
7161415 Wkh frqwlqxrxv fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

71615 Pxowlyduldwh h{wuhph ydoxhv dqg pdunhw ulvn 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79
7161514 Wrslfv rq h{wuhph ydoxh wkhru| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79
7161515 Hvwlpdwlrq phwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 85
7161516 Dssolfdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87

71616 Vxuylydo frsxodv dqg fuhglw ulvn 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 96
71617 Fruuhodwhg iuhtxhqflhv dqg rshudwlrqdo ulvn 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 96

8 Frqfoxvlrq 99
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Frsxodv iru Ilqdqfh

4 Lqwurgxfwlrq

Wkh sureohp ri prghoolqj dvvhw uhwxuqv lv rqh ri wkh prvw lpsruwdqw lvvxh lq Ilqdqfh1 Shrsoh jhqhudoo| xvh
jdxvvldq surfhvvhv ehfdxvh ri wkhlu wudfwdeoh surshuwlhv iru frpsxwdwlrq1 Krzhyhu/ lw lv zhoo nqrzq wkdw dvvhw
uhwxuqv duh idw0wdlohg1 Jdxvvldq dvvxpswlrq lv dovr wkh nh| srlqw wr xqghuvwdqg wkh prghuq sruwirolr wkhru|1
Xvxdoo|/ h!flhqw sruwirolrv duh jlyhq e| wkh wudglwlrqdo phdq0yduldqfh rswlplvdwlrq surjudp +Pdunrzlw}
^4<;:`,=

vxs
�

�A�

x=f=

;?
=

�A	� � v
�A4 @ 4
� � 3

+4,

zlwk � wkh h{shfwhg uhwxuq yhfwru ri wkh Q dvvhw uhwxuqv dqg 	 wkh fruuhvsrqglqj fryduldqfh pdwul{1 Wkh
sureohp ri wkh lqyhvwru lv dovr wr pd{lpl}h wkh h{shfwhg uhwxuq iru d jlyhq yduldqfh1 Lq wkh sruwirolr dqdo|vlv
iudphzrun/ wkh yduldqfh fruuhvsrqgv wr wkh ulvn phdvxuh/ exw lw lpsolhv wkdw wkh zruog lv jdxvvldq
+Vfkprfn dqg Vwudxpdqq ^4<<<`/ Wdvfkh ^4<<<`,1 Wkh uhvhdufk rq ydoxh0dw0ulvn +dqg fdslwdo doorfdwlrq, kdv
wkhq frqvlghudeo| prgl�hg wkh frqfhsw ri ulvn phdvxuh +Duw}qhu/ Ghoedhq/ Hehu dqg Khdwk ^4<<:/4<<<`,1

Fdslwdo doorfdwlrq zlwklq d edqn lv jhwwlqj pruh dqg pruh lpsruwdqw dv wkh uhjxodwru| uhtxluhphqwv duh
prylqj wrzdugv hfrqrplf0edvhg phdvxuhv ri ulvn +vhh wkh uhsruwv ^4` dqg ^6`,1 Edqnv duh xujhg wr exlog vrxqg
lqwhuqdo phdvxuhv ri fuhglw dqg pdunhw ulvnv iru doo wkhlu dfwlylwlhv +dqg fhuwdlqo| iru rshudwlrqdo ulvn lq d qhdu
ixwxuh,1 Lqwhuqdo prghov iru fuhglw/ pdunhw dqg rshudwlrqdo ulvnv duh ixqgdphqwdo iru edqn fdslwdo doorfdwlrq
lq d erwwrp0xs dssurdfk1 Lqwhuqdo prghov jhqhudoo| idfh dq lpsruwdqw sureohp zklfk lv wkh prghoolqj ri mrlqw
glvwulexwlrqv ri gl�huhqw ulvnv1

Wkhvh wzr gl!fxowlhv +jdxvvldq dvvxpswlrq dqg mrlqw glvwulexwlrq prghoolqj, fdq eh wuhdwhg dv d sureohp ri
frsxodv1 D frsxod lv d ixqfwlrq wkdw olqnv xqlyduldwh pdujlqdov wr wkhlu pxowlyduldwh glvwulexwlrq1 Ehiruh 4<<</
frsxodv kdyh qrw ehhq xvhg lq �qdqfh1 Wkhuh kdyh ehhq uhfhqwo| vrph lqwhuhvwlqj sdshuv rq wklv vxemhfw +vhh
iru h{dpsoh wkh duwlfoh ri Hpeuhfkwv/ PfQhlo dqg Vwudxpdqq ^4<<<`,1 Pruhryhu/ frsxodv duh pruh riwhq
flwhg lq wkh �qdqfldo olwwhudwxuh1 Ol ^4<<<` vwxglhv wkh sureohp ri ghidxow fruuhodwlrq lq fuhglw ulvn prghov/ dqg
vkrzv wkdw �wkh fxuuhqw FuhglwPhwulfv dssurdfk wr ghidxow fruuhodwlrq wkurxjk dvvhw fruuhodwlrq lv htxlydohqw wr
xvlqj d qrupdo frsxod ixqfwlrq�1 Lq wkh Ulvn vshfldo uhsruw ri Qryhpehu 4<<< rq Rshudwlrqdo Ulvn/ Fhvnh dqg
Khuqäqgh} ^4<<<` h{sodlq wkdw frsxodv pd| eh xvhg lq frqmxqfwlrq zlwk Prqwh Fduor phwkrgv wr djjuhjdwh
fruuhodwhg orvvhv1

Wkh dlp ri wkh sdshu lv wr vkrz wkdw frsxodv frxog eh h{whqvlyho| xvhg lq �qdqfh1 Wkh sdshu lv rujdql}hg
dv iroorzv1 Lq vhfwlrq wzr/ zh suhvhqw frsxod ixqfwlrqv dqg vrph uhodwhg �hogv/ lq sduwlfxodu wkh frqfhsw ri
ghshqghqfh1 Zh wkhq frqvlghu wkh sureohp ri vwdwlvwlfdo lqihuhqfh ri frsxodv lq vhfwlrq wkuhh1 Zh irfxv rq wkh
hvwlpdwlrq sureohp1 Lq vhfwlrq irxu/ zh surylgh dssolfdwlrqv ri frsxodv wr �qdqfh1 Vhfwlrq �yh frqfoxghv dqg
vxjjhvwv gluhfwlrqv iru ixuwkhu uhvhdufk1

5 Frsxodv/ pxowlyduldwh glvwulexwlrqv dqg ghshqghqfh

514 Vrph gh�qlwlrqv dqg surshuwlhv

Gh�qlwlrq 4 +Qhovhq +4<<;,/ sdjh 6<, 4D Q0glphqvlrqdo frsxod lv d ixqfwlrq F zlwk wkh iroorzlqj surs0
huwlhv5 =

4Wkh ruljlqdo gh�qlwlrq jlyhq e| Vnodu ^4<8<` lv +lq iuhqfk,

Qrxv dsshohurqv frsxoh +ã ? glphqvlrqv, wrxw irqfwlrq � frqwlqxh hw qrq0gìfurlvvdqwh � dx vhqv hpsor|ì srxu xqh
irqfwlrq gh uìsduwlwlrq ã ? glphqvlrqv � gì�qlh vxu oh surgxlw Fduwìvlhq gh ? lqwhuydoohv ihupìv dfc �o hw vdwlvidlvdqw
dx{ frqglwlrqv � Efc � � � c f� ' f hw � E�c � � � c �c �c �c � � � c �� ' �1

5Zh zloo qrwh � wkh vhw ri frsxodv1
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Frsxodv iru Ilqdqfh

41 GrpF @ LQ @ ^3> 4`Q >

51 F lv jurxqghg dqg Q0lqfuhdvlqj6>

61 F kdv pdujlqv Fq zklfk vdwlvi| Fq +x, @ F +4> = = = > 4> x> 4> = = = > 4, @ x iru doo x lq L1

D frsxod fruuhvsrqgv dovr wr d ixqfwlrq zlwk sduwlfxodu surshuwlhv1 Lq sduwlfxodu/ ehfdxvh ri wkh vhfrqg dqg wklug
surshuwlhv/ lw iroorzv wkdw LpF @ L/ dqg vr F lv d pxowlyduldwh xqlirup glvwulexwlrq1 Pruhryhu/ lw lv reylrxv
wkdw li I4> = = = >IQ duh xqlyduldwh glvwulexwlrq ixqfwlrqv/ F +I4 +{4, > = = = >Iq +{q, > = = = >IQ +{Q ,, lv d pxowlyduldwh
glvwulexwlrq ixqfwlrq zlwk pdujlqv I4> = = = >IQ ehfdxvh xq @ Iq +{q, lv d xqlirup udqgrp yduldeoh1 Frsxod
ixqfwlrqv duh wkhq dq dgdswhg wrro wr frqvwuxfw pxowlyduldwh glvwulexwlrqv1

Wkhruhp 4 +Vnodu*v wkhruhp, Ohw I eh dq Q0glphqvlrqdo glvwulexwlrq ixqfwlrq zlwk frqwlqxrxv pdujlqv
I4> = = = >IQ 1 Wkhq I kdv d xqltxh frsxod uhsuhvhqwdwlrq=

I +{4> = = = > {q> = = = > {Q , @ F +I4 +{4, > = = = >Iq +{q, > = = = >IQ +{Q ,, +6,

Wkh wkhruhp ri Vnodu ^4<8<` lv yhu| lpsruwdqw/ ehfdxvh lw surylghv d zd| wr dqdo|vh wkh ghshqghqfh vwuxfwxuh
ri pxowlyduldwh glvwulexwlrqv zlwkrxw vwxg|lqj pdujlqdo glvwulexwlrqv1 Iru h{dpsoh/ li zh frqvlghu wkh Jxpeho*v
elyduldwh orjlvwlf glvwulexwlrq I +{4> {5, @ +4 . h�{4 . h�{5,�4 gh�qhg rq U

51 Zh frxog vkrz wkdw wkh pdujlqdo
glvwulexwlrqv duh I4 +{4, �

U
U
I +{4> {5, g{5 @ +4 . h�{4,�4 dqg I5 +{5, @ +4 . h�{5,�41 Wkh frsxod ixqfwlrq

fruuhvsrqgv wr

F +x4> x5, @ I
�
I�44 +x4, >I

�4
5 +x5,

�
@

x4x5
x4 . x5 � x4x5

+7,

Krzhyhu/ dv Iuhhv dqg Ydogh} ^4<<:` qrwh/ lw lv qrw dozd|v reylrxv wr lghqwli| wkh frsxod1 Lqghhg/ iru pdq|
�qdqfldo dssolfdwlrqv/ wkh sureohp lv qrw wr xvh d jlyhq pxowlyduldwh glvwulexwlrq exw frqvlvwv lq �qglqj d frqyh0
qlhqw glvwulexwlrq wr ghvfuleh vrph vw|ol}hg idfwv/ iru h{dpsoh wkh uhodwlrqvklsv ehwzhhq gl�huhqw dvvhw uhwxuqv1
Lq prvw dssolfdwlrqv/ wkh glvwulexwlrq lv dvvxphg wr eh d pxowlyduldwh jdxvvldq ru d orj0qrupdo glvwulexwlrq iru
wudfwdeoh fdofxoxv/ hyhq li wkh jdxvvldq dvvxpswlrq pd| qrw eh dssursuldwh1 Frsxodv duh dovr d srzhuixo wrro
iru �qdqfh/ ehfdxvh wkh prghoolqj sureohp fdq eh vsolwwhg lqwr wzr vwhsv=

� wkh �uvw vwhs ghdov zlwk wkh lghqwl�fdwlrq ri wkh pdujlqdo glvwulexwlrqv>

� dqg wkh vhfrqg vwhs frqvlvwv lq gh�qlqj wkh dssursuldwh frsxod lq rughu wr uhsuhvhqw wkh ghshqghqfh
vwuxfwxuh lq d jrrg pdqqhu1

Lq rughu wr looxvwudwh wklv srlqw/ zh frqvlghu wkh h{dpsoh ri dvvhwv uhwxuqv1 Zh xvh wkh gdwdedvh ri wkh Orqgrq
Phwdo H{fkdqjh7 dqg zh frqvlghu wkh vsrw sulfhv ri wkh frpprglwlhv Doxplqlxp Door| +DO,/ Frsshu +FX,/
Qlfnho +QL,/ Ohdg +SE, dqg wkh 48 prqwkv iruzdug sulfhv ri Doxplqlxp Door| +DO048,/ gdwlqj edfn wr Mdqxdu|
4<;;1 Zh dvvxph wkdw wkh glvwulexwlrq ri wkhvh dvvhw uhwxuqv lv jdxvvldq1 Lq wklv fdvh/ wkh fruuhvsrqglqj PO
hvwlpdwh ri wkh fruuhodwlrq pdwul{ lv jlyhq e| wkh wdeoh 41

Iljxuh 4 uhsuhvhqwv wkh vfdwwhusorw ri wkh uhwxuqv DO dqg FX/ wkh fruuhvsrqglqj jdxvvldq 50glphqvlrqdo
fryduldqfh hoolsvh iru frq�ghqfh ohyhov <8( dqg <<(/ dqg wkh lpsolhg suredelolw| ghqvlw| ixqfwlrq1 Iljxuh 5
frqwdlqv wkh surmhfwlrq ri wkh k|shu0hoolsvh ri glphqvlrq 8 iru wkh dvvhw uhwxuqv1 Wkh jdxvvldq dvvxpswlrq lv

6� lq � 0lqfuhdvlqj li wkh �0yroxph ri doo � 0er{hv zkrvh yhuwlfhv olh lq W� duh srvlwlyh/ ru htxlydohqwo| li zh kdyh

2[
�4'�

u u u
2[

�Q'�

E3���4nuuun�Q �
�
��c�4 c � � � c ��c�Q

� D f +5,

iru doo
�
��c�c � � � c ��c�

�
dqg

�
��c2c � � � c ��c2

�
lq W� zlwk �?c� $ �?c21

7 Lq rughu wr khos wkh uhdghu wr uhsurgxfh wkh uhvxowv/ zh xvh wkh sxeolf gdwdedvh dydlodeoh rq wkh zhe vlwh ri wkh OPH=
kwws=22zzz1oph1fr1xn1
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Frsxodv iru Ilqdqfh

DO DO048 FX QL SE
DO 4133 31;5 3177 3169 3166

DO048 4133 316< 3167 3163
FX 4133 316: 3164
QL 4133 3164
SE 4133

Wdeoh 4= Fruuhodwlrq pdwul{ � ri wkh OPH gdwd

jhqhudoo| kdug wr yhuli| ehfdxvh uduh hyhqwv rffxu pruh riwhq wkdq sodqqhg +vhh wkh rxwolhuv ri wkh fryduldqfh
hoolsvh iru d <<=<<( frq�ghqfh ohyho rq wkh ghqvlw| ixqfwlrq lq �jxuh 4,1 Iljxuh 6 lv d TT0sorw ri wkh wkhruhw0
lfdo frq�ghqfh ohyho yhuvxv wkh hpslulfdo frq�ghqfh ohyho ri wkh huuru hoolsvh1 Lw lv reylrxv wkdw wkh jdxvvldq
k|srwkhvlv idlov1

Iljxuh 4= Jdxvvldq dvvxpswlrq +L,

Lq wkh qh{w sdudjudsk/ zh zloo suhvhqw wkh frqfhsw ri ghshqghqfh dqg krz lw lv olqnhg wr frsxodv1 Qrz/ zh
suhvhqw vhyhudo surshuwlhv wkdw duh qhfhvvdu| wr xqghuvwdqg krz frsxodv zrun dqg zk| wkh| duh dq dwwudfwlyh
wrro1 Rqh ri wkh pdlq surshuw| frqfhuqv frqfrugdqfh rughulqj/ gh�qhg dv iroorzv=

Gh�qlwlrq 5 +Qhovhq +4<<;,/ sdjh 67, Zh vd| wkdw wkh frsxod F4 lv vpdoohu wkdq wkh frsxod F5 +ru F5 lv
odujhu wkdq F4,/ dqg zulwh F4 ! F5 +ru F4 " F5, li

; +x4> = = = > xq> = = = > xQ , 5 LQ > F4 +x4> = = = > xq> = = = > xQ , � F5 +x4> = = = > xq> = = = > xQ , +8,
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Frsxodv iru Ilqdqfh

Iljxuh 5= Jdxvvldq dvvxpswlrq +LL,

Iljxuh 6= TT0sorw ri wkh fryduldqfh hoolsvh

:



Frsxodv iru Ilqdqfh

Wzr vshfl�f frsxodv sod| dq lpsruwdqw uroh8/ wkh orzhu dqg xsshu Iuìfkhw erxqgv F� dqg F.=

F� +x4> = = = > xq> = = = > xQ , @ pd{

#
Q[
q@4

xq �Q . 4> 3

$
+9,

F. +x4> = = = > xq> = = = > xQ , @ plq +x4> = = = > xq> = = = > xQ , +:,

Zh frxog vkrz wkdw wkh iroorzlqj rughu krogv iru dq| frsxod F=

F� ! F ! F. +;,

Wkh frqfhsw ri frqfrugdqfh rughulqj fdq eh hdvlo| looxvwudwhg zlwk wkh h{dpsoh ri wkh elyduldwh jdxvvldq frsxod
F +x4> x5> �, @ ��

�
��4 +x4, >��4 +x5,

�
+Mrh ^4<<:`/ sdjh 473,1 Iru wklv idplo|/ zh kdyh

F� @ F�@�4 ! F�?3 ! F�@3 @ FB ! F�A3 ! F�@4 @ F. +<,

zlwk FB wkh surgxfw frsxod91 Zh kdyh uhsuhvhqwhg wklv frsxod dqg wkh Iuìfkhw frsxodv lq wkh �jxuh 71 Ohyho
fxuyhv

�
+x4> x5, 5 L5mF +x4> x5, @ F

�
fdq eh xvhg wr xqghuvwdqg wkh frqfrugdqfh rughulqj frqfhsw1 Frqvlghulqj

irupxod +;,/ wkh ohyho fxuyhv olh lq wkh duhd gholplwhg e| wkh orzhu dqg xsshu Iuìfkhw erxqgv1 Lq �jxuh 8/ zh
frqvlghu wkh Iudqn frsxod:1 Zh fohduo| vhh wkdw wkh Iudqn frsxod lv srvlwlyho| rughuhg e| wkh sdudphwhu �1
Pruhryhu/ zh uhpdun wkdw wkh orzhu Iuìfkhw/ surgxfw dqg xsshu Iuìfkhw frsxodv duh vshfldo fdvhv ri wkh Iudqn
frsxod zkhq � whqgv uhvshfwlyho| wr �4/ 3 dqg .41 Wklv surshuw| lv lqwhuhvwlqj ehfdxvh d sdudphwulf idplo|
frxog fryhu wkh hqwluh udqjh ri ghshqghqfh lq wklv fdvh1

Uhpdun 4 Wkh ghqvlw| f dvvrfldwhg wr wkh frsxod lv jlyhq e|

f +x4> = = = > xq> = = = > xQ , @
CF +x4> = = = > xq> = = = > xQ ,

C x4 � � � C xq � � � C xQ +45,

Wr rewdlq wkh ghqvlw| i ri wkh Q0glphqvlrqdo glvwulexwlrq I/ zh xvh wkh iroorzlqj uhodwlrqvkls=

i +{4> = = = > {q> = = = > {Q , @ f +I4 +{4, > = = = >Iq +{q, > = = = >IQ +{Q ,,
Q\
q@4

iq +{q, +46,

zkhuh iq lv wkh ghqvlw| ri wkh pdujlq Iq1

515 Ghshqghqfh

51514 Phdvxuh ri frqfrugdqfh

Gh�qlwlrq 6 +Qhovhq +4<<;,/ sdjh 469, D qxphulf phdvxuh � ri dvvrfldwlrq ehwzhhq wzr frqwlqxrxv udq0
grp yduldeohv [4 dqg [5 zkrvh frsxod lv F lv d phdvxuh ri frqfrugdqfh li lw vdwl�hv wkh iroorzlqj surshuwlhv=

41 � lv gh�qhg iru hyhu| sdlu [4/ [5 ri frqwlqxrxv udqgrp yduldeohv>

51 �4 @ �[>�[ � �F � �[>[ @ 4>

8�3 lv qrw d frsxod li � : 2/ exw zh xvh wklv qrwdwlrq iru frqyhqlhqfh1
9Wkh surgxfw frsxod lv gh�qhg dv iroorzv=

�z '
�\
?'�

�? +43,

:Wkh frsxod lv gh�qhg e|

� E��c �2� '
�

k
*?

�
� n

Ei T Ek���3 �� Ei T Ek�2�3 ��

Ei T Ek�3 ��

�
+44,

zlwk k M U
 +Iuhhv dqg Ydogh} ^4<<:`,1

;



Frsxodv iru Ilqdqfh

Iljxuh 7= Orzhu Iuìfkhw/ surgxfw dqg xsshu Iuìfkhw frsxodv

Iljxuh 8= Ohyho fxuyhv ri wkh Iudqfn Frsxod

<



Frsxodv iru Ilqdqfh

61 �[4>[5
@ �[5>[4

>

71 li [4 dqg [5 duh lqghshqghqw/ wkhq �[4>[5
@ �FB @ 3>

81 ��[4>[5
@ �[4>�[5

@ ��[4>[5
>

91 li F4 ! F5/ wkhq �F4 � �F5 >

:1 li i+[4>q> [5>q,j lv d vhtxhqfh ri frqwlqxrxv udqgrp yduldeohv zlwk frsxodv Fq/ dqg li iFqj frqyhujhv
srlqwzlvh wr F/ wkhq olpq$4 �Fq

@ �F1

Uhpdun 5 Dqrwkhu lpsruwdqw surshuw| ri � frphv iurp wkh idfw wkh frsxod ixqfwlrq ri udqgrp yduldeohv
+[4> = = = > [q> = = = > [Q , lv lqyduldqw xqghu vwulfwo| lqfuhdvlqj wudqvirupdwlrqv=

F[4>===>[q>===>[Q
@ Fk4+[4,>===>kq+[q,>===>kQ +[Q , li C{kq +{, A 3 +47,

Dprqj doo wkh phdvxuhv ri frqfrugdqfh/ wkuhh idprxv phdvxuhv sod| dq lpsruwdqw uroh lq qrq0sdudphwulf
vwdwlvwlfv= wkh Nhqgdoo*v wdx/ wkh Vshdupdq*v ukr dqg wkh Jlql lqglfh1 Wkh| frxog doo eh zulwwhq zlwk frsxodv/
dqg zh kdyh +Vfkzhlw}hu dqg Zroii ^4<;4`,

� @ 7

]]
L5
F +x4> x5, gF +x4> x5,� 4 +48,

( @ 45

]]
L5
x4x5 gF +x4> x5,� 6 +49,

� @ 5

]]
L5
+mx4 . x5 � 4m � mx4 � x5m, gF +x4> x5, +4:,

Qhovhq ^4<<;` suhvhqwv vrph uhodwlrqvklsv ehwzhhq wkh phdvxuhv � dqg (/ wkdw fdq eh vxppdulvhg e| d erxqglqj
uhjlrq +vhh �jxuh 9,1 Lq Iljxuh : dqg ;/ zh kdyh sorwwhg wkh olqnv ehwzhhq � / ( dqg � iru gl�huhqw frsxodv; 1
Zh qrwh wkdw wkh uhodwlrqvklsv duh vlplodu1 Krzhyhu/ vrph frsxodv gr qrw fryhu wkh hqwluh udqjh ^�4> 4` ri wkh
srvvleoh ydoxhv iru frqfrugdqfh phdvxuhv1 Iru h{dpsoh/ Nlphogrui0Vdpsvrq/ Jxpeho/ Jdodperv dqg K vohu0
Uhlvv frsxodv gr qrw doorz qhjdwlyh ghshqghqfh1

51515 Phdvxuh ri ghshqghqfh

Gh�qlwlrq 7 +Qhovhq +4<<;,/ sdjh 4:3, D qxphulf phdvxuh � ri dvvrfldwlrq ehwzhhq wzr frqwlqxrxv udq0
grp yduldeohv [4 dqg [5 zkrvh frsxod lv F lv d phdvxuh ri ghshqghqfh li lw vdwl�hv wkh iroorzlqj surshuwlhv=

41 � lv gh�qhg iru hyhu| sdlu [4/ [5 ri frqwlqxrxv udqgrp yduldeohv>

51 3 @ �FB � �F � �F. @ 4>

61 �[4>[5
@ �[5>[4

>

71 �[4>[5
@ �FB @ 3 li dqg rqo| li [4 dqg [5 duh lqghshqghqw>

81 �[4>[5
@ �F. @ 4 li dqg rqo| li hdfk ri [4 dqg [5 lv doprvw vxuho| d vwulfwo| prqrwrqh ixqfwlrq ri wkh

rwkhu>
; Li dqdo|wlfdo h{suhvvlrqv duh qrw dydlodeoh/ wkh| duh frpsxwhg zlwk wkh iroorzlqj htxlydohqw irupxodv

� ' �3 e

]]
W5
Y�4� E��c �2� Y�5� E��c �2� _�� _�2 +4;,

� ' �2

]]
W5
� E��c �2� _�� _�2 3 � +4<,

� ' e

]
W

E� E�c �� n� E�c �3 ��3 �� _� +53,

dqg d Jdxvv0Ohqjhqguh txdgudwxuh zlwk 45; nqrwv +Deudprzlw} dqg Vwhjxq ^4<:3`,1

43



Frsxodv iru Ilqdqfh

Iljxuh 9= Erxqglqj uhjlrq iru � dqg (

Iljxuh := Uhodwlrqvklsv ehwzhhq � / ( dqg � iru vrph frsxod ixqfwlrqv +L,

44



Frsxodv iru Ilqdqfh

Iljxuh ;= Uhodwlrqvklsv ehwzhhq � / ( dqg � iru vrph frsxod ixqfwlrqv +LL,

91 li k4 dqg k5 duh doprvw vxuho| vwulfwo| prqrwrqh ixqfwlrqv rq Lp[4 dqg Lp[5 uhvshfwlyho|/ wkhq

�k4+[4,>k5+[5, @ �[4>[5

:1 li i+[4>q> [5>q,j lv d vhtxhqfh ri frqwlqxrxv udqgrp yduldeohv zlwk frsxodv Fq/ dqg li iFqj frqyhujhv
srlqwzlvh wr F/ wkhq olpq$4 �Fq

@ �F1

Vfkzhlw}hu dqg Zroii ^4<;4` surylgh gl�huhqw phdvxuhv zklfk vdwlvi| wkhvh surshuwlhv=

� @ 45

]]
L5

��F +x4> x5,�FB +x4> x5,
�� gx4 gx5 +54,

�5 @ <3

]]
L5

��F +x4> x5,�FB +x4> x5,
��5 gx4 gx5 +55,

zkhuh � lv nqrzq dv wkh Vfkzhlw}hu ru Zro�*v � phdvxuh ri ghshqghqfh/ zkloh �5 lv wkh ghshqghqfh lqgh{
lqwurgxfhg e| Krh�glqj1

51516 Rwkhu ghshqghqfh frqfhswv

Wkhuh duh pdq| rwkhu ghshqghqfh frqfhswv/ wkdw duh xvhixo iru �qdqfldo dssolfdwlrqv1 Iru h{dpsoh/ [4 dqg [5

duh vdlg wr eh srvlwlyh txdgudqw ghshqghqw +STG, li

Su i[4 A {4> [5 A {5j � Su i[4 A {4jSu i[5 A {5j +56,

Vxssrvh wkdw [4 dqg [5 duh udqgrp yduldeohv vwdqglqj iru wzr �qdqfldo orvvhv1Wkh suredelolw| ri vlpxowdqhrxv
odujh orvvhv lv juhdwhu iru ghshqghqw yduldeohv wkdq iru lqghshqghqw rqhv1 Lq whup ri frsxodv/ uhodwlrq +56, lv
htxlydohqw wr

F " FB +57,

45



Frsxodv iru Ilqdqfh

Iljxuh <= Ghshqghqfh phdvxuhv iru wkh jdxvvldq frsxod

Wkh qrwlrq ri wdlo ghshqghqfh lv pruh lqwhuhvwlqj1 Mrh ^4<<:` jlyhv wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 8 Li d elyduldwh frsxod F lv vxfk wkdw<

olp
x$4

�F +x> x,

4� x
@ � +5;,

h{lvwv/ wkhq F kdv xsshu wdlo ghshqghqfh iru � 5 +3> 4` dqg qr xsshu wdlo ghshqghqfh iru � @ 31

Wkh phdvxuh � lv h{whqvlyho| xvhg lq h{wuhph ydoxh wkhru|1 Lw lv wkh suredelolw| wkdw rqh yduldeoh lv h{wuhph
jlyhq wkdw wkh rwkhu lv h{wuhph1 Ohw � +x, @ Su iX4 A xmX5 A xj @

�F+x>x,
4�x 1 � +x, fdq eh ylhzhg dv d �txdqwloh0

ghshqghqw phdvxuh ri ghshqghqfh� +Frohv/ Fxuulh dqg Wdzq ^4<<<`,1 Iljxuh 43 uhsuhvhqwv wkh ydoxhv ri � +x,
iru wkh jdxvvldq frsxod1 Zh vhh wkdw h{wuhphv duh dv|pswrwlfdoo| lqghshqghqw iru � 9@ 4/ l1h � @ 3 iru � ? 41
Hpeuhfkwv/ PfQhlo dqg Vwudxpdqq ^4<<<` uhpdunhg wkdw wkh Vwxghqw*v frsxod surylghv dq lqwhuhvwlqj
frqwudvw zlwk wkh jdxvvldq frsxod1 Zh kdyh uhsruwhg wkh ydoxhv ri � +x, iru wkh Vwxghqw*v frsxod zlwk rqh dqg

< 7� lv wkh mrlqw vxuylydo ixqfwlrq/ wkdw lv

7� E��c �2� ' �3 �� 3 �2 n� E��c �2� +58,

Qrwh wkdw lw lv uhodwhg wr wkh vxuylydo frsxod ��

�� E��c �2� ' �� n �2 3 � n� E�3 ��c �3 �2� +59,

lq wkh iroorzlqj zd|
7� E��c �2� ' �� E�3 ��c �3 �2� +5:,
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Frsxodv iru Ilqdqfh

�yh ghjuhhv ri iuhhgrp43 uhvshfwlyho|1 Lq wklv fdvh/ h{wuhphv duh dv|pswrwlfdoo| ghshqghqw iru � 9@ 41 Ri frxuvh/
wkh vwuhqjwk ri wklv ghshqghqfh ghfuhdvhv dv wkh ghjuhhv ri iuhhgrp lqfuhdvh/ dqg wkh olplw ehkdylrxu dv � whqgv
wr lq�qlw| fruuhvsrqgv wr wkh fdvh ri wkh jdxvvldq frsxod1

Iljxuh 43= Txdqwloh0ghshqghqw phdvxuh � +x, iru wkh jdxvvldq frsxod

516 D vxppdu| ri gl�huhqw frsxod ixqfwlrqv

51614 Frsxodv uhodwhg wr hoolswlfdo glvwulexwlrqv

Hoolswlfdo glvwulexwlrqv kdyh ghqvlw| ri wkh irup i
�
{A{

�
/ dqg vr ghqvlw| frqwrxuv duh hoolsvrlgv1 Wkh| sod|

dq lpsruwdqw uroh lq �qdqfh1 Lq �jxuh 46/ zh kdyh sorwwhg wkh frqwrxuv ri elyduldwh ghqvlw| iru wkh jdxvvldq
frsxod dqg gl�huhqwv pdujlqdo glvwulexwlrqv1 Zh yhuli| wkdw wkh jdxvvldq frsxod zlwk wzr jdxvvldq pdujlqdov
fruuhvsrqg wr wkh elyduldwh jdxvvldq glvwulexwlrq/ dqg wkdw wkh frqwrxuv duh hoolsvrlgv1 Exloglqj pxowlyduldwh
glvwulexwlrqv zlwk frsxodv ehfrphv yhu| hdv|1 Iru h{dpsoh/ �jxuh 46 frqwdlqv wzr rwkhu elyduldwh ghqvlwlhv zlwk
gl�huhqw pdujlqv1 Lq �jxuh 47/ pdujlqv duh wkh vdph/ exw zh xvh d frsxod ri wkh Iudqn idplo|1 Iru hdfk �jxuh/
zh kdyh fkrrvhq wkh frsxod sdudphwhu lq rughu wr kdyh wkh vdph Nhqgdoo*v wdx +� @ 3=8,1 Wkh ghshqghqfh
vwuxfwxuh ri wkh irxu elyduldwh glvwulexwlrqv fdq eh frpsduhg1

Gh�qlwlrq 9 +pxowlyduldwh jdxvvldq frsxod � PYQ, Ohw � eh d v|pphwulf/ srvlwlyh gh�qlwh pdwul{ zlwk
gldj� @ 4 dqg �� wkh vwdqgdugl}hg pxowlyduldwh qrupdo glvwulexwlrq zlwk fruuhodwlrq pdwul{ �1 Wkh pxowlyduldwh
jdxvvldq frsxod lv wkhq gh�qhg dv iroorzv=

F +x4> = = = > xq> = = = > xQ >�, @ ��

�
��4 +x4, > = = = >��4 +xq, > = = = >��4 +xQ ,

�
+5<,

43Wkh vkruw vrolg olqh fruuhvsrqgv wr wkh ydoxhv ri b1
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Frsxodv iru Ilqdqfh

Iljxuh 44= Txdqwloh0ghshqghqw phdvxuh � +x, iru wkh Vwxghqw*v frsxod +� @ 4,

Iljxuh 45= Txdqwloh0ghshqghqw phdvxuh � +x, iru wkh Vwxghqw*v frsxod +� @ 8,
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Frsxodv iru Ilqdqfh

Iljxuh 46= Frqwrxuv ri ghqvlw| iru jdxvvldq frsxod

Iljxuh 47= Frqwrxuv ri ghqvlw| iru Iudqfn frsxod

49



Frsxodv iru Ilqdqfh

Wkh fruuhvsrqglqj ghqvlw| lv44

f +x4> = = = > xq> = = = > xQ >�, @
4

m�m 45
h{s

�
�4

5
)A

�
��4 � L

�
)

�
+65,

zlwk )q @ ��4 +xq,1

Hyhq li wkhPYQ frsxod kdv qrw ehhq h{whqvlyho| xvhg lq sdshuv uhodwhg wr wklv wrslf/ lw shuplwv wudfwdeoh fdofxoxv
olnh wkh PYQ glvwulexwlrq1 Ohw xv frqvlghu wkh frpsxwdwlrq ri frqglwlrqdo ghqvlw|1 Ohw X @

�
XA
4 >X

A
5

�A
ghqrwh

d yhfwru ri xqlirup yduldwhv1 Lq sduwlwlrqhg irup/ zh kdyh

� @

�
�44 �45

�55

�
+66,

Zh frxog dovr vkrz wkdw wkh frqglwlrqdo ghqvlw| ri X5 jlyhq ydoxhv ri X4 lv

+67,

f +X5mX4>�, @
4���55 � �A45�
�4
44 �45

�� 45 h{s

�
�4

5
)
��
�55 � �A45�

�4
44 �45

��4 � L

�
)

�
+68,

zlwk ) @ ��4 +X5,� �A45�
�4
44 �

�4 +X4,1 Xvlqj wklv irupxod dqg li wkh pdujlqv duh vshfl�hg/ zh frxog shuirup
txdqwloh uhjuhvvlrqv ru fdofxodwh rwkhu lqwhuhvwlqj ydoxhv olnh h{shfwhg ydoxhv1

Gh�qlwlrq : +pxowlyduldwh Vwxghqw*v frsxod � PYW, Ohw � eh d v|pphwulf/ srvlwlyh gh�qlwh pdwul{ zlwk
gldj� @ 4 dqg W�>� wkh vwdqgdugl}hg pxowlyduldwh Vwxghqw*v glvwulexwlrq45 zlwk � ghjuhhv ri iuhhgrp dqg fruuh0
odwlrq pdwul{ �1 Wkh pxowlyduldwh Vwxghqw*v frsxod lv wkhq gh�qhg dv iroorzv=

F +x4> = = = > xq> = = = > xQ >�> �, @ W�>�
�
w�4� +x4, > = = = > w

�4
� +xq, > = = = > w

�4
� +xQ ,

�
+6:,

zlwk w�4� wkh lqyhuvh ri wkh xqlyduldwh Vwxghqw*v glvwulexwlrq1 Wkh fruuhvsrqglqj ghqvlw| lv46

f +x4> = = = > xq> = = = > xQ >�, @ m�m� 4
5
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�
�.Q
5
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4 . 4
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A��4)

�� �.Q
5

Q\
q@4

�
4 . )5q

�

�� �.4
5

+6;,

zlwk )q @ w�4� +xq,1

Uhpdun 6 Suredelolw| ghqvlw| ixqfwlrq ri PYQ dqg PYW frsxodv duh hdv| wr frpsxwh1 Iru fxpxodwlyh ghqvlw|
ixqfwlrqv/ wkh sureohp ehfrphv kdughu1 Lq wklv sdshu/ zh xvh wkh JDXVV surfhgxuh fgipyq edvhg rq wkh dojrulwkp
ghyhorshg e| Irug dqg wkh IRUWUDQ vxeurxwlqh pywgvw zulwwhq e| Jhq} dqg Euhw} ^4<<<d/4<<<e`1

44Zh kdyh iru wkh Pxowlqrupdo glvwulexwlrq

�

E2Z�
Q
5 ��� 45

i T

�
3�

2
 ��3� 

�
' U Ex E%�� c � � � cx? E%?� c � � � cx� E%� ��

#
�\
?'�

�I
2Z

i T

�
3�

2
%2?

�$
+63,
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45Zh kdyh
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46Zh rewdlq wklv uhvxow e| xvlqj wkh whfkqltxh ghvfulehg lq irrwqrwh 441
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Frsxodv iru Ilqdqfh

Wkhuh duh ihz zrunv wkdw irfxv rq hoolswlfdo frsxodv1 Krzhyhu/ wkh| frxog eh yhu| dwwudfwlyh1 Vrqj ^5333`
jlyhv d pxowlyduldwh h{whqvlrq ri glvshuvlrq prghov zlwk wkh Jdxvvldq frsxod1 Mrujhqvhq ^4<<:` gh�qhv d
glvshuvlrq prgho \ � GP �

�> �5
�
zlwk wkh iroorzlqj suredelolw| ghqvlw| irup

i
�
|>�> �5

�
@ d

�
|>�5

�
h{s

�
� 4

5�5
g +|>�,

�
+6<,

� dqg �5 duh fdoohg wkh srvlwlrq dqg glvshuvlrq sdudphwhuv1 g lv wkh xqlw ghyldqfh zlwk g +|>�, � 3 vdwlvi|lqj
g +|> |, @ 31 Li d

�
|>�5

�
wdnhv wkh irup d4 +|,d5

�
�5

�
/ wkh prgho lv d surshu glvshuvlrq prgho SGP +h1j1

Vlpsoh{/ Ohlsqln ru yrq Plvhv glvwulexwlrq,1 Zlwk g +|>�, @ |g4 +�,. g5 +|,. g6 +�,/ zh rewdlq dq h{srqhqwldo
glvshuvlrq prgho HGP +h1j1 Jdxvvldq/ h{srqhqwldo/ Jdppd/ Srlvvrq/ qhjdwlyh elqrpldo/ elqrpldo ru lqyhuvh
Jdxvvldq glvwulexwlrqv,1 Mrujhqvhq dqg Odxulw}hq ^4<<;` sursrvh d pxowlyduldwh h{whqvlrq ri wkh glvshuvlrq
prgho gh�qhg e| wkh iroorzlqj suredelolw| ghqvlw| irup

i +|>�>	, @ d +|> 	, h{s

�
�4

5
wu
q
	�4w +|>�, w +|>�,A

r�
+73,

Dv qrwhg e| Vrqj/ wklv frqvwuxfwlrq lv qrw qdwxudo/ ehfdxvh wkhlu prghov duh qrw pdujlqdoo| forvhg lq wkh vhqvh
wkdw wkh pdujlqdo glvwulexwlrqv pd| qrw eh lq wkh jlyhq glvwulexwlrq fodvv1 Vrqj ^5333` sursrvhv wr gh�qh wkh
pxowlyduldwh glvshuvlrq prgho \ � PGP �

�>�5>�
�
dv
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+74,

zlwk ) @+)4> = = = > )Q ,A/ � @+�4> = = = > �Q ,A/ �5@
�
�54> = = = > �

5
Q

�A
dqg )q @ ��4 �Iq

�
|q>�q> �

5
q

��
1 Lq wklv fdvh/

wkh xqlyduldwh pdujlqv duh h�hfwlyho| wkh glvshuvlrq prgho GP �
�q> �

5
q

�
1 Pruhryhu/ wkhvh PGP glvwulexwlrqv

kdyh pdq| surshuwlhv vlplodu wr wkh pxowlyduldwh qrupdo glvwulexwlrq1

Zh frqvlghu wkh h{dpsoh ri wkh Zhlexoo glvwulexwlrq1 Ohw +e> f, wzr srvlwlyh vfdoduv1 Zh kdyh

i +|, @
f|f�4

ef
h{s
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e

�f�
+75,

Lq wkh glvshuvlrq prgho iudphzrun/ zh kdyh g +|>�, @ 4
5|

f/ d
�
|>�5

�
@ f|f�4

�5 / �5 @ ef dqg � @ 31 Lw lv dovr erwk
d surshu dqg h{srqhqwldo glvwulexwlrq1 D pxowlyduldwh jhqhudol}dwlrq lv wkhq jlyhq e|

i +|, @
4

m�m 45
h{s

�
�4

5
)A

�
��4 � L

�
)

� Q\
q@4

fq|
fq�4

efqq
h{s

�
�
�
|q
eq

�fq�
+76,

zlwk )q @ ��4
�
4� h{s

�
�
�
|q
eq

�fq��
1

51615 Dufklphghdq frsxodv

Jhqhvw dqg PdfNd| ^4<<9` gh�qh Dufklphghdq frsxodv dv wkh iroorzlqj=

F +x4> = = = > xq> = = = > xQ , @

;A?
A= *�4 +* +x4, . = = =. * +xq, . = = =. * +xQ ,, li

Q[
q@4

* +xq, � * +3,

3 rwkhuzlvh

+77,

zlwk * +x, d F5 ixqfwlrq zlwk * +4, @ 3/ *3 +x, ? 3 dqg *33 +x, A 3 iru doo 3 � x � 41 * +x, lv fdoohg wkh jhqhudwru
ri wkh frsxod1 Dufklphghdq frsxodv sod| dq lpsruwdqw uroh ehfdxvh wkh| suhvhqw vhyhudo ghvluhg surshuwlhv +F

4;



Frsxodv iru Ilqdqfh

lv v|pphwulf/ dvvrfldwlyh47/ hwf1,1 Pruhryhu/ Dufklphghdq frsxodv vlpsoli| fdofxoxv1 Iru h{dpsoh/ wkh Nhqgdoo*v
wdx lv jlyhq e|

� @ 4 . 7

] 4

3

* +x,

*3 +x,
gx +78,

Zh kdyh uhsruwhg lq wkh iroorzlqj wdeoh vrph fodvvlfdo elyduldwh Dufklphghdq frsxodv48=

Frsxod * +x, F +x4> x5,
FB � oqx x4x5

Jxpeho +� oqx,� h{s
�
� +�x�4 . �x�5 ,

4
�

�
Mrh +� oq 4� +4� x,�, 4� +�x�4 . �x�5 � �x�4 �x

�
5 ,

4
�

Nlphogrui0Vdpsvrq x�� � 4
�
�x��4 . �x��5 � 4

�� 4
�

Ohw ' +x, @ h{s +�* +x,,1 Zh qrwh wkdw wkh htxdwlrq +77, frxog eh zulwwhq dv

' +F +x4> = = = > xq> = = = > xQ ,, @
Q\
q@4

' +xq, +79,

E| dsso|lqj * erwk wr wkh mrlqw glvwulexwlrq dqg wkh pdujlqv/ wkh glvwulexwlrqv �ehfrph� lqghshqghqw1 Zh
qrwh dovr wkdw Dufklphghdq frsxodv duh uhodwhg wr pxowlyduldwh glvwulexwlrqv jhqhudwhg e| pl{wxuhv1 Ohw � eh
d yhfwru ri sdudphwhuv jhqhudwhg e| d mrlqw glvwulexwlrq ixqfwlrq � zlwk pdujlqv �q dqg K d pxowlyduldwh
glvwulexwlrq1 Zh ghqrwh I4> = = = >IQ Q xqlyduldwh glvwulexwlrqv1 Pduvkdoo dqg Ronlq ^4<;;` vkrzhg wkdw

I +{4> = = = > {q> = = = > {Q , @

]
� � �

]
K

�
K
�4
4 +{4, > = = = > K

�q
q +{q, > = = = > K

�Q
Q +{Q ,

�
g� +�4> = = = > �q> = = = > �Q , +7:,

lv d pxowlyduldwh glvwulexwlrq zlwk pdujlqdov I4> = = = >IQ 1 Zh kdyh

Kq +{q, @ h{s
��#�4q +Iq +{q,,

�
+7;,

zlwk #q wkh Odsodfh wudqvirup ri wkh pdujlqdo glvwulexwlrq �q1 Ohw # eh wkh Odsodfh wudqvirup ri wkh mrlqw
glvwulexwlrq �1 Dqrwkhu h{suhvvlrq ri +7:, lv

I +{4> = = = > {q> = = = > {Q , @ #
�
#�44 +I4 +{4,, > = = = > #

�4
q +Iq +{q,, > = = = > #

�4
q +Iq +{q,,

�
+7<,

Li wkh pdujlqv �q duh wkh vdph/ � lv wkh xsshu Iuìfkhw erxqg dqgK wkh surgxfw frsxod/ Pduvkdoo dqg Ronlq
^4<;;` uhpdunhg wkdw

I +{4> = = = > {q> = = = > {Q , @ #
�
#�4 +I4 +{4,, . = = =. #�4 +Iq +{q,, . = = =. #�4 +Iq +{q,,

�
+83,

Wkh lqyhuvh ri wkh Odsodfh wudqvirup #�4 lv wkhq d jhqhudwru iru Dufklphghdq frsxodv1

51616 H{wuhph ydoxh frsxodv

Iroorzlqj Mrh ^4<<:`/ dq h{wuhph ydoxh frsxod F vdwlv�hv wkh iroorzlqj uhodwlrqvkls49 =

F
�
xw4> = = = > x

w
q> = = = > x

w
Q

�
@ Fw +x4> = = = > xq> = = = > xQ , ; w A 3 +84,

47� E��c� E�2c ���� ' � E� E��c �2� c ���1
48Zh xvh wkh qrwdwlrq ri Mrh ^4<<:` wr eh pruh frqflvh= 7� ' �3 � dqg �� ' 3 *?�1
49Wklv uhodwlrqvkls zloo eh h{sodlqhg lq sdudjudsk 71615 sdjh 791

4<



Frsxodv iru Ilqdqfh

Iru h{dpsoh/ wkh Jxpeho frsxod lv dq h{wuhph ydoxh frsxod=

F
�
xw4> x

w
5

�
@ h{s

�
� ��� oqxw4

��
.
�� oqxw5

��� 4��
@ h{s

�
� +w� ^+� oqx4,

� . +� oqx4,
�`,

4
�

�
@

k
h{s

�
� ^+� oqx4,

� . +� oqx4,
�`

4
�

�lw
@ Fw +x4> x5,

Ohw xv frqvlghu wkh suhylrxv h{dpsoh ri ghqvlw| frqwrxuv zlwk wkh Jxpeho frsxod1 Zh wkhq rewdlq �jxuh 481

Iljxuh 48= Frqwrxuv ri ghqvlw| iru Jxpeho frsxod

Zkdw lv wkh olqn ehwzhhq h{wuhph ydoxh frsxodv dqg wkh pxowlyduldwh h{wuhph ydoxh wkhru|B Wkh dqvzhu
lv vwudljkwiruzdug1 Ohw xv ghqrwh ".q>p @ pd{ +[q>4> = = = > [q>n> = = = >[q>p, zlwk i[q>nj n llg udqgrp yduldeohv
zlwk wkh vdph glvwulexwlrq1 Ohw Jq eh wkh pdujlqdo glvwulexwlrq ri wkh xqlyduldwh h{wuhph ".q>p1 Wkhq/ wkh

mrlqw olplw glvwulexwlrq J ri
�
".4>p> = = = > ".q>p> = = = > ".Q>p

�
lv vxfk wkdw

J
�
".4 > = = = > "

.
q > = = = > "

.
Q

�
@ F

�
J4

�
".4

�
> = = = >Jq

�
".q

�
> = = = >JQ

�
".Q

��
+85,

zkhuh F lv dq h{wuhph ydoxh frsxod dqg Jq d qrq0ghjhqhudwh xqlyduldwh h{wuhph ydoxh glvwulex0
wlrq1 Wkh uhodwlrq +85, jlyhv xv dovr d cvlpsoh* zd| wr frqvwuxfw pxowlyduldwh h{wuhph ydoxh glvwulexwlrqv1 Lq
�jxuh 49/ zh kdyh sorwwhg wkh frqwrxuv ri wkh ghqvlw| ri elyduldwh h{wuhph ydoxh glvwulexwlrqv xvlqj d Jxpeho
frsxod dqg wzr JHY glvwulexwlrqv4:1

4:Wkh sdudphwhuv ri wkh wzr pdujlqv duh uhvshfwlyho| > ' f/ j ' �/ 1 ' � dqg 1> ' f/ j ' �/ 1 ' ��2 +wkhvh sdudphwhuv duh
gh�qhg lq wkh irupxod 4:< sdjh 85,1
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Frsxodv iru Ilqdqfh

Iljxuh 49= H{dpsoh ri elyduldwh h{wuhph ydoxh glvwulexwlrqv

6 Vwdwlvwlfdo lqihuhqfh ri frsxodv

614 Vlpxodwlrq whfkqltxhv

Vlpxodwlrqv kdyh dq lpsruwdqw uroh lq vwdwlvwlfdo lqihuhqfh1 Wkh| hvshfldoo| khos wr lqyhvwljdwh surshuwlhv ri
hvwlpdwru1 Pruhryhu/ wkh| duh qhfhvvdu| wr xqghuvwdqg wkh xqghuo|lqj pxowlyduldwh glvwulexwlrq1 Iru h{dpsoh/
vxssrvh wkdw zh jhqhudwh d 80glphqvlrqdo glvwulexwlrq zlwk d PYW frsxod/ 5 jhqhudol}hg0sduhwr pdujlqv dqg
wkuhh jhqhudol}hg0ehwd pdujlqv1 \rx kdyh wr shuirup vlpxodwlrqv wr jhw dq lghd ri wkh vkdsh ri wkh glvwulexwlrq1

Wkh vlpxodwlrq ri xqlirup yduldwhv iru d jlyhq frsxod F fdq eh dffrpsolvkhg zlwk wklv iroorzlqj jhqhudo
dojrulwkp=

41 Jhqhudwh Q lqghshqghqw xqlirup yduldwhv +y4> = = = > yq> = = = > yQ ,>

51 Jhqhudwh uhfxuvlyho| wkh Q yduldwhv dv iroorzv

xq @ F�4
+x4>===>xq�4,

+yq, +86,

zlwk

F+x4>===>xq�4, +xq, @ Su iXq � xq m +X4> = = = > Xq�4, @ +x4> = = = > xq�4,j

@
Cq�4+x4>===>xq�4,

F +x4> = = = > xq> 4> = = = > 4,

Cq�4+x4>===>xq�4,
F +x4> = = = > xq�4> 4> = = = > 4,

+87,

Wkh pdlq lghd ri wklv dojrulwkp lv wr vlpxodwh hdfk xq e| xvlqj lwv frqglwlrqdo glvwulexwlrq1 Lq wkh fdvh ri
glphqvlrq 5/ uhodwlrq +86, ehfrphv

x4 @ y4

54



Frsxodv iru Ilqdqfh

Cx4F +x4> x5, @ y5

ehfdxvh Cx4F +x4> 4, @ 41 Krzhyhu/ zh kdyh wr qrwh wkdw udqgrp jhqhudwlrq uhtxluhv d urrw �qglqj surfhgxuh1
Iru fodvvlfdo frsxodv/ wkhuh h{lvw vshfl�f srzhuixoo dojrulwkpv +Ghyur|h ^4<;9`,1 Wklv lv wkh fdvh ri Nlphogrui0
Vdpsvrq/ Jxpeho/ Pduvkdoo0Ronlq/ hwf1 dqg pruh jhqhudoo| wkh fdvh ri Dufklphghdq frsxodv4; 1 Iru PYQ ru
PYW frsxodv/ udqgrp xqlirupv duh rewdlqhg e| jhqhudwlqj udqgrp qxpehuv ri wkh fruuhvsrqglqj PYQ ru
PYW glvwulexwlrq/ dqg e| dsso|lqj wkh fgi ri wkh fruuhvsrqglqj xqlyduldwh glvwulexwlrq1

Uhpdun 7 Wr rewdlq udqgrp qxpehuv li wkh pdujlqv duh qrw xqlirupv/ zh xvh wkh fodvvlfdo lqyhuvlrq phwkrg1

615 Qrq0sdudphwulf hvwlpdwlrq

61514 Hpslulfdo frsxodv

Hpslulfdo frsxodv kdyh ehhq lqwurgxfhg e| Ghkhxyhov ^4<:<`1 Ohw [ @ i+{w4> = = = > {wQ ,jWw@4 ghqrwh d vdpsoh1
Wkh hpslulfdo frsxod glvwulexwlrq lv jlyhq e|

aF

�
w4
W
> = = = >

wq
W
> = = = >

wQ
W

�
@

4

W

W[
w@4

4�
{w4�{

+w4,
4 >===>{wq�{+wq,q >===>{w

Q
�{+wQ ,

Q

� +8:,

zkhuh {
+w,
q duh wkh rughu vwdwlvwlfv dqg 4 � w4> = = = > wQ � W 1 Wkh hpslulfdo frsxod iuhtxhqf| fruuhvsrqgv wr

af
�
w4
W > = = = > wqW > = = = > wQW

�
@ 4

W li
�
{
+w4,
4 > = = = > {

+wQ ,
Q

�
ehorqjv wr [ ru 3 rwkhuzlvh1 Wkh uhodwlrqvklsv ehwzhhq hpslulfdo

frsxod glvwulexwlrq dqg iuhtxhqf| duh

aF

�
w4
W
> = = = >

wq
W
> = = = >

wQ
W

�
@

w4[
l4@4

� � �
wQ[

lQ@4

af

�
l4
W
> = = = >

lq
W
> = = = >

lQ
W

�
+8;,

dqg4<

af

�
w4
W
> = = = >

wq
W
> = = = >

wQ
W

�
@

5[
l4@4

� � �
5[

lQ@4

+�4,l4.���.lQ aF

�
w4 � l4 . 4

W
> = = = >

wq � lq . 4

W
> = = = >

wQ � lQ . 4

W

�
+8<,

Lq �jxuh 4:/ zh kdyh sorwwhg wkh frqwrxuv ri wkh hpslulfdo frsxod iru wkh dvvhwv DO dqg FX1 Zh frpsduh
wkhp zlwk wkhvh frpsxwhg zlwk wkh jdxvvldq glvwulexwlrq/ l1h d jdxvvldq frsxod zlwk jdxvvldq pdujlqv/ dqg d
jdxvvldq frsxod +zlwkrxw dvvxpswlrqv rq pdujlqv53,1 Zh uhpdun wkdw wkh jdxvvldq frsxod �wv ehwwhu
wkh hpslulfdo frsxod wkdq wkh jdxvvldq glvwulexwlrq$

Hpslulfdo frsxodv frxog eh xvhg wr hvwlpdwh ghshqghqfh phdvxuhv1 Iru h{dpsoh/ dq hvwlpdwlrq ri wkh
Vshdupdq*v ( lv

a( @
45

W 5 � 4

W[
w4@4

W[
w5@4

�
aF

�
w4
W
>
w5
W

�
� w4w5

W 5

�
+93,

Xvlqj wkh uhodwlrqvkls � @ 5 vlq
�
�
9 (

�
ehwzhhq wkh sdudphwhu ri jdxvvldq frsxod dqg Vshdupdq*v fruuhodwlrq/ zh

ghgxfh dq hvwlpdwh ri wkh fruuhodwlrq pdwul{ ri wkh dvvhwv iru wkh jdxvvldq frsxod +Wdeoh 5,1 Li zh frpsduh lw
zlwk wkh fruuhodwlrq jlyhq lq wdeoh 4 sdjh 9/ zh vkrz wkdw wkh| duh forvh exw gl�huhqw1

4;Zh kdyh dovr

�E�4c���c�q�4� E�?� '
)E?3�� E) E��� n � � �n ) E�?��

)E?3�� E) E��� n � � �n ) E�?3���
+88,

zlwk

)E?� '
Y?

Y �?
*
3� +89,

4<Gh�qlwlrq +4, ri wkh frsxod uhtxluhv wkdw � lv d � 0lqfuhdvlqj ixqfwlrq +vhh irrwqrwh 6 sdjh 8,1 Wklv surshuw| phdqv wkdw wkhuh
lv d ghqvlw| dvvrfldwhg wr �1

53Wkh hvwlpdwlrq phwkrgv ri wkh sdudphwhuv duh ghvfulehg lq wkh qh{w fkdswhu1
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Frsxodv iru Ilqdqfh

Iljxuh 4:= Frpsdulvrq ri hpslulfdo frsxod/ jdxvvldq glvwulexwlrq dqg frsxod

DO DO048 FX QL SE
DO 4133 31;: 3185 3174 3169
DO048 4133 3178 3169 3165
FX 4133 3176 316<
QL 4133 3167
SE 4133

Wdeoh 5= Fruuhodwlrq pdwul{ � ri wkh OPH gdwd

61515 Lghqwl�fdwlrq ri dq Dufklphghdq frsxod

Jhqhvw dqg Ulyhvw ^4<<6` kdyh ghyhorshg dq hpslulfdo phwkrg wr lghqwli| wkh frsxod lq wkh Dufklphghdq
fdvh1 Ohw [ eh d yhfwru ri Q udqgrp yduldeohv/ F wkh dvvrfldwhg frsxod zlwk jhqhudwru * dqg N wkh ixqfwlrq
gh�qhg e|

N +x, @ Su iF +X4> = = = > XQ , � xj +94,

Edueh/ Jhqhvw/ Jkrxgl dqg Uìploodug ^4<<9` vkrzhg wkdw

N +x, @ x.
Q[
q@4

+�4,q
*q +x,

q$
yq�4 +x, +95,

zlwk yq +x, @
Cx yq�4+x,
Cx *+x,

dqg y3 +x, @
4

Cx *+x,
1 Lq wkh elyduldwh fdvh/ wklv irupxod vlpsol�hv wr

N +x, @ x� * +x,

*3 +x,
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Frsxodv iru Ilqdqfh

D qrq sdudphwulf hvwlpdwh ri N lv jlyhq e|

aN +x, @
4

W

W[
w@4

4^&l�x` +96,

zlwk

&l @
4

W � 4

W[
w@4

4^{w4?{l4>===>{wQ?{lQ `
+97,

Wkh lghd lv wr �w aN e| fkrrvlqj d sdudphwulf frsxod lq wkh idplo| ri Dufklphghdq frsxodv +vhh Iljxuh 4; iru
dvvhwv DO dqg FX suhylrxvo| gh�qhg,1

Iljxuh 4;= TT0sorw ri wkh ixqfwlrq N +x, +Jxpeho frsxod,

616 Sdudphwulf hvwlpdwlrq

Lq �Pxowlyduldwh Prghov dqg Ghshqghqfh Frqfhswv�/ Mrh ^4<<:` zulwhv

Vwdwlvwlfdo prghoolqj xvxdoo| phdqv wkdw rqh frphv xs zlwk d vlpsoh +ru pdwkhpdwlfdoo| wudfwdeoh,
prgho zlwkrxw nqrzohgjh ri wkh sk|vlfdo dvshfwv ri wkh vlwxdwlrq1 Wkh vwdwlvwlfdo prgho qhhgv wr eh
cuhdo* dqg lv qrw dq hqg exw d phdqv ri surylglqj vwdwlvwlfdo lqihuhqfhv111 P| ylhz ri pxowlyduldwh
prghoolqj/ edvhg rq h{shulhqfh zlwk pxowlyduldwh gdwd/ lv wkdw prghov vkrxog wu| wr fdswxuh lp0
sruwdqw fkdudfwhulvwlfv/ vxfk dv wkh dssursuldwh ghqvlw| vkdshv iru wkh xqlyduldwh pdujlqv dqg wkh
dssursuldwh ghshqghqfh vwuxfwxuh/ dqg rwkhuzlvh eh dv vlpsoh dv srvvleoh1 Wkh sdudphwhuv ri wkh
prgho vkrxog eh lq d irup prvw vxlwdeoh iru hdv| lqwhusuhwdwlrq +h1j1/ d sdudphwhu lv lqwhusuhwhg
dv hlwkhu d ghshqghqfh sdudphwhu ru d xqlyduldwh sdudphwhu exw qrw vrph pl{wxuh,111
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Frsxodv iru Ilqdqfh

Lq pdq| dssolfdwlrqv/ sdudphwulf prghov duh xvhixo lq rughu wr vwxg| wkh surshuwlhv ri wkh xqghuo|lqj vwdwlv0
wlfdo prgho1 Wkh lghd wr ghfrpsrvh wkh frpsoh{ sureohpv ri pxowlyduldwh prghoolqj lqwr wzr pruh vlpsol�hg
vwdwlvwlfdo sureohp lv mxvwl�hg1

61614 Pd{lpxp olnholkrrg hvwlpdwlrq

Ohw � eh wkh N � 4 yhfwru ri sdudphwhuv wr eh hvwlpdwhg dqg � wkh sdudphwhu vsdfh1 Wkh olnholkrrg iru
revhuydwlrq w/ wkdw lv wkh suredelolw| ghqvlw| ri wkh revhuydwlrq w/ frqvlghuhg dv d ixqfwlrq ri �/ lv ghqrwhg
Ow +�,1 Ohw cw +�, eh wkh orj0olnholkrrg ri Ow +�,1 Jlyhq W revhuydwlrqv/ zh jhw

c +�, @
W[
w@4

cw +�, +98,

wkh orj0olnholkrrg ixqfwlrq1 a�PO lv wkh Pd{lpxp Olnholkrrg hvwlpdwru li

c
�
a�PO

�
� c +�, ; � 5 � +99,

Zh pd| vkrz wkdw a�PO kdv wkh surshuw| ri dv|pswrwlf qrupdolw| +Gdylgvrq dqg PdfNlqqrq ^4<<6`, dqg
zh kdyh s

W
�
a�PO � �3

�
�$ Q �

3>M�4 +�3,
�

+9:,

zlwk M +�3, wkh lqirupdwlrq pdwul{ ri Ilvkhu541

Dssolhg wr glvwulexwlrq +6,/ wkh h{suhvvlrq ri wkh orj0olnholkrrg ehfrphv

c +�, @
W[
w@4

oq f
�
I4

�
{w4

�
> = = = >Iq

�
{wq

�
> = = = >IQ

�
{wQ

��
.

W[
w@4

Q[
q@4

oq iq
�
{wq

�
+:4,

Li zh dvvxph xqlirup pdujlqv/ zh kdyh

c +�, @
W[
w@4

oq f
�
xw4> = = = > x

w
q> = = = > x

w
Q

�
+:5,

Lq wkh fdvh ri jdxvvldq frsxod/ zh kdyh

c +�, @ �W

5
oq m�m � 4

5

W[
w@4

)Aw
�
��4 � L

�
)w +:6,

zlwk )w @
�
��4 +xw4, > = = = >�

�4 +xwq, > = = = >�
�4 +xwQ ,

�
dqg wkh PO hvwlpdwh ri � lv dovr +Pdjqxv dqg Qhxghfnhu

^4<;;`,

a�PO @
4

W

W[
w@4

)Aw )w +:7,

54Ohw a	wPO
eh wkh Afg Mdfreldq pdwul{ ri �| Ew� dqg M	wPO

wkh gfg Khvvldq pdwul{ ri wkh olnholkrrg ixqfwlrq1 Wkh fryduldqfh

pdwul{ ri 	w�w lq �qlwh vdpsoh fdq eh hvwlpdwhg e| wkh lqyhuvh ri wkh qhjdwlyh Khvvldq

ydu
�
	wPO

�
'
�
3M	wPO

�3�
+9;,

ru e| wkh lqyhuvh ri wkh RSJ hvwlpdwru

ydu
�
	wPO

�
'
�
a�	wPO

a	wPO

�3�
+9<,

Dqrwkhu hvwlpdwru fdoohg wkh Zklwh +ru �vdqgzlfk�, hvwlpdwru lv gh�qhg e|

ydu
�
	wPO

�
'
�
3M	wPO

�3� �
a�	wPO

a	wPO

� �
3M	wPO

�3�
+:3,

zklfk wdnhv lqwr dffrxqw ri khwhurvnhgdvwlflw|1
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Xqolnh iru jdxvvldq frsxod/ wkh hvwlpdwlrq ri wkh sdudphwhuv iru rwkhu frsxodv pd| uhtxluh qxphulfdo rswlplvd0
wlrq ri wkh orj0olnholkrrg ixqfwlrq1 Wklv lv wkh fdvh ri Vwxghqw*v frsxod

c +�, 2 �W

5
oq m�m �

�
� .Q

5

� W[
w@4

oq

�
4 .

4

�
)Aw �

�4)w

�
.

�
� . 4

5

� W[
w@4

Q[
q@4

oq

�
4 .

)5q
�

�
+:8,

Wkh suhylrxv phwkrg/ zklfk zh fdoo wkh h{dfw pd{lpxp olnholkrrg phwkrg ru HPO/ frxog eh frpsxwdwlrqdo
lqwhqvlyh lq wkh fdvh ri kljk glphqvlrqdo glvwulexwlrq/ ehfdxvh lw uhtxluhv wr mrlqwo| hvwlpdwh wkh sdudphwhuv
ri wkh pdujlqv dqg wkh sdudphwhuv ri wkh ghshqghqfh vwuxfwxuh1 Krzhyhu/ wkh frsxod uhsuhvhqwdwlrq vsolwv
wkh sdudphwhuv lqwr vshfl�f sdudphwhuv iru pdujlqdo glvwulexwlrqv dqg frpprq sdudphwhuv iru wkh ghshqghqfh
vwuxfwxuh +ru wkh sdudphwhuv ri wkh frsxod,1 Wkh orj0olnholkrrg +:4, frxog wkhq eh zulwwhq dv

c +�, @
W[
w@4

oq f
�
I4

�
{w4> �4

�
> = = = >Iq

�
{wq> �q

�
> = = = >IQ

�
{wQ > �Q

�
>�

�
.

W[
w@4

Q[
q@4

oq iq
�
{wq> �q

�
+:9,

zlwk � @ +�4> = = = > �Q > �,1 Zh frxog dovr shuirup wkh hvwlpdwlrq ri wkh xqlyduldwh pdujlqdo glvwulexwlrqv lq d
�uvw vwhs

a�q @ dujpd{
W[
w@4

oq iq
�
{wq> �q

�
+::,

dqg wkhq hvwlpdwh � jlyhq wkh suhylrxv hvwlpdwhv

a� @ dujpd{
W[
w@4

oq f
�
I4

�
{w4> a�4

�
> = = = >Iq

�
{wq> a�q

�
> = = = >IQ

�
{wQ > a�Q

�
>�

�
+:;,

Wklv wzr0vwhs phwkrg lv fdoohg wkh phwkrg ri lqihuhqfh ixqfwlrqv iru pdujlqv ru LIP phwkrg1 Lq jhqhudo/ zh
kdyh

a�IPO 9@ a�LIP +:<,

Lq dq xqsxeolvkhg wkhvlv/ [x vxjjhvwv �wkdw wkh LIP phwkrg lv kljko| h!flhqw frpsduhg zlwk PO phwkrg�
+Mrh ^4<<:`,1 Xvlqj d forvh lghd ri wkh LIP phwkrg/ zh uhpdun wkdw wkh sdudphwhu yhfwru � ri wkh frsxod frxog
eh hvwlpdwhg zlwkrxw vshfli|lqj wkh pdujlqdov1 Wkh phwkrg frqvlvwv lq wudqviruplqj wkh gdwd +{w4> = = = > {

w
Q , lqwr

xqlirup yduldwhv +axw4> = = = > ax
w
Q ,/ dqg lq hvwlpdwlqj wkh sdudphwhuv lq wkh iroorzlqj zd|=

a� @ dujpd{
W[
w@4

oq f
�
axw4> = = = > ax

w
q> = = = > ax

w
Q >�

�
+;3,

Lq wklv fdvh/ a� frxog eh ylhzhg dv wkh PO hvwlpdwru jlyhq wkh revhuyhg pdujlqv +zlwkrxw dvvxpswlrqv rq
wkh sdudphwulf irup ri wkh pdujlqdo glvwulexwlrqv,1 Ehfdxvh lw lv edvhg rq wkh hpslulfdo glvwulexwlrqv/
zh fdoo lw wkh fdqrqlfdo pd{lpxp olnholkrrg phwkrg ru FPO1

H{dpsoh 4 Ohw xv frqvlghu wzr udqgrp yduldeohv [4 dqg [5 jhqhudwhg e| d elyduldwh jdxvvldq frsxod zlwk
h{srqhqwldo dqg vwdqgdug jdppd glvwulexwlrqv1 Zh kdyh

f +{4> {5, @
4s

4� �5
h{s

�
�4

5

�
)54 . 5)4)5 . )55

4� �5

�
.

4

5

�
)54 . )55

��
+;4,

zlwk

)4 @ ��4 +4� h{s +��{4,,

)5 @ ��4
�] {5

3

{��4h�{

� +�,
g{

�
+;5,

59



Frsxodv iru Ilqdqfh

Wkh yhfwru ri wkh sdudphwhuv lv dovr

� @

5
7 �

�
�

6
8 +;6,

Zh shuirup d Prqwh Fduor vwxg|55 wr lqyhvwljdwh wkh surshuwlhv ri wkh wkuhh phwkrgv1 Lq �jxuh 4</ zh kdyh
uhsruwhg wkh glvwulexwlrqv ri wkh hvwlpdwruv a�HPO/ a�LIP dqg a�IPO iru gl�huhqw vdpsoh vl}hv W @ 433/ W @ 833/
W @ 4333 dqg W @ 58331 Zh uhpdun wkdw wkh ghqvlwlhv ri wkh wkuhh hvwlpdwruv duh yhu| forvh1

Iljxuh 4<= Ghqvlw| ri wkh hvwlpdwruv

Uhpdun 8 Wr hvwlpdwh wkh sdudphwhu � ri wkh jdxvvldq frsxod zlwk wkh FPO phwkrg56/ zh surfhhg dv iroorzv=

41 Wudqvirup wkh ruljlqdo gdwd lqwr jdxvvldq gdwd=

+d, Hvwlpdwh wkh hpslulfdo glvwulexwlrq ixqfwlrqv +xqlirup wudqvirupdwlrq, xvlqj rughu vwdwlvwlfv>

+e, Wkhq jhqhudwh jdxvvldq ydoxhv e| dsso|lqj wkh lqyhuvh ri wkh qrupdo glvwulexwlrq wr wkh hpslulfdo
glvwulexwlrq ixqfwlrqv1

51 Frpsxwh wkh fruuhodwlrq ri wkh wudqviruphg gdwd1

Ohw xv qrz xvh wkh OPH h{dpsoh djdlq1 Wkh fruuhodwlrq pdwul{ hvwlpdwhg zlwk wkh FPO phwkrg lv jlyhq e|
wdeoh +6,1

55Wkh qxpehu ri uhsolfdwlrqv lv vhw wr 43331 Wkh ydoxh ri wkh sdudphwhuv duh b ' 2/ � ' ��D dqg 4 ' f�D1
56Qrwh wkdw wklv lv dv|pswrwlfdoo| htxlydohqw wr frpsxwh Vshdupdq*v fruuhodwlrq dqg wr ghgxfh wkh fruuhodwlrq sdudphwhu xvlqj

wkh uhodwlrqvkls=

4 ' 2t�?
�Z
S
�
�

+;7,
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Iljxuh 53= Hpslulfdo xqlirupv +ru hpslulfdo glvwulexwlrq ixqfwlrqv,

DO DO048 FX QL SE
DO 4133 31;8 317< 316< 3168
DO048 4133 3176 3168 3165
FX 4133 3174 3169
QL 4133 3166
SE 4133

Wdeoh 6= Fruuhodwlrq pdwul{ a�FPO ri wkh jdxvvldq frsxod iru wkh OPH gdwd

61615 Phwkrg ri prphqwv

Zh frqvlghu wkdw wkh hpslulfdo prphqwv kw>l +�, ghshqg rq wkh N � 4 yhfwru � ri sdudphwhuv1 W lv wkh qxpehu
ri revhuydwlrqv dqg p lv wkh qxpehu ri frqglwlrqv ru prphqwv1 Frqvlghu kw +�, wkh urz yhfwru ri wkh hohphqwv
kw>4 +�, > = = = > kw>p +�, dqg K +�, wkh W �p pdwul{ zlwk hohphqwv kw>l +�,1 Ohw j +�, eh d p� 4 yhfwru jlyhq e|

jl +�, @
4

W

W[
w@4

kw>l +�, +;8,

Wkh JPP57 fulwhulrq ixqfwlrq T +�, lv gh�qhg e|=

T +�, @ j +�,AZ�4j +�, +;9,

zlwk Z d v|pphwulf srvlwlyh gh�qlwh p�p pdwul{1 Wkh JPP hvwlpdwru a�JPP fruuhvsrqgv wr

a�JPP @ dujplq
�5�

T +�, +;:,

57Jhqhudol}hg Phwkrg ri Prphqwv1

5;
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Olnh wkh PO hvwlpdwruv/ zh pd| vkrz wkdw a�JPP kdv wkh surshuw| ri dv|pswrwlf qrupdolw| dqg zh kdyh

s
W
�
a�JPP � �3

�
�$ Q +3>	, +;;,

Lq wkh fdvh ri rswlpdo zhljkwv +Z lv wkh fryduldqfh pdwul{ � ri K +�, � Kdqvhq ^4<;5`,/ zh kdyh

ydu
�
a�JPP

�
@

4

W

k
GA a��4G

l�4
+;<,

zlwk G wkh p�N Mdfreldq pdwul{ ri j +�, frpsxwhg iru wkh hvwlpdwh a�JPP1

�Wkh PO hvwlpdwru fdq eh wuhdwhg dv d JPP hvwlpdwru lq zklfk hpslulfdo prphqwv duh wkh frpsrqhqwv
ri wkh vfruh yhfwru� +Gdylgvrq dqg PdfNlqqrq ^4<<6`,1 PO phwkrg lv dovr d vshfldo fdvh ri JPP zlwk

j +�, @ C�c +�, dqg Z @ LN1 Wkdw lv zk| ydu
�
a�JPP

�
lv lqwhusuhwhg dv dq RSJ hvwlpdwru1

Zh pd| hvwlpdwh wkh sdudphwhuv ri frsxodv zlwk wkh phwkrg ri prphqwv1 Krzhyhu/ lw uhtxluhv lq jhqhudo
wr frpsxwh wkh prphqwv1 Wkdw frxog eh grqh wkdqnv wr d v|perolf vriwzduh olnh Pdwkhpdwlfd ru Pdsoh1 Zkhq
wkhuh grhv qrw h{lvw dqdo|wlfdo irupxodv/ zh frxog xvh qxphulfdo lqwhjudwlrq ru vlpxodwlrq phwkrgv1 Olnh wkh
pd{lpxp olnholkrrg phwkrg/ zh frxog xvh wkh phwkrg ri prphqwv lq gl�huhqw zd|v lq rughu wr vlpsoli| wkh
frpsxwdwlrqdo frpsoh{lw| ri hvwlpdwlrq1

7 Ilqdqfldo Dssolfdwlrqv

714 Fuhglw vfrulqj

Pdlq lghd

Zh xvh wkh wkhruhwlfdo edfnjurxqg rq vfrulqj ixqfwlrqv ghyhorshg e| Jrxulìurx{ ^4<<5`1 Zh
jlyh d frsxod lqwhusuhwdwlrq1 Pruhryhu/ zh glvfxvv wkh ghshqghqfh ehwzhhq vfrulqj ixqfwlrqv
dqg vkrz krz wr h{sorlw lw1

71414 Wkhruhwlfdo edfnjurxqg rq vfrulqj ixqfwlrqv= d frsxod lqwhusuhwdwlrq

71415 Vwdwlvwlfdo phwkrgv zlwk frsxodv

715 Dvvhw uhwxuqv prghoolqj

Pdlq lghd

Zh frqvlghu vrph sruwirolr rswlplvdwlrq sureohpv1 Lq d �uvw wlph/ zh �{ wkh pdujlqv dqg dqdo|}h
wkh lpsdfw ri wkh frsxod1 Lq d vhfrqg wlph/ zh zrun zlwk d jlyhq frsxod1 Ilqdoo|/ zh suhvhqw
vrph looxvwudwlrqv zlwk gl�huhqw ulvn phdvxuhv1
Zh wkhq dqdo|}h wkh vhuldo ghshqghqfh zlwk glvfuhwh vwdwlrqdu| Pdunry fkdlqv frqvwuxfwhg iurp
d frsxod ixqfwlrq +Idqj/ Kx dqg Mrh ^4<<7` dqg Mrh ^4<<9/4<<:`,1
Wkh wklug sdudjudsk frqfhuqv frqwlqxrxv vwrfkdvwlf surfhvvhv dqg wkhlu olqnv zlwk frsxodv +Gdu0
vrz/ Qjx|hq dqg Rovhq ^4<<5`,1

5<
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71514 Sruwirolr djjuhjdwlrq

71515 Wlph vhulhv prghoolqj

71516 Pdunry surfhvvhv

Wklv sdudjudsk lv edvhg rq wkh vhplqdo zrun ri Gduvrz/ Qjx|hq dqg Rovhq ^4<<5`1 Wkhvh dxwkruv gh�qh d
surgxfw ri frsxodv/ zklfk lv qrwhg wkh � rshudwlrq1 Wkh| uhpdun wkdw �wkh � rshudwlrq rq frsxodv fruuhvsrqgv
lq d qdwxudo zd| wr wkh rshudwlrq rq wudqvlwlrq suredelolwlhv frqwdlqhg lq wkh Fkdspdq0Nroprjrury htxdwlrqv�1

7151614 Wkh � surgxfw dqg Pdunry surfhvvhv

Ohw F4 dqg F5 eh wzr frsxodv ri glphqvlrq 51 Gduvrz/ Qjx|hq dqg Rovhq ^4<<5` gh�qh wkh surgxfw ri
F4 dqg F5 e| wkh iroorzlqj ixqfwlrq

F4 �F5 = L5 �$ L

+x4> x5, :�$ +F4 �F5, +x4> x5, @

] 4

3

C5F4 +x4> x,C4F5 +x> x5, gx
+<3,

zkhuh C4F dqg C5F uhsuhvhqw wkh �uvw0rughu sduwldo ghulydwlyhv zlwk uhvshfw wr wkh �uvw dqg vhfrqg yduldeoh1
Wklv surgxfw kdv pdq| surshuwlhv +Gduvrz/ Qjx|hq dqg Rovhq ^4<<5`/ Rovhq/ Gduvrz dqg Qjx|hq
^4<<9`,=

41 F4 �F5 lv lq F +F4 �F5 lv d frsxod,>

51 wkh � surgxfw lv uljkw dqg ohiw glvwulexwlyh ryhu frqyh{ frpelqdwlrqv>

61 wkh � surgxfw lv frqwlqxrxv lq hdfk sodfh>

71 wkh � surgxfw lv dvvrfldwlyh>
81 FB lv wkh qxoo hohphqw

FB �F @ F �FB @ FB +<4,

91 F. lv wkh lghqwlw|
F. �F @ F �F. @ F +<5,

:1 wkh � surgxfw lv qrw frppxwdwlyh1

Xvlqj wkh idfw wkdw frqglwlrqdo suredelolwlhv ri mrlqw udqgrp yduldeohv +[4> [5, fruuhvsrqg wr sduwldo
ghulydwlyhv ri wkh xqghuo|lqj frsxod F+[4>[5,/ Gduvrz/ Qjx|hq dqg Rovhq ^4<<5` lqyhvwljdwh wkh lqwhu0
suhwdwlrq ri wkh � surgxfw lq wkh frqwh{w ri Pdunry surfhvvhv1 Ndudw}dv dqg Vkuhyh ^4<<4` uhplqg wkdw
[ @ i[w>Iw> w � 3j lv vdlg wr eh d Pdunry surfhvv zlwk lqlwldo glvwulexwlrq � li

+l, ;D d �0�hog ri Eruho vhwv lq U

Su i[3 5 Dj @ � +D, +<6,

+ll, dqg iru w � v
Su i[w 5 D m Ivj @ Su i[w 5 D m [vj +<7,

Gduvrz/ Qjx|hq dqg Rovhq ^4<<5` suryh dovr wkh iroorzlqj wkhruhp=

Wkhruhp 5 Ohw [ @ i[w>Iw> w � 3j eh d vwrfkdvwlf surfhvv dqg ohw Fv>w ghqrwh wkh frsxod ri wkh udqgrp
yduldeohv [v dqg [w1 Wkhq wkh iroorzlqj duh htxlydohqw

63
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+l, Wkh wudqvlwlrq suredelolwlhv Sv>w +{>D, @ Su i[w 5 D m [v @ {j vdwlvi| wkh Fkdspdq0Nroprjrury htxdwlrqv

Sv>w +{>D, @

] 4

�4
Sv>� +{>g|,S�>w +|>D, +<8,

iru doo v ? � ? w dqg doprvw doo { 5 U1

+ll, Iru doo v ? � ? w/
Fv>w @ Fv>� �F�>w +<9,

Dv Gduvrz/ Qjx|hq dqg Rovhq ^4<<5` uhpdun/ wklv wkhruhp lv d qhz dssurdfk wr frqvlghu Pdunry
surfhvvhv=

Lq wkh frqyhqwlrqdo dssurdfk/ rqh vshfl�hv d Pdunry surfhvv e| jlylqj wkh lqlwldo glvwulexwlrq �
dqg d idplo| ri wudqvlwlrq suredelolwlhv Sv>w +{>D, vdwlvi|lqj wkh Fkdspdq0Nroprjrury htxdwlrqv1
Lq rxu dssurdfk/ rqh vshfl�hv d Pdunry surfhvv e| jlylqj doo ri wkh pdujlqdo glvwulexwlrqv dqg d
idplo| ri 50frsxodv vdwlvi|lqj +<9,1 Rxuv lv dffruglqjo| dq dowhuqdwlyh dssurdfk wr wkh vwxg| ri
Pdunry surfhvvhv zklfk lv gl�huhqw lq sulqflsoh iurp wkh frqyhqwlrqdo rqh1 Kroglqj wkh wudqvlwlrq
suredelolwlhv ri d Pdunry surfhvv �{hg dqg ydu|lqj wkh lqlwldo glvwulexwlrq qhfhvvdulo| ydulhv doo
ri wkh pdujlqdo glvwulexwlrqv/ exw kroglqj wkh frsxodv ri wkh surfhvv �{hg dqg ydu|lqj wkh lqlwldo
glvwulexwlrq grhv qrw d�hfw dq| rwkhu pdujlqdo glvwulexwlrq1

Gduvrz/ Qjx|hq dqg Rovhq ^4<<5` uhfdoo wkdw vdwlvidfwlrq ri wkh Fkdspdq0Nroprjrury htxdwlrqv
lv d qhfhvvdu| exw qrw vx!flhqw frqglwlrq iru d Pdunry surfhvv1 Wkh| frqvlghu wkhq wkh jhqhudol}dwlrq
ri wkh � surgxfw/ zklfk lv ghqrwhg F4 BF5

LQ4.Q5�4 �$ L

+x4> = = = > xQ4.Q5�4, :�$ +F4 BF5, +x, @

] xQ4

3

CQ4
F4 +x4> = = = > xQ4�4> x,C4F5 +x> xQ4.4> = = = > xQ4.Q5�4, gx

+<:,
zlwk F4 dqg F5 wzr frsxodv ri glphqvlrq Q4 dqg Q51 Wkh| dovr suryh wklv vhfrqg wkhruhp=

Wkhruhp 6 Ohw [ @ i[w>Iw> w � 3j eh d vwrfkdvwlf surfhvv1 Ohw Fv>w dqg Fw4>===>wQ ghqrwh wkh frsxodv ri wkh
udqgrp yduldeohv +[v> [w, dqg +[w4 > = = = > [wQ ,1 [ lv d Pdunry surfhvv li dqg rqo| li iru doo srvlwlyh lqwhjhuv Q
dqg iru doo +w4> = = = > wQ , vdwlvi|lqj wq ? wq.4

Fw4>===>wQ @ Fw4>w5 B � � � BFwq>wq.4 B � � � BFwQ�4>wQ +<;,

7151615 Dq lqyhvwljdwlrq ri wkh Eurzqldq frsxod

Uhyx} dqg \ru ^4<<<` gh�qh wkh eurzqldq prwlrq dv iroorzv=

Gh�qlwlrq ; Wkhuh h{lvwv dq doprvw0vxuho| frqwlqxrxv surfhvv Z zlwk lqghshqghqw lqfuhphqwv vxfk wkdw iru
hdfk w/ wkh udqgrp yduldeoh Z +w, lv fhqwhuhg/ Jdxvvldq dqg kdv yduldqfh w1 Vxfk d surfhvv lv fdoohg d vwdqgdug
olqhdu Eurzqldq prwlrq1

Lw frphv iurp wklv gh�qlwlrq wkdw

Sv>w +{> +�4> |`, @ �

�
| � {s
w� v

�
+<<,

Pruhryhu/ zh kdyh e| gh�qlwlrq ri wkh frqglwlrqdo glvwulexwlrq

Sv>w +{> +�4> |`, @ C4Fv>w +Iv +{, >Iw +|,, +433,
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zlwk Iw wkh glvwulexwlrq ri Z +w,/ l1h1 Iw +|, @ �
�
|2

s
w
�
1 Zh kdyh dovr

Fv>w +Iv +{, >Iw +|,, @

] {

�4
�

�
| � }s
w� v

�
gIv +}, +434,

Zlwk wkh fkdqjh ri yduldeohv x4 @ Iv +{,/ x5 @ Iw +|, dqg x @ Iv +},/ zh rewdlq

Fv>w +x4> x5, @

] x4

3

�

�s
w��4 +x5,�s

v��4 +x,s
w� v

�
gx +435,

Wklv frsxod kdv ehhq �uvw irxqg e| Gduvrz/ Qjx|hq dqg Rovhq ^4<<5`/ exw qrerg| kdv vwxglhg lw1 Krzhyhu/
Eurzqldq prwlrq sod|v dq lpsruwdqw uroh lq gl�xvlrq surfhvv1 Wkdw lv zk| zh wu| wr xqghuvwdqg wkh lpsolhg
ghshqghqfh vwuxfwxuh lq wklv sdudjudsk1

Zh fdoo wkh frsxod gh�qhg e| +435, wkh Eurzqldq frsxod1 Zh kdyh wkh iroorzlqj surshuwlhv=

41 Wkh frqglwlrqdo glvwulexwlrq Su iX5 � x5 m X4 @ x4j lv jlyhq e|

C4Fv>w +x4> x5, @ �

�s
w��4 +x5,�

s
v��4 +x4,s

w� v

�
+436,

Lq wkh �jxuh 55/ zh kdyh uhsruwhg wkh frqglwlrqdo suredelolwlhv iru gl�huhqw v dqg w1

51 Wkh frqglwlrqdo glvwulexwlrq Su iX4 � x4 m X5 @ x5j lv jlyhq e|

C5Fv>w +x4> x5, @

u
w

w� v

4

! +��4 +x5,,

] x4

3

!

�s
w��4 +x5,�s

v��4 +x,s
w� v

�
gx +437,

61 Wkh ghqvlw| ri wkh Eurzqldq frsxod lv

fv>w +x4> x5, @

u
w

w� v
!

�s
w��4 +x5,�s

v��4 +x,s
w� v

�
4

! +��4 +x5,,
+438,

Lq wkh �jxuh 56/ zh kdyh uhsuhvhqwhg wkh ghqvlw| iru gl�huhqw v dqg w1

71 Wkh Eurzqldq frsxod lv v|pphwulf1

81 Zh kdyh F3>w @ FB/ Fv>4 @ FB dqg olpw$vFv>w @ F.1

91 Wkh Eurzqldq frsxod lv qrw lqyduldqw e| wlph wudqvodwlrq

Fv>w 9@ Fv.�>w.� +439,

:1 Ohw X4 dqg X5 eh wzr lqghshqghqw xqlirup yduldeohv1 Wkhq/ wkh frsxod ri wkh udqgrp yduldeohv�
X4>�

�s
w�4v��4 +X4, .

s
w�4 +w� v,��4 +X5,

��
lv wkh Eurzqldq frsxod Fv>w1

Ohw xv qrz frqvlghu wkh uhodwlrq ehwzhhq wkh pdujlqdo glvwulexwlrqv lq wkh frqwh{w ri vwrfkdvwlf surfhvvhv1
Zh kdyh

Iw +[w, @ �
�s

w�4v��4 +Iv +[v,, .
s
w�4 +w� v,�w

�
+43:,

zlwk �w d zklwh qrlvh surfhvv1 Lw frphv wkdw

[w @ I�4w

�
�
�s

w�4v��4 +Iv +[v,, .
s
w�4 +w� v,�w

��
+43;,
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Frsxodv iru Ilqdqfh

Iljxuh 54= Suredelolw| ghqvlw| ixqfwlrq ri wkh Eurzqldq frsxod

Iljxuh 55= Sorw ri wkh frqglwlrqdo suredelolwlhv Su iX5 � x5 m X4 @ x4j
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Frsxodv iru Ilqdqfh

Lq wkh fdvh ri wkh eurzqldq prwlrq/ zh uhwulhyh wkh fodvvlfdo uhodwlrq

[w @
s
w��4

�
�

�s
w�4v��4

�
�

�
[vs
v

��
.
s
w�4 +w� v,�w

��
@ [v .

s
w� v�w +43<,

Ohw xv qrz frqvlghu wkh iroorzlqj pdujlqdo glvwulexwlrqv Iw +|, @ w�

�
|2

t
yw
y�5

�
zlwk � A 51 E| frqvwuxfwlrq/

zh kdyh wklv gh�qlwlrq=

Gh�qlwlrq < Wkhuh h{lvwv dq doprvw0vxuho| frqwlqxrxv surfhvv Z � zlwk lqghshqghqw lqfuhphqwv zlwk wkh
vdph whpsrudo ghshqghqfh vwuxfwxuh dv wkh Eurzqldq prwlrq vxfk wkdw iru hdfk w/ wkh udqgrp yduldeoh
Z � +w, lv fhqwhuhg/ Vwxghqw zlwk yduldqfh w1 Vxfk d surfhvv lv fdoohg d Vwxghqw Eurzqldq prwlrq1 Z � +w, lv wkhq

fkdudfwhul}hg e| wkh pdujlqdov
�
w�

�
Z�2

t
yw
y�5

��
w�3

dqg wkh frsxod
�] x4

3

�
�s

w��4+x5,�
s
v��4+x,s

w�v

�
gx

�
wAv�3

1

Iljxuh 56 suhvhqwv vrph vlpxodwlrqv ri wkhvh surfhvv1 Zh uhpdun ri frxuvh wkdw zkhq � whqgv wr lq�qlw|/ Z �

whqgv wr wkh Jdxvvldq eurzqldq prwlrq1 Zh qrz frqvlghu qrz d yhu| vlpsoh looxvwudwlrq1 Ohw [ +w, eh gh�qhg
e| wkh iroorzlqj VGH= �

g[ +w, @ �[ +w, gw. �[ +w, gZ +w,
[ +w3, @ {3

+443,

Wkh vroxwlrq lv wkh Jhrphwulf Eurzqldq prwlrq dqg wkh gl�xvlrq surfhvv uhsuhvhqwdwlrq lv

[ +w, @ {3 h{s

��
�� 4

5
�5

�
+w� w3, . � +Z +w,�Z +w3,,

�
+444,

Zh frqvlghu qrz d qhz vwrfkdvwlf surfhvv \ +w, gh�qhg e|

\ +w, @ {3 h{s

��
�� 4

5
�5

�
+w� w3, . � +Z � +w,�Z � +w3,,

�
+445,

Zkdw lv wkh lpsdfw ri lqwurgxflqj wkhvh idw wdlohg glvwulexwlrqv lq wkh sd|r� ri d NRF rswlrq B Wkh dqvzhu lv
qrw reylrxv/ ehfdxvh wkhuh duh wzr skhqrphqrqv=

41 Iluvw/ zh pd| vxssrvh wkdw wkh suredelolw| wr eh rxw ri wkh eduulhuv O dqg K lv juhdwhu iru wkh Vwxghqw
eurzqldq prwlrq wkdq iru wkh eurzqldq prwlrq

Su i\ +w, 5 ^O>K`j � Su i[ +w, 5 ^O>K`j +446,

51 Exw zh kdyh fhuwdlqo| dq rssrvlwh lq xhqfh rq wkh whuplqdo sd|r� +N lv wkh vwulnh,

Su
q
+\ +W ,�N,. � j

r
� Su

q
+[ +W ,�N,. � j

r
+447,

Lq �jxuh 57/ zh kdyh uhsruwhg wkh suredelolw| ghqvlw| ixqfwlrq ri wkh NRF rswlrq zlwk wkh iroorzlqj sdudphwhu
ydoxhv = {3 @ 433/ � @ 3/ � @ 3=53/ O @ ;3/ K @ 453 dqg N @ 4331 Wkh pdwxulw| ri wkh rswlrq lv rqh |hdu1 Iru
wkh vwxghqw sdudphwhu/ zh xvh � @ 431 Lq �jxuh 58/ zh xvh � @ 71

7151616 Xqghuvwdqglqj wkh whpsrudo ghshqghqfh vwuxfwxuh ri gl�xvlrq surfhvvhv

Wkh Gduvrz0Qjx|hq0Rovhq dssurdfk lv yhu| lqwhuhvwlqj wr xqghuvwdqg wkh whpsrudo ghshqghqfh vwuxfwxuh
ri gl�xvlrq surfhvvhv1 Lq wklv sdudjudsk/ zh uhylhz gl�huhqw gl�xvlrq surfhvvhv dqg frpsduh wkhlu frsxodv1

Wkhruhp 7 Wkh frsxod ri d Jhrphwulf Eurzqldq prwlrq lv wkh Eurzqldq frsxod1
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Frsxodv iru Ilqdqfh

Iljxuh 56= Vlpxodwlrqv ri d Eurzqldq prwlrq +EP, dqg ri d Vwxghqw Eurzqldq prwlrq +VEP,

Iljxuh 57= Ghqvlw| ri wkh sd|r� ri wkh NRF rswlrq +� @ 43,
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Frsxodv iru Ilqdqfh

Iljxuh 58= Ghqvlw| ri wkh sd|r� ri wkh NRF rswlrq +� @ 7,

Surri1 Zh kdyh

Sv>w +{> +3> |`, @ �

#
oq | � oq{� �

�� 4
5�

5
�
+w� v,

�
s
w� v

$
+448,

Wkhq/ lw frphv wkdw

Fv>w +Iv +{, >Iw +|,, @

] {

3

�

#
oq | � oq } � �

�� 4
5�

5
�
+w� v,

�
s
w� v

$
gIv +},

zlwk Iw +|, @ �

�
oq |�oq{3�+�� 4

5�
5,w

�
s
w

�
1 Zlwk wkh fkdqjh ri yduldeohv x4 @ Iv +{,/ x5 @ Iw +|, dqg x @ Iv +},/

zh kdyh

oq } � oq{3 �
�
�� 4

5
�5

�
v @ �

s
v��4 +x,

oq| � oq{3 �
�
�� 4

5
�5

�
w @ �

s
w��4 +x5,

oq | � oq } �
�
�� 4

5
�5

�
+w� v, @ �

ks
w��4 +x5,�

s
v��4 +x,

l
+449,

Wkh fruuhvsrqglqj frsxod lv wkhq

Fv>w +x4> x5, @

] x4

3

�

�s
w��4 +x5,�s

v��4 +x,s
w� v

�
gx +44:,
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Frsxodv iru Ilqdqfh

Qrwh wkdw zh frxog suryh wkh suhylrxv wkhruhp lq dqrwkhu zd|1 Ohw Fv>w eh wkh frsxod ri wkh udqgrp yduldeohv
Z +v, dqg Z +w,1 Ohw xv frqvlghu wzr ixqfwlrqv � +{, dqg � +{, gh�qhg dv iroorzv=

� +{, @ {3 h{s

��
�� 4

5
�5

�
+v� w3, . �{

�

� +{, @ {3 h{s

��
�� 4

5
�5

�
+w� w3, . �{

�
+44;,

Ehfdxvh wkhvh wzr ixqfwlrqv duh vwulfwo| lqfuhdvlqj/ wkh frsxod ri wkh udqgrp yduldeohv � +Z +v,, dqg � +Z +w,,
lv wkh vdph dv wkh frsxod ri wkh udqgrp yduldeohv Z +v, dqg Z +w,1

Gh�qlwlrq 43 Dq Ruqvwhlq0Xkohqehfn surfhvv fruuhvsrqgv wr wkh iroorzlqj VGH uhsuhvhqwdwlrq�
g[ +w, @ d +e�[ +w,, gw. � gZ +w,
[ +w3, @ {3

+44<,

Xvlqj Lwr fdofxoxv/ zh frxog vkrz wkdw wkh gl�xvlrq surfhvv uhsuhvhqwdwlrq lv

[ +w, @ {3h
�d+w�w3, . e

�
4� h�d+w�w3,

�
. �

] w

w3

hd+��w, gZ +�, +453,

E| gh�qlwlrq ri wkh vwrfkdvwlf lqwhjudo/ lw frphv wkdw wkh glvwulexwlrq Iw +{, lv

�

#
{� {3h

�d+w�w3, . e
�
4� h�d+w�w3,

�
�s
5d

s
4� h�5d+w�w3,

$
+454,

Wkhruhp 8 Wkh Ruqvwhlq0Xkohqehfn frsxod lv

Fv>w +x4> x5, @

] x4

3

�

�
| +w3> v> w,��4 +x5,� | +w3> v> v,��4 +x,

| +v> v> w,

�
gx +455,

zlwk
| +w3> v> w, @

s
h5d+w�v, � h�5d+v�w3, +456,

Surri1 Zh kdyh

Sv>w +{> +�4> |`, @ �

#
| � {h�d+w�v, . e

�
4� h�d+w�v,

�
�s
5d

s
4� h�5d+w�v,

$
+457,

Wkhq/ lw frphv wkdw

Fv>w +Iv +{, >Iw +|,, @

] {

�4
�

#
| � }h�d+w�v, . e

�
4� h�d+w�v,

�
�s
5d

s
4� h�5d+w�v,

$
gIv +}, +458,

Xvlqj wkh fkdqjh ri yduldeohv x4 @ Iv +{,/ x5 @ Iw +|, dqg x @ Iv +},/ lw frphv wkdw

| � }h�d+w�v, @ {3h
�d+w�w3, � e

�
4� h�d+w�w3,

�
.

�s
5d

s
4� h�5d+w�w3,��4 +x5,�

h�d+w�v,
�
{3h

�d+v�w3, � e
�
4� h�d+v�w3,

�
.

�s
5d

s
4� h�5d+v�w3,��4 +x,

�

@ �e
�
4� h�d+w�v,

�
.

�s
5d

ks
4� h�5d+w�w3,��4 +x5,� h�d+w�v,

s
4� h�5d+v�w3,��4 +x,

l
+459,

6:



Frsxodv iru Ilqdqfh

Wkhq/ zh rewdlq d qhz h{suhvvlrq ri wkh frsxod

Fv>w +x4> x5, @

] x4

3

�

#s
4� h�5d+w�w3,��4 +x5,� h�d+w�v,

s
4� h�5d+v�w3,��4 +x,s

4� h�5d+w�v,

$
gx +45:,

Wkh Ruqvwhlq0Xkohqehfn frsxod suhvhqwv wkh iroorzlqj surshuwlhv=

41 Wkh Eurzqldq frsxod lv d vshfldo fdvh ri wkh Ruqvwhlq0Xkohqehfn frsxod zlwk wkh olplw ixqfwlrq

olp
d�$3

| +w3> v> w, @
s
w� w3 +45;,

51 Wkh frqglwlrqdo glvwulexwlrq Su iX5 � x5 m X4 @ x4j lv jlyhq e|

C4Fv>w +x4> x5, @ �

�
| +w3> v> w,�

�4 +x5,� | +w3> v> v,�
�4 +x4,

| +v> v> w,

�
+45<,

61 Wkh frqglwlrqdo glvwulexwlrq Su iX4 � x4 m X5 @ x5j lv jlyhq e|

C5Fv>w +x4> x5, @
| +w3> v> w,

| +v> v> w,

4

! +��4 +x5,,

] x4

3

!

�
| +w3> v> w,�

�4 +x5,� | +w3> v> v,�
�4 +x,

| +v> v> w,

�
gx +463,

71 Wkh ghqvlw| ri wkh Ruqvwhlq0Xkohqehfn frsxod lv

fv>w +x4> x5, @
| +w3> v> w,

| +v> v> w,
!

�
| +w3> v> w,�

�4 +x5,� | +w3> v> v,�
�4 +x4,

| +v> v> w,

�
4

! +��4 +x5,,
+464,

Zh kdyh uhsuhvhqwhg wkh ghqvlw| ri wkh Ruqvwhlq0Xkohqehfn frsxod iru gl�huhqw ydoxhv ri v dqg w +w3 lv htxdo
wr 3,1 Zh frxog frpsduh wkhp zlwk wkh suhylrxv rqhv rewdlqhg iru wkh Eurzqldq frsxod1 Zh yhuli| wkdw

olp
d�$4Fv>w +x4> x5, @ FB +465,

exw zh kdyh
olp

d�$�4
Fv>w +x4> x5, @ F. +466,

Lq rughu wr xqghuvwdqg wkh whpsrudo ghshqghqfh ri gl�xvlrq surfhvvhv/ zh frxog lqyhvwljdwh wkh surshuwlhv ri
wkh dvvrfldwhg frsxod lq d ghhshu zd|1 Zh kdyh uhsruwhg lq �jxuhv 5; dqg 5< Vshdupdq*v ukrv iru Eurzqldq
dqg Ruqvwhlq0Xkohqehfn frsxodv1

Uhpdun 9 D qhz lqwhusuhwdwlrq ri wkh sdudphwhu d iroorzv1 Iru sk|vlflvwv/ d lv wkh phdq0uhyhuwlqj frh!flhqw1
Iurp d frsxod srlqw ri ylhz/ wklv sdudphwhu phdvxuhv wkh ghshqghqfh ehwzhhq wkh udqgrp yduldeohv ri wkh
gl�xvlrq surfhvv1 Wkh eljjhu wklv sdudphwhu/ wkh ohvv ghshqghqw wkh udqgrp yduldeohv1

716 Ulvn phdvxuhphqw

Pdlq lghd

Rqh ri wkh prvw srzhuixoo dssolfdwlrq ri frsxodv frqfhuqv wkh Ulvn Pdqdjhphqw1 Zh frqvlghu
irxu sureohpv= orvv djjuhjdwlrq/ vwuhvv whvwlqj surjudpv/ ghidxow prghoolqj dqg rshudwlrqdo ulvn
phdvxuhphqw1

6;



Frsxodv iru Ilqdqfh

Iljxuh 59= Suredelolw| ghqvlw| ixqfwlrq ri wkh Ruqvwhlq0Xkohqehfn frsxod +d @ 4
7,

Iljxuh 5:= Suredelolw| ghqvlw| ixqfwlrq ri wkh Ruqvwhlq0Xkohqehfn frsxod +d @ 4,

6<



Frsxodv iru Ilqdqfh

Iljxuh 5;= Vshdupdq*v ukr +v @ 4,

Iljxuh 5<= Vshdupdq*v ukr +v @ 8,
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Frsxodv iru Ilqdqfh

71614 Orvv djjuhjdwlrq dqg Ydoxh0dw0Ulvn dqdo|vlv

Lq wklv sdudjudsk/ zh duh jrlqj wr vkrz krz frsxodv frxog eh xvhg wr djjuhjdwh orvv glvwulexwlrqv dqg wr
frpsxwh Ydoxh0dw0Ulvn1

7161414 Wkh glvfuhwh fdvh

Wkh lqglylgxdo ulvn prgho/ zklfk lv lqwhqvlyho| xvhg lq lqvxudqfh/ kdv ehhq frqvlghuhg lq ixuwkhu ghwdlov e|
Zdqj ^4<<<` dqg Pdufhdx/ Frvvhwwh/ Jdloodughw} dqg Ulrx{ ^4<<<`1 Ohw [q dqg [ eh wkh qwk ulvn dqg
wkh djjuhjdwh orvv1 [q lv gh�qhg dv iroorzv

[q @

�
Dq li Eq @ 4
3 li Eq @ 3

+467,

zkhuh Eq lv d Ehuqrxool udqgrp yduldeoh zlwk sdudphwhu sq1 Pdufhdx/ Frvvhwwh/ Jdloodughw} dqg Ulrx{
^4<<<` lqwurgxfh wkh ghshqghqfh iru wkh mrlqw glvwulexwlrq ri wkh udqgrp yduldeohvEq1 OhwI eh wkh fruuhvsrqglqj
fxpxodwlyh glvwulexwlrq ixqfwlrq1 Zh kdyh

I +h4> = = = > hQ , @ F +Es4 +h4, > = = = >EsQ +hQ ,, +468,

Dv vkrzq e| Pdufhdx/ Frvvhwwh/ Jdloodughw} dqg Ulrx{ ^4<<<`/ wkh prphqw jhqhudwlqj ixqfwlrq +pji ,
ri +[4> = = = > [Q , lv

P[4>===>[Q
+w4> = = = > wQ , @

[
h4>===>hQ5i3>4j

f +h4> = = = > hQ ,
Q\
q@4

^PDq +wq,`
hq +469,

zkhuh PDq +w, @ H
�
hwDq

�
uhsuhvhqwv wkh pji ri wkh udqgrp yduldeoh Dq1 Wkh glvwulexwlrq J ri [ @

S
[q

lv wkhq rewdlqhg e| lqyhuwlqj P[4>===>[Q
+w> = = = > w, +ehfdxvh P[4>===>[Q

+w> = = = > w, lv wkh pji ri wkh vxp � vhh
Zdqj ^4<<<`,1

7161415 Wkh frqwlqxrxv fdvh

�, Wudfwdeoh frsxodv iru kljk glphqvlrqv1

Frpsxwdwlrqdo dvshfwv lv rqh ri wkh pdlq wrslf iurp dq lqgxvwuldo srlqw ri ylhz1 Lw frqfhuqv wkh frsxod
sdudphwhuv hvwlpdwlrq sureohp dqg wkh vlpxodwlrq lvvxh1 Li wkh wzr sureohpv fdq qrw eh hdvlo| vroyhg iru kljk
glphqvlrqv iru d jlyhq frsxod/ wkh frsxod lv qrw wudfwdeoh wr frpsxwh wkh Ydoxh0dw0Ulvn1 Noxjpdq
dqg Sduvd ^5333` xvh iru h{dpsoh wkh Iudqn frsxod wr �w elyduldwh orvv glvwulexwlrqv1 Rqh ri wkh uhdvrq lv wkdw
wkh| shuirup phgldq uhjuhvvlrq zklfk lv yhu| vlpsoh zlwk wklv frsxod1 Krzhyhu/ wkh Iudqn frsxod lv qrw d
jrrg fdqglgdwh iru rxu sureohp/ ehfdxvh wkh hvwlpdwlrq iru kljkhu glphqvlrqv lv frpsxwdwlrqdoo| gl!fxow1

Zh kdyh suhylrxvo| vhhq wkdw wkh hvwlpdwlrq ri wkh � sdudphwhu ri wkh jdxvvldq frsxod lv yhu| hdv| zlwk wkh
LIP ru FPO dojrulwkp +vhh uhpdun 8 ri wkh sdjh 5:,1 Pruhryhu/ vlpxodwlrqv edvhg rq wkh jdxvvldq frsxod duh
vwudljkiruzdug1 Wkh jdxvvldq frsxod lv dovr d jrrg fdqglgdwh iru rxu sureohp1

Iru wkh Vwxghqw frsxod/ lw lv qrw srvvleoh wr rewdlq dq dqdo|wlf h{suhvvlrq ri a�PO1 Krzhyhu/ zh frxog ghulyh
dq h!flhqw dojrulwkp zklfk grhv qrw uhtxluh rswlpl}dwlrq1 Pruhryhu/ olnh wkh jdxvvldq frsxod/ vlpxodwlrqv duh
vwudljkwiruzdug1 Wkh Vwxghqw frsxod lv wkhq dqrwkhu jrrg fdqglgdwh iru rxu sureohp1

Sursrvlwlrq 9 Lq wkh fdvh ri wkh Vwxghqw frsxod/ wkh � pdwul{ pd| eh hvwlpdwhg xvlqj wkh iroorzlqj dojrulwkp=

41 Ohw a�3 eh wkh PO hvwlpdwh ri wkh � pdwul{ iru wkh jdxvvldq frsxod>
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Frsxodv iru Ilqdqfh

51 a�p.4 lv rewdlqhg xvlqj wkh iroorzlqj htxdwlrq58

a�p.4 @
4

W

�
� .Q

�

� W[
w@4

)Aw )w
4 . 4

� )
A
w a�

�4
p )w

+473,

61 Uhshdw wkh vhfrqg vwhs xqwlo frqyhujhqfh59 � a�p.4 @ a�p +=@ a�4,1

71 Wkh FPO +ru LIP, hvwlpdwh ri wkh � pdwul{ iru wkh Vwxghqw frsxod lv a�FPO @ a�41

Uhpdun : Zh kdyh qrz wzr frsxod ixqfwlrqv zklfk duh wudfwdeoh1 Pruhryhu/ wkhvh frsxodv frxog eh xvhg lq
frqmxqfwlrq zlwk dq| pdujlqdo glvwulexwlrqv1 Pdq| pxowlyduldwh glvwulexwlrqv frxog wkhq eh xvhg wr frpsxwh
wkh ydoxh0dw0ulvn ri d sruwirolr1

Uhpdun ; Ohw S +w, eh wkh sulfh yhfwru ri wkh dvvhwv dw wlph w dqg d wkh sruwirolr1 Wkh rqh shulrg ydoxh0dw0
ulvn zlwk � frq�ghqfh ohyho lv gh�qhg e| Y dU @ I�4 +4� �, zlwk I wkh glvwulexwlrq ri wkh udqgrp yduldwh
dA +S +w. 4,�S +w,,1 Jhqhudoo|/ dqdo|wlfdo ydoxh0dw0ulvn lv frpsxwhg xvlqj wkh dvvxpswlrq ri pxowlyduldwh
jdxvvldq glvwulexwlrq1 Xvlqj idw0wdlohg pdujlqdo glvwulexwlrqv frxog wkhq eh grqh zlwk wkh jdxvvldq ru wkh Vwxghqw
frsxod1 Pruhryhu/ lq vrph �qdqfldo pdunhwv/ wkhuh duh vrph uhvwulfwlrqv +iru h{dpsoh duelwudjh frqglwlrqv lq
wkh iruzdug pdunhw ri wkh shwurohxp surgxfwv,1 Wkh rqh shulrg ydoxh0dw0ulvn pxvw vdwlvi| wkhvh uhvwulfwlrqv1
Rqh srvvlelolw| lv wr zulwh wkhvh frqvwudlqwv lq wkh irup k +S +w. 4, >S +w,, � 31 Wdnlqj lqwr dffrxqw ri wkhvh
uhvwulfwlrqv frxog wkhq eh grqh e| frqvwudlqlqj vrph udqgrp yduldwhv wr eh srvlwlyh1 Ehfdxvh ri wkh frsxod
uhsuhvhqwdwlrq/ wklv frxog eh grqh zlwkrxw gl!fxowlhv +zh kdyh mxvw wr fkrrvh vrph pdujlq glvwulexwlrqv zlwk
srvlwlyh uhdo qxpehuv vxssruw,1

58Uhfdoo wkdw wkh ghqvlw| ri wkh Vwxghqw frsxod lv jlyhq e| wkh h{suhvvlrq +6;,/ lw frphv wkdw wkh orj0olnholkrrg lv
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Zh wkhq frqfhqwudwh wkh orj0olnholkrrg
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Lw frphv dovr wkdw wkh PO hvwlpdwh pxvw vdwlvi| wkh iroorzlqj qrq0olqhdu pdwul{ htxdwlrq
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59Iru kljk glphqvlrq � / zh pd| rewdlq d vroxwlrq zklfk lv qrw d srvlwlyh gh�qlwh pdwul{ ehfdxvh ri frpsxwhu urxqgr� huuruv1
Lq wklv fdvh/ zh vxjjhvw wr xvh dw hdfk lwhudwlrq d cvtxduh urrw pdwul{ ghfrpsrvlwlrq* +Kruq dqg Mrkqvrq ^4<<4`, wr dgmxvw wkh
fruuhodwlrq pdwul{

	�6n� ' x
2 +474,

zlwk
x ' x� n �x2 +475,

zkhuh x� dqg x2 duh wzr gh�qlwh srvlwlyh pdwulfhv1 Wkhq/ zh rewdlq d qhz hvwlpdwh 	�6n� ri wkh fruuhodwlrq pdwul{ zlwk

	�6n� ' x
2
� +476,

Wkh cvtxduh urrw pdwul{ ghfrpsrvlwlrq* frxog eh hdvlo| shuiruphg zlwk d frpsoh{ Vfkxu ghfrpsrvlwlrq dssurdfk +Jroxe dqg Ydq
Ordq ^4<;<`,1 Qrwh dovr wkdw li wkh hohphqwv ri wkh gldjrqdo duh qrwh htxdo wr rqh/ zh pd| uhvfdoh wkh pdwul{ lq wkh iroorzlqj zd|

�
	�6n�

�
�c�
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�, D �uvw looxvwudwlrq zlwk jdxvvldq pdujlqv1

Zh uhplqg wkdw wkh fruuhodwlrq pdwul{ hvwlpdwhg zlwk wkh FPO phwkrg iru wkh jdxvvldq frsxod lv jlyhq e|
wdeoh 71 Lq wkh fdvh ri wkh Vwxghqw frsxod/ wkh hvwlpdwhv duh gl�huhqw � vhh wdeoh 81 Zh qrz frpsxwh wkh
hfrqrplf fdslwdo phdvxuh iru gl�huhqw sruwirolrv1 Lq wkh iroorzlqj wdeoh/ zh lqglfdwh wkh frpsrvlwlrq ri wkh
sruwirolrv � d qhjdwlyh qxpehu fruuhvsrqgv wr d vkruw srvlwlrq1

DO DO048 FX QL SE
S4 4 4 4 4 4
S5 04 04 04 04 04
S6 5 4 06 7 8

DO DO048 FX QL SE
DO 41333 31;83 317<5 316;9 31687
DO048 41333 3175< 31679 31649
FX 41333 3173< 3168<
QL 41333 31666
SE 41333

Wdeoh 7= Fruuhodwlrq pdwul{ a�FPO ri wkh jdxvvldq frsxod iru wkh OPH gdwd

� @ 4 DO DO048 FX QL SE
DO 41333 31;53 31659 31587 314;<
DO048 41333 315:4 31556 31497
FX 41333 3159: 3154<
QL 41333 314<8
SE 41333

� @ 5 DO DO048 FX QL SE
DO 41333 31;:8 3175< 31684 315;5
DO048 41333 316:4 31647 31586
FX 41333 31697 31635
QL 41333 315:;
SE 41333

� @ 6 DO DO048 FX QL SE
DO 41333 31;;; 31799 316;: 31654
DO048 41333 31743 3167< 315<4
FX 41333 316<< 31669
QL 41333 31645
SE 41333

� @ 8 DO DO048 FX QL SE
DO 41333 31;<6 317<6 31743 31683
DO048 41333 3176: 316:6 31653
FX 41333 31756 31695
QL 41333 3166:
SE 41333

� @ 58 DO DO048 FX QL SE
DO 41333 31;:; 31836 3173; 31697
DO048 41333 31779 316:3 31664
FX 41333 31758 316:4
QL 41333 31678
SE 41333

� @ 433 DO DO048 FX QL SE
DO 41333 31;94 317<9 316<7 3168;
DO048 41333 31769 31687 31655
FX 41333 31748 31696
QL 41333 3166:
SE 41333

Wdeoh 8= Fruuhodwlrq pdwul{ a�FPO ri wkh Vwxghqw frsxod iru wkh OPH gdwd

Zh dvvxph wkdw wkh hfrqrplf fdslwdo phdvxuh lv jlyhq e| wkh rqh gd| ydoxh0dw0ulvn ri wkh sruwirolr5:1 Lq sudfwlfh/
wkh YdU zlwk d <<( frq�ghqfh ohyho lv hvwlpdwhg xvlqj dq klvwrulfdo dssurdfk/ ehfdxvh wkh dqdo|wlfdo dssurdfk
edvhg rq wkh pxowlqrupdo glvwulexwlrq ohdgv wr pdq| h{fhswlrqv lq wkh edfnwhvwlqj surfhgxuh1 Qhyhuwkhohvv/
wkh dfwxdo gdwdedvhv duh wrr vpdoo wr frpsxwh wkh klvwrulfdo YdU zlwk kljkhu frq�ghqfh ohyho1 Wklv lv d nh|
srlqw ehfdxvh wkh hfrqrplf fdslwdo doorfdwlrq surmhfwv duh edvhg rq kljkhu frq�ghqfh ohyho1 Wr jhw dq lghd/ wkh
fodvvlfdo frq�ghqfh ohyhov e| udwlqjv duh uhsruwhg ehorz=

udwlqj EEE D DD DDD
� frq�ghqfh ohyho <<=:8( <<=<( <<=<8( <<=<:(

5:Wkh dfwxdo sulfhv duh vhw wr 4331
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Zh kdyh frpsxwhg wkh YdU e| dvvxplqj wkdw wkh pdujlqv duh jdxvvldq exw zlwk gl�huhqw frsxod ixqfwlrqv1
Wkh uhvxowv duh vxpdul}hg e| wdeohv 9 dqg :1 Zh uhpdun wkdw wkh hfrqrplf fdslwdo zlwk d <<1<( frq�ghqfh
ohyho lv orzhu zlwk wkh jdxvvldq frsxod wkdq zlwk wkh vwxghqw frsxod5; 1 Lw lqglfdwhv wkdw wkh ghshqghqfh
vwuxfwxuh � ru wkh frsxod ixqfwlrq � kdv d juhdw lq xhqfh rq wkh ydoxh0dw0ulvn frpsxwdwlrq1

<3( <8( <<( <<18( <<1<(
S4 :1598 <15<: 46148 4718< 4:187
S5 :1596 <163< 4614: 4718< 4:198
S6 461<5 4:1<5 58157 5:1<; 66173

Wdeoh 9= Hfrqrplf fdslwdo phdvxuh zlwk jdxvvldq frsxod

� @ 4 <3( <8( <<( <<18( <<1<(
S4 819<9 :1<:: 46155 48179 53149
S5 81:3< :1<;3 4614< 48179 53148
S6 46176 4<167 67165 73198 88145

� @ 5 <3( <8( <<( <<18( <<1<(
S4 917:9 ;1:84 461:< 481<3 53159
S5 917:3 ;1:86 461:3 481:: 53145
S6 46153 4;15: 63186 69133 7<17:

� @ 6 <3( <8( <<( <<18( <<1<(
S4 91;67 <13:: 461;8 481:6 53164
S5 91;45 <13;5 461;7 481;6 53148
S6 4614; 4:1;9 5;19< 66189 78134

� @ 8 <3( <8( <<( <<18( <<1<(
S4 :13;4 <15;6 461;; 4819; 4<18;
S5 :143< <1684 461<7 481:5 4<18:
S6 46164 4:196 5:14; 6414; 731:;

� @ 58 <3( <8( <<( <<18( <<1<(
S4 :164; <1786 46189 48143 4;14;
S5 :163; <1734 4616: 471<7 4;174
S6 46197 4:193 5816; 5;169 671<3

� @ 433 <3( <8( <<( <<18( <<1<(
S4 :15<6 <16;: 4615: 471:< 4:189
S5 :15<: <175: 46175 471:; 4:189
S6 461;8 4:1;4 58165 5;144 6713:

Wdeoh := Hfrqrplf fdslwdo phdvxuh zlwk Vwxghqw frsxod

�, D vhfrqg looxvwudwlrq zlwk idw0wdlohg pdujlqv1

Zh frqvlghu wkh fdvh ri idw0wdlohg pdujlqv/ zklfk lv d pruh uhdolvwlf dvvxpswlrq lq �qdqfh1 Zh dvvxph wkdw
wkh ghshqghqfh vwuxfwxuh lv jlyhq e| d Vwxghqw frsxod zlwk 5 ghjuhhv ri iuhhgrp1 Lq wkh suhylrxv sdudjudsk/
wkh pdujlqv ri wkh vwdqgdugl}hg dvvhw uhwxuqv zhuh jdxvvldqv1 Zh frxog qrz vxssrvh wkdw wkh glvwulexwlrq ri
wkh vwdqgdugl}hg uhwxuqv iru rqh dvvhw lv d Vwxghqw zlwk � ghjuhhv ri iuhhgrp � wkh rwkhu glvwulexwlrqv uhpdlqv
jdxvvldqv1 Iru wkh DO dvvhw/ zh wkhq rewdlq wkh ohiw txdgudqwv ri �jxuh 631 Wkh plggoh dqg uljkw txdgudqwv
fruuhvsrqg uhvshfwlyho| wr wkh FX dqg SE dvvhwv1 Zh uhpdun dovr wkh juhdw lq xhqfh ri wkh idw wdlov rq wkh
ydoxh0dw0ulvn iru kljk ydoxhv ri wkh frq�ghqfh ohyho1

Pruh uhdolvwlf pdujlqv frxog ri frxuvh eh xvhg wr ghvfuleh wkh dvvhw uhwxuqv +vhh sdudjudsk 715,1 Zh frqvlghu
iru h{dpsoh wkh jhqhudol}hg k|shuerolf glvwulexwlrq +Hehuohlq dqg Nhoohu ^4<<8`/ Hehuohlq ^4<<<`/ Sudxvh
^4<<<`,1 Wkh fruuhvsrqglqj ghqvlw| ixqfwlrq lv jlyhq e|

i +{, @ d +�> �> �> �,
�
�5 . +{� �,5

� 4
7 +5��4,

�N�� 4
5

�
�

t
�5 . +{� �,5

�
h{s +� +{� �,, +478,

zkhuh N ghqrwhv wkh prgl�hg Ehvvho ixqfwlrq ri wkh wklug nlqg dqg

d +�>�> �> �, @

�
�5 � �5

� 4
5�

s
5����

4
5 ��N�

�
�
s
�5 � �5

� +479,

5;Wr xqghuvwdqg wklv uhvxow/ uhphpehu wkdw cwkh h{wuhphv duh fruuhodwhg* lq wkh fdvh ri wkh Vwxghqw frsxod1
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Iljxuh 63= Ydoxh0dw0ulvn zlwk Vwxghqw pdujlqv

Lq d uhfhqw sdshu/ Hehuohlq ^5333` dssolhv wkh k|shuerolf prgho wr pdunhw ulvn pdqdjhphqw1 Qhyhuwkhohvv/ kh
frqvlghuv rqo| wkh xqlyduldwh fdvh1 Wkh pxowlyduldwh fdvh lv wuhdwhg lq Sudxvh ^4<<<`1 Wkh glvwulexwlrq ri wkh
pxowlyduldwh jhqhudol}hg k|shuerolf glvwulexwlrq kdv wkh iroorzlqj irup

i +{, @ D +�> �>�> �>�,
�
�5 . +{� �,A ��4 +{� �,

� 4
7 +5��Q,

�N��Q
5

�
�

t
�5 . +{� �,A ��4 +{� �,

�
h{s

�
�A +{� �,

�
+47:,

zkhuh

D +�> �>�> �>�, @

�
�5 � �A��

� 4
5�

+5�,
Q
5 ���

Q
5 ��N�

�
�

t
�5 � �A��

� +47;,

Krzhyhu/ wklv glvwulexwlrq ohdgv wr elj frpsxwdwlrqdo sureohpv iru hvwlpdwlrq dqg vlpxodwlrq vwhsv1 Wklv lv
dyrlghg li zh exlog d pxowlyduldwh glvwulexwlrq zlwk xqlyduldwh k|shuerolf glvwulexwlrqv dqg d frsxod1 Zlwk
jdxvvldq frsxod/ wkh ghqvlw| ri wkh glvwulexwlrq lv

i +{, @
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m�m 45
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zkhuh

D +�>�>�> �>�, @
4

+5�,
Q
5

Q\
q@4

�
�5q � �5q

� 4
5�q

�
�q� 4

5
q ��qq N�q

�
�q

t
�5q � �5q

� +483,

dqg ) @+)4> = = = > )Q ,A/ )q @ ��4 +Iq +{q,, dqg Iq wkh xqlyduldwh JK glvwulexwlrq1 Qrwh wkdw wklv glvwulexwlrq
kdv 6 +Q � 4, pruh sdudphwhuv e| frpsdulvrq zlwk wkh pxowlyduldwh jhqhudol}hg k|shuerolf glvwulexwlrq1

71615 Pxowlyduldwh h{wuhph ydoxhv dqg pdunhw ulvn

7161514 Wrslfv rq h{wuhph ydoxh wkhru|

�, Wkh xqlyduldwh fdvh1

Ohw xv �uvw frqvlghup lqghshqghqw udqgrp yduldeohv[4> = = = > [n> = = = > [p zlwk wkh vdph suredelolw| ixqfwlrq

I1 Wkh glvwulexwlrq ri wkh h{wuhphv ".p @

#
pa
n@4

[n

$
lv dovr jlyhq e| Ilvkhu0Wlsshw wkhruhp +Hpeuhfkwv/

No sshoehuj dqg Plnrvfk +4<<:,,=

Wkhruhp : Li wkhuh h{lvw vrph frqvwdqwv dp dqg ep dqg d qrq0ghjhqhudwh olplw glvwulexwlrq J vxfk wkdw

olp
p$4

Su

�
".p � ep

dp
� {

�
@ J +{, ;{ 5 U +484,

wkhq J lv rqh ri wkh iroorzlqj glvwulexwlrq=

+Iuìfkhw, J +{, @ 
� +{, @

�
3
h{s +�{��,

{ � 3
{ A 3

j +{, @

�
3
�{�+4.�, h{s +�{��,

+Zhlexoo, J +{, @ �� +{, @

�
h{s +� +�{,�,
4

{ � 3
{ A 3

j +{, @

�
� +�{,��4 h{s +� +�{,�,
3

+Jxpeho, J +{, @ � +{, @ h{s +�h�{, { 5 U j +{, @ h{s +�{� h�{,

Lq wklv fdvh/ zh vd| wkdw I ehorqjv wr wkh pd{lpxp grpdlq ri dwwudfwlrq5< ri J � I 5 PGD+J,1

Wkh uhodwlrq +484, fdq eh zulwwhq dv iroorzv=

Ip +dp{. ep, �$ J +{, +485,

Zh uhpdun wkdw li zh frxog vshfli| idpj dqg iepj vxfk wkdw

olp
p$4p ^4�I +dp{. ep,` @ � oqJ +{, +486,

wkhq I 5 PGD+J,1

�, Wkh pxowlyduldwh fdvh1
5<Wklv frqfhsw lv htxlydohqw wr wkh frqfhsw ri grpdlq ri dwwudfwlrq ri vxpv/ exw dssolhg wr pd{lpd1

79



Frsxodv iru Ilqdqfh

Wkh wkhru| ri pxowlyduldwh h{wuhphv lv suhvhqwhg lq Jdodperv ^4<;:` dqg Uhvqlfn ^4<;:`1 Lq wkh pxowlgl0
phqvlrqdo fdvh/ zh duh lqwhuhvwhg lq fkdudfwhul}lqj wkh glvwulexwlrq ri wkh h{wuhphv ".p=

".p @
�
".4>p> = = = > ".q>p> = = = > ".Q>p

�
@

#
pa
n@4

[4>n> = = = >
pa
n@4

[q>n> = = = >
pa
n@4

[Q>n

$
+487,

Olnh wkh xqlyduduldwh fdvh/ zh vwxg| wkh olplw glvwulexwlrq ri wkh qrupdol}hg h{wuhphv=

olp
p$4

Su

+
".4>p � e4>p

d4>p
� {4> = = = >

".q>p � eq>p

dq>p
� {q> = = = >

".Q>p � eQ>p

dQ>p
� {Q

,
@ J +{,

; +{4> = = = > {q> = = = > {Q , 5 U
Q +488,

Sursrvlwlrq ; +Uhvqlfn +4<;:,/ sdjh 597, Wkh fodvv ri pxowlyduldwh h{wuhph ydoxh glvwulexwlrqv lv wkh fodvv
ri pd{0vwdeoh glvwulexwlrq ixqfwlrqv zlwk qrqghjhqhudwh pdujlqdov1

Uhvqlfn ^4<;:` grhv qrw xvh wkh frsxod frqfhsw wr vshfli| PHY glvwulexwlrqv1 Krzhyhu/ kh wudqvirupv wkh
glvwulexwlrq J lqwr dqrwkhu glvwulexwlrq J� vxfk wkdw J� kdv pdujlqdov 
=

Wr fkdudfwhul}h pd{0vwdeoh glvwulexwlrqv zlwk qrqghjhqhudwh pdujlqdov/ lw lv dq hqruprxv khos wr
vwdqgdugl}h wkh sureohp vr wkdw J kdv vshfl�hg pdujlqdov1

Lq idfw/ wkh glvwulexwlrqJ� ri Uhvqlfn lv d frsxod1 Zh suhihu wr dgrsw wkh srlqw ri ylhz suhvhqwhg lq wkh fkdswhu
9 ri Mrh ^4<<:`/ zklfk lv hdvlhu wr xqghuvwdqg1

Wkhruhp < Wkh fodvv ri pxowlyduldwh h{wuhph ydoxh glvwulexwlrq lv wkh fodvv ri h{wuhph frsxodv zlwk qrqghjhq0
hudwh pdujlqdov1

Zh kdyh suhylrxvo| qrwhg wkdw dq h{wuhph frsxod vdwlvi|

F
�
xw4> = = = > x

w
q> = = = > x

w
Q

�
@ Fw +x4> = = = > xq> = = = > xQ , ; w A 3 +489,

Wklv uhodwlrq lv h{sodlqhg lq ghwdlov lq Mrh ^4<<:`1 Wkh lghd lv wkh iroorzlqj1 Vxssrvh wkdw F lv dq h{wuhph
frsxod dqg wkdw wkh pdujlqdov duh xqlyduldwh h{wuhph glvwulexwlrqv1 Lq wklv fdvh/ I +{4> = = = > {q> = = = > {Q , @
F +I4 +{4, > = = = >Iq +{q, > = = = >IQ +{Q ,, lv d PHY glvwulexwlrq1 Iurp xqlyduldwh h{wuhph ydoxh wkhru|/
Fn +I4 +{4, > = = = >Iq +{q, > = = = >IQ +{Q ,, dqg F

�
In
4 +{4, > = = = >I

n
q +{q, > = = = >I

n
Q +{Q ,

�
pxvw kdyh wkh vdph olplw

glvwulexwlrq iru hdfk lqwhjhu n1 Zh kdyh

F
�
xn4 > = = = > x

n
q> = = = > x

n
Q

�
@ Fn +x4> = = = > xq> = = = > xQ , ;n 5 Q

Wklv fdq eh h{whqghg wr wkh uhdo fdvh1 Lq wklv fdvh/ h{wuhph frsxodv jhqhudwh pd{0lq�qlwho| glylvleoh glvwulex0
wlrqv1

Zh qrz iroorz Mrh ^4<;:` sdjhv 4:704:8 lq rughu wr rewdlq wkh Slfndqgv uhsuhvhqwdwlrq ri PHY glvwulexwlrqv1
Ohw G eh d pxowlyduldwh glvwulexwlrq zlwk xqlw h{srqhqwldo vxuylydo pdujlqv dqg F dq h{wuhph frsxod1 Xvlqj
wkh uhodwlrq

F +x4> = = = > xq> = = = > xQ , @ F
�
h��x4 > = = = > h��xq > = = = > h��xQ

�
@ G +�x4> = = = > �xq> = = = > �xQ , +48:,

zh kdyh
Gw +�x, @ G +w�x, +48;,

dqg wkhq G lv d plq0vwdeoh pxowlyduldwh h{srqhqwldo +PVPYH, glvwulexwlrq1

7:



Frsxodv iru Ilqdqfh

Wkhruhp 43 +Slfndqgv +4<;4, uhsuhvhqwdwlrq ri PVPYH glvwulexwlrqv, Ohw G +�x, eh d vxuylydo ixqf0
wlrq zlwk h{srqhqwldo pdujlqv1 G vdwlv�hv

� oqG +w�x, @ �w oqG +�x, ; w A 3 +48<,

l� wkh uhsuhvhqwdwlrq ri G lv

� oqG +�x, @

]
� � �

]
VQ

pd{
4�q�Q

+tq�xq, gV +t, �x � 3 +493,

zkhuh VQ lv wkh Q0glphqvlrqdo xqlw vlpsoh{ dqg V d �qlwh phdvxuh rq VQ 1

Wklv lv wkh irupxodwlrq jlyhq e| Mrh ^4<<:`1 Qrwh wkdw lw lv vlplodu wr wkh sursrvlwlrq 8144 ri Uhvqlfn
^4<;:`/ dowkrxjk wkh dxwkru grhv qrw xvh frsxodv1 Vrphwlphv/ wkh Slfndqgv uhsuhvhqwdwlrq lv suhvhqwhg xvlqj d
ghshqghqfh ixqfwlrq E +z, gh�qhg e|

G +�x, @ h{s

%
�
#

Q[
q@4

�xq

$
E +z4> = = = > zq> = = = > zQ ,

&
+494,

E +z, @

]
� � �

]
VQ

pd{
4�q�Q

+tqzq, gV +t, +495,

zlwk zq @ �xq2
SQ

4 �xq1 E lv d frqyh{ ixqfwlrq dqg

pd{ +z4> = = = > zq> = = = > zQ , � E +z4> = = = > zq> = = = > zQ , � 4 +496,

Wklv lv wkh irupxodwlrq ri Wdzq ^4<<3`1 Lw frphv qhfhvvdulo| wkdw dq h{wuhph frsxod yhul�hv

FB ! F ! F. +497,

Ohw I eh d Q 0yduldwh glvwulexwlrq zlwk pdujlqv I4> = = = >IQ dqg dq dvvrfldwhg frsxod F1 Zh dvvxph wkdw wkh
olplw glvwulexwlrq h{lvwv dqg vr I ehorqjv wr wkh pd{lpxp grpdlq ri dwwudfwlrq ri d glvwulexwlrq J1 Frsxodv
zloo wkhq khos xv wr vroyh wkh sureohp ri wkh fkdudfwhul}dwlrq ri J1 Ohw xv ghqrwh J4> = = = >JQ wkh pdujlqv ri
J dqg FB lwv fruuhvsrqglqj frsxod1

Wkhruhp 44 I 5 PGD+J, l�

41 Iq 5 PGD+Jq, iru doo q @ 4 = = = > Q >

51 F 5 PGD+FB,1

Uhpdun < Jq lv qhfhvvdu| rqh ri wkh wkuhh xqlyduldwh h{wuhph glvwulexwlrqv dqg FB lv dq h{wuhph frsxod1
Iq 5 PGD+Jq, frxog eh fkhfnhg zlwk frqglwlrq +486,1 Wkh qrupdol}hg frh!flhqwv idq>pj dqg ieq>pj rqo|
ghshqg rq wkh pdujlqdov1 F 5 PGD+FB, li F vdwlv�hv

olp
p$4Fp

�
x
4@p
4 > = = = > x4@pq > = = = > x

4@p
Q

�
@ FB +x4> = = = > xq> = = = > xQ , +498,

Wkh iroorzlqj wkhruhp lv gxh wr Degrxv/ Jkrxgl dqg Nkrxgudml ^4<<<`=

Wkhruhp 45 F 5 PGD+FB, l�

olp
x$3

4�F ++4� x,z4 > = = = > +4� x,zq > = = = > +4� x,zQ ,

x
@ E +z4> = = = > zq> = = = > zQ , +499,
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Wklv wkhruhp lv lpsruwdqw ehfdxvh PHY glvwulexwlrqv duh jhqhudoo| vshfl�hg yld wkh ghshqghqfh ixqfwlrq1

�, Wkh elyduldwh fdvh1

Lq wkh elyduldwh fdvh/ wkh wkhru| ri h{wuhphv lv hdvlhu ehfdxvh frqyh{lw| dqg surshuw| +496, ehfrph qhfhvvdu|
dqg vx!flhqw frqglwlrqv iru +493, � Wdzq ^4<;;`1 Zh kdyh

F +x4> x5, @ G +�x4> �x5,

@ h{s

�
� +�x4 . �x5,E

�
�x4

�x4 . �x5
>

�x5
�x4 . �x5

��

@ h{s

�
oq +x4x5,E

�
oqx4

oq +x4x5,
>

oqx5
oq +x4x5,

��

@ h{s

�
oq +x4x5,D

�
oqx4

oq +x4x5,

��
+49:,

zlwk D +z, @ E +z> 4�z,1 Ri frxuvh/ D lv frqyh{ zlwk D +3, @ D +4, @ 4 dqg yhul�hv pd{ +z> 4�z, � D +z, �
41

Zh frqvlghu wkh Jxpeho frsxod gh�qhg sdjh 4<1 Zh kdyh dovr � oqG +�x, @ +�x�4 . �x�5 ,
4
� / E +z4> z5, @

+�x�4 . �x�5 ,
4
� @ +�x4 . �x5, @ +z�

4 .z�
5 ,

4
� dqg D +z, @ ^z� . +4�z,�`

4
� 1 Wkh vshfl�fdwlrq ri wkh h{wuhph frsxod

xvlqj wkh ghshqghqfh phdvxuh D +z, vlpsol�hv fdofxoxv1 Iru h{dpsoh/ zh kdyh +Fdsìudã/ Irxjëuhv dqg
Jhqhvw ^4<<:`,=

� @ 7

]
L

z +4�z, g oqD +z,

( @ 45

]
L

4

^D +z, . 4`5
gz � 6 +49;,

Zkhq wkh h{wuhphv duh lqghshqghqw/ zh kdyh D +z, @ 4 +� @ 4 iru wkh Jxpeho frsxod,/ dqg vr � @ ( @ 31
Wkh shuihfw ghshqghqw fdvh fruuhvsrqgv wr D +z, @ pd{ +z> 4�z, wkdw ohdgv wr wkh xsshu Iuìfkhw frsxod

� F +x4> x5, @ h{s
k
oq +x4x5,pd{

�
oqx4

oq+x4x5,
> oqx5
oq+x4x5,

�l
@ plq +x4> x5,1 Htxdwlrq +499, fdq eh xvhg wr yhu0

li| wkh lqghshqghqfh ri h{wuhphv1 Iru h{dpsoh/ li zh frqvlghu wkh Nlphogrui0Vdpsvrq frsxod F +x4> x5, @�
x��4 . x��5 � 4

�� 4
� zlwk � � 3/ zh kdyh olpx$3

4�F++4�x,z>+4�x,4�z,
x @

olpx$3
4�++4�x,��z.+4�x,��+4�z,�4,�

4
�

x @ olpx$3
4�+4.�x.r+x,,� 4

�

x @ olpx$3
x.r+x,

x @ 41 D +z, wkhq htxdov
wr 4/ dqg vr Nlphogrui0Vdpsvrq frsxodv ehorqj wr wkh grpdlq ri dwwudfwlrq ri FB1

�, Sdudphwulf idplo| ri h{wuhph frsxodv1

Lq wkh qh{w sdudjudsk/ zh zloo glvfxvv derxw qrq0sdudphwulf h{wuhph frsxodv1 Krzhyhu/ sdudphwulf frsxodv
sod| d fhqwudo uroh/ ehfdxvh ri Prqwh Fduor lvvxhv iru �qdqfh1 Wkh iroorzlqj wdeoh frqwdlqv wkh prvw nqrzq
h{wuhph frsxodv dqg wkhlu ghshqghqfh ixqfwlrq +Jkrxgl/ Nkrxgudml dqg Ulyhvw ^4<<;`,=

Idplo| � F +x4> x5, D +z,
FB x4x5 4

Jxpeho ^4>4, h{s
k
� +�x�4 . �x�5 ,

4
�

l
^z� . +4�z,�`

4
�

Jxpeho LL ^3> 4` x4x5 h{s
k
� �x4�x5
�x4.�x5

l
�z5 � �z . 4

Jdodperv ^3>4, x4x5 h{s
k�
�x��4 . �x��5

�� 4
�

l
4�

k
z�� . +4�z,��

l� 4
�

K vohu0Uhlvv ^3>4, h{s ^��x4& +x4> x5>�,� �x5& +x5> x4>�,` z� +z>�, . +4�z, � +4�z>�,

Pduvkdoo0Ronlq ^3> 4`5 x4��44 x4��55 plq +x�44 > x�55 , pd{ +4� �4z> 4� �5 +4�z,,
F. plq +x4> x5, pd{ +z> 4�z,
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zlwk & +x4> x5>�, @ �
�
4
� . 4

5� oq oqx4
oqx5

�
dqg � +z>�, @ �

�
4
� . 4

5� oq oqz
oq+4�z,

�
1 Wkhvh ghshqghqfh ixqfwlrqv duh

sorwwhg lq �jxuh 641

Iljxuh 64= Ghshqghqfh ixqfwlrqv D +z,

Wkh Jxpeho frsxodv kdyh ehhq vwxglhg e| Wdzq ^4<;;`1 Zh qrwh wkdw wkhvh frsxodv duh v|pphwulf631 Lw
lpsolhv wkdw wkh udqgrp yduldeohv duh h{fkdqjhdeoh/ zklfk frxog eh d glvfxwdeoh dvvxpswlrq1 Wr rewdlq pruh
 h{leoh sdudphwulf frsxodv/ zh frxog xvh wkh dv|pphwul}dwlrq whfkqltxh +Jhqhvw/ Jkrxgl dqgUlyhvw ^4<<;`,1
Ohw D4 dqg D5 eh wzr ghshqghqfh ixqfwlrqv dqg +s4> s5, 5 ^3> 4`51 Wkhq/ wkh iroorzlqj irupxod gh�qhv d qhz
ghshqghqfh ixqfwlrq D=

D +z, @ +s4z . s5 +4�z,,D4

�
s4z

s4z . s5 +4�z,

�
.

++4� s4,z . +4� s5, +4�z,,D5

�
+4� s4,z

+4� s4,z . +4� s5, +4�z,

�
+49<,

Qrwh wkdw iru s4 @ s5 @ s/ zh rewdlq D +z, @ sD4 +z, . +4� s,D5 +z, +Wdzq ^4<;;`,1 Lq wklv fdvh/ wkh frsxod
gh�qhg e| D +z, uhpdlqv v|pphwulf1 Zlwk D4 dqg D5 wkh ghshqghqfh ixqfwlrqv ri wkh Jxpeho dqg surgxfw
frsxodv/ zh rewdlq

D +z, @ +s4z . s5 +4�z,,
^s�4z

� . s�5 +4�z,�`
4
�

+s4z . s5 +4�z,,
.

++4� s4,z . +4� s5, +4�z,,

@ ^s�4z
� . s�5 +4�z,�`

4
� . +s5 � s4,z . +4� s5, +4:3,

63 wkdw lv � E��c �2� ' � E�2c ���1
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Lw frphv wkdw wkh fruuhvsrqglqj frsxod lv vxfk wkdw

F +x4> x5, @ h{s
k
� +s�4 �x

�
4 . s�5 �x

�
5 ,

4
� � +4� s4, �x4 � +4� s5, �x5

l
@ FB +xs44 > xs55 ,FB

�
x4�s44 > x4�s55

�
+4:4,

Lq wkh h{wuhph ydoxh olwwhudwxuh/ lw fruuhvsrqgv wr wkh dv|pphwulf orjlvwlf prgho1 Uhodwlrq +4:4, fdq eh jhqhu0
dol}hg dqg lw dsshduv wkdw wkh frsxod dvvrfldwhg zlwk +49<, lv

F +x4> x5, @ F4 +x
s4
4 > xs55 ,F5

�
x4�s44 > x4�s55

�
+4:5,

Iru h{dpsoh/ wkh Pduvkdoo0Ronlq frsxod lv d frpelqdwlrq ri wkh surgxfw frsxod dqg wkh xsshu Iuìfkhw frsxod=

F +x4> x5, @ FB �
x4��44 > x4��55

�
F. +x�44 > x�55 , +4:6,

Zh wkhq yhuli| wkdw wkh ghshqghqfh ixqfwlrq lv

D +z, @ +�4z . �5 +4�z,,pd{

�
�4z

+�4z . �5 +4�z,,
>

�5 +4�z,

+�4z . �5 +4�z,,

�
.++4� �4,z . +4� �5, +4�z,,

@ pd{ +4� �4z> 4� �5 +4�z,, +4:7,

dqg zh uhpdun wkdw lw lv wkh olplw ri wkh dv|pphwulf orjlvwlf frsxod dv � whqgv wr 41

Zh qrz frqvlghu wkh pxowlyduldwh fdvh1 Zh vwduw zlwk wkh Jxpeho frsxod1 D qdwxudo jhqhudol}dwlrq iru
Q � 6 lv jlyhq e|

F +x4> = = = > xq> = = = > xQ, @ h{s
k
� +�x�4 . = = =. �x�q . = = =. �x�Q ,

4
�

l
+4:8,

Wkh fruuhvsrqglqj ghshqghqfh ixqfwlrq lv dovr E +z, @
kSQ

4 z�
q

l 4
�

1 Wklv �uvw jhqhudol}dwlrq frphv iurp wkh
gh�qlwlrq ri pxowlyduldwh dufklphghdq frsxodv1 Krzhyhu/ lw lv qrw yhu| lqwhuhvwlqj ehfdxvh wklv pxowlyduldwh h{0
whqvlrq kdv d vlqjoh sdudphwhu1 Lw iroorzv wkdw wkh wdlo lqgh{ lv wkh vdph iru doo wkh Q+Q�4,

5 elyduldwh pdujlqv1 Rqh

srvvleoh h{whqvlrq lv wr xvh frpsrxqg phwkrgv1 Iru h{dpsoh/F +x4> x5> x6, @ h{s

�
�
�
+�x�54 . �x�55 ,

�4
�5 . �x�46

� 4
�4

�

lv dq h{wuhph frsxod li �5 A �4 � 41 Wkh ghshqghqfh ixqfwlrq lv E +z, @
�
+z�5

4 .z�5
5 ,

�4
�5 .z�4

6

� 4
�4 / wkdw lv

phqwlrqhg lqWdzq ^4<<3`1 Qhyhuwkhohvv/ wkh sdudphwhuv duh gl!fxow wr xqghuvwdqg lq wklv vhfrqg jhqhudol}dwlrq1
D pruh lqwhusuhwdeoh frsxod lv wkh idplo| PP4 ri Mrh ^4<<:`

E +z, @

5
7 Q[
l@4

Q[
m@l.4

�
+slz

�
l ,
�l>m .

�
smz

�
m

��l>m� 4

�l>m .
Q[
l@4

�lslz
�
l

6
8

4
�

+4:9,

zkhuh sl @ +�l .Q � 4,�41 Wklv frsxod frphv iurp pl{wxuhv ri pd{0lg glvwulexwlrqv +Mrh dqg Kx ^4<<9`,1
Wkh sdudphwhuv �l frqwuro wkh elyduldwh dqg pxowlyduldwh dv|pphwulhv/ �l>m duh wkh sdluzlvh frh!flhqwv dqg �
lv wkh frpprq sdudphwhu1 Wkh elyduldwh pdujlqv duh

F +x4> x5, @ h{s

#
�
��
+sl�x

�
l ,
�l>m .

�
sm�x

�
m

��l>m� 4

�l>m .
+�l .Q � 5,

+�l .Q � 4,
�x�l .

+�m .Q � 5,

+�m .Q � 4,
�x�l

� 4
�

$
+4::,

dqg wkh dvvrfldwhg wdlo ghshqghqfh lv � @ 5 �
��
s
�l>m
l . s

�l>m
m

� 4

�l>m . +�l.Q�5,
+�l.Q�4, .

+�m.Q�5,
+�m.Q�4,

� 4
�

1 Krzhyhu/ wkh

sdudphwulf irup ri erwk elyduldwh dqg pxowlyduldwh frsxodv lv qrw zhoo wudfwdeoh/ dqg wkh vdph sureohp dulvhv
zlwk wkh jhqhudol}dwlrq ri rwkhu elyduldwh frsxodv1 Dv srlqwhg e| Hpeuhfkwv/ gh Kddq dqg Kxdqj ^5333`/
lw lv lpsruwdqw wr vwuhvv dw wklv srlqw wkh idfw wkdw fxuuhqw pxowlyduldwh h{wuhph ydoxh wkhru|/ iurp dq dssolhg
srlqw ri ylhz/ rqo| doorzv iru d wuhdwphqw ri idluo| orz0glphqvlrqdo sureohpv1
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7161515 Hvwlpdwlrq phwkrgv

�, Wkh qrq0sdudphwulf dssurdfk1

Wkh wzr0glphqvlrqdo qrq0sdudphwulf dssurdfk lv frqvlghuhg lqwr vhyhudo sdshuv +Slfndqgv ^4<;4`/ Gh0
khxyhov ^4<<4`/ Fdsìudã/ Irxjëuhv dqg Jhqhvw ^4<<:`/ Degrxv/ Jkrxgl dqg Nkrxgudml ^5333`,1 Wkhvh
sdshuv duh jhqhudoo| edvhg rq wkh idfw wkdw wkh glvwulexwlrq ri ] @ oqX4

oqX4.oqX5
vdwlv�hvI +}, @ }.+4� },D�4 +},C} D +},

zkhuh wkh mrlqw glvwulexwlrq ri X4 dqgX5 lv jlyhq e| wkh h{wuhph frsxodFB +x4> x5, @ h{s
k
oq +x4x5,D

�
oqx4

oq+x4x5,

�l
+Jkrxgl/ Nkrxgudml dqg Ulyhvw ^4<<;`,1 Ehfdxvh D +3, @ D +4, @ 4/ lw frphv wkdw D +z, @ h{s

] z

3

I+},�}
4�} g}

ru D +z, @ h{s�
] 4

z

I+},�}
4�} g}1 Zh rewdlq dovr wzr qrq0sdudphwulf hvwlpdwruv ri D +z, e| xvlqj wkh hpslul0

fdo glvwulexwlrq aI lq sodfh ri wkh wkhruhwlfdo glvwulexwlrq I1 Xvlqj uhodwlrqvkls +499,/ Degrxv/ Jkrxgl dqg
Nkrxgudml ^4<<<` frqvlghu dqrwkhu hvwlpdwru gluhfwo| edvhg rq wkh vdpsoh ri wkh ruljlqdo yduldeohv +[4> [5,/
qrw rq wkh vdpsoh ri wkh pd{lpxp yduldeohv

�
".4 > "

.
5

�
1

�, Wkh sdudphwulf dssurfk1

Lq wkh irup ri frpsrqhqwzlvh pd{lpd/ lqihuhqfh zlwk PO phwkrg lv dssolhg wr wkh glvwulexwlrq J

J
�
".4 > = = = > "

.
q > = = = > "

.
Q

�
@ FB

�
J4

�
".4

�
> = = = >Jq

�
".q

�
> = = = >JQ

�
".Q

��
+4:;,

zkhuh FB lv dq h{wuhph frsxod dqg Jq d JHY glvwulexwlrq JHY +�> �> �, gh�qhg e|

J +{, @ h{s

+
�
�
4 . �

�
{� �

�

��� 4
�

,
+4:<,

gh�qhg rq wkh vxssruw � @
�
{ = 4 . �

�
{��
�

�
A 3

�
1 Wkh wkuhh w|shv ri qrq0ghjhqhudwh xqlyduldwh glvwulexwlrqv

duh wkhq frpelqhg lqwr d jhqhudol}hg h{wuhph ydoxh idplo| dqg zh kdyh wkh fruuhvsrqgdqfhv � @ ��4 A 3/
� @ ���4 ? 3 dqg � �$ 3 iru wkh Iuìfkhw/ Zhlexoo dqg Jxpeho glvwulexwlrqv uhvshfwlyho|1 Zh qrwh wkdw wkh LIP
ru FPO phwkrgv frxog eh xvhg wr hvwlpdwh wkh sdudphwhuv ri +4:;, lq rughu wr uhgxfh frpsxwdwlrqdo wlph641 D
yhu| lpsruwdqw srlqw frqfhuqv wkh vwduwlqj ydoxhv iru wkh hvwlpdwlrq ri wkh frsxod1 Wkh| frxog eh rewdlqhg e|
clqyhuwlqj* wkh xsshu wdlo ghshqghqfh65 +vhh Fxuulh ^4<<<`, ru rwkhu frqfrugdqfh phdvxuhv olnh Nhqgdoo*v wdx
+Jkrxgl/ Nkrxgudml dqg Ulyhvw ^4<<;`,1

64 Lq wklv fdvh/ wkh lqglylgxdo orj0olnholkrrg ri wkh xqlyduldwh pdujlqv lv dv iroorzv

�
�
�n? ( w

�
' 3 *?j 3

�
� n 1

1

�
*?

�
� n 1

�
�n? 3 >

j

��
3
�
� n 1

�
�n? 3 >

j

��3 4
�

+4;3,

dqg wkh vfruh yhfwru lv

Qw �
�
�n? ( w

�
'

5
99999997

�n13/
�
4
�

q>p

j/q>p#
E�n1�3/

�
4
�

q>p

$
E�.q3>�3j/q>p

j5/q>p�
�3 /

3 4
�

?c6

� �
�
15

*?/?c6 3 E�.q3>�
1j/q>p

�
3 E�.q3>�

j/q>p

6
:::::::8

+4;4,

zlwk /?c6 ' �n 1

�
�.q3>

j

�
1

65b frxog eh hvwlpdwhg xvlqj wkh vdpsoh ri frpsrqhqwzlvh pd{lpd ru gluhfwo| xvlqj wkh hqwluh vdpsoh/ ehfdxvh wkh h{wuhph ydoxh
olplw kdv wkh vdph xsshu wdlo ghshqghqfh xqghu vrph dvvxpswlrqv +wkhruhp 91; ri Mrh ^4<<:`,1
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Idplo| �
FB 3
Jxpeho 4� ��4

Jxpeho LL ;��
4
5 +7� �,�

4
5 dufwdq

t
� +7� �,�4 � 5

Jdodperv frpsolfdwhg irup
K vohu0Uhlvv qr dqdo|wlfdo irup
Pduvkdoo0Ronlq �4�5 +�4 � �4�5 . �5,

�4

F. 4

�, Wkh srlqw surfhvvhv dssurfk1

Lqvwhdg ri xvlqj frpsrqhqwzlvh pd{lpd/ lw lv vrphwlphv pruh h!flhqw wr zrun zlwk kljkhu iuhtxhqf|
gdwd1 Srlqw surfhvv fkdudfwhul}dwlrq lv dovr d qdwxudo zd| wr shuirup wkh hvwlpdwlrq +Frohv dqg Wdzq ^4<<4`/
Mrh ^4<<:`,1 Ohw i+[4>w> = = = > [q>w> = = = > [Q>w, > w @ 4> = = = > Wj eh d vdpsoh ri ohqjwk W zlwk pdujlqv Iq/ \q>w wkh
Iuìfkhw wudqvirup ri wkh yduldwh [q>w dqg \w wkh fruuhvsrqglqj yhfwru +\q>w,

Q
4 1 Zh frqvlghu wkh srlqw surfhvv

QW @ +\4> = = = >\W , rq U
Q
. 1 Xqghu vrph k|srwkhvlv/ lw frphv wkdwQW frqyhujhv wr d qrq0krprjhqhrxv Srlvvrq

surfhvv Q zlwk lqwhqvlw| phdvxuh �/ zklfk vdwlv�hv wkh krprjhqhlw| surshuw| � +^3>|`f, @ w� +^3> w|`f, zlwk
^3>|`f @ U

Q
. q ^3>|`1 Zh kdyh dovr Su

�
4
W\w @5 ^3>|`f

� $ h{s +�� +^3>|`f,,1 Wkh orj0olnholkrrg lv wkhq

c +�, @ ��+^3>|`f, .
W[
w@4

4^ 4W |w5^3>|`f`�
�
4

W
|w

�
+4;5,

zlwk � wkh dvvrfldwhg lqwhqvlw| ixqfwlrq66 dqg i|w> w @ 4> = = = > Wj d vdpsoh ri revhuyhg gdwd ri wkh surfhvv \w1
E| dvvxplqj wkdw wkh xsshu wdlov ri [q duh Jhqhudol}hg Sduhwr JS +�q> �q,/ wkh Iuìfkhw wudqviruphg gdwd wdnh
wkh irup

|q>w @

;?
=

w�q +{q>w, @ � oq +Iq +{q>w,,
�4 li {q>w � �{q

w.q +{q>w, @ � oq

�
4� +4� Iq +�{q,,

�
4 . �q

�
{q>w��{q

�q

��� 4
�

.

��4
li {q>w A �{q

+4;6,

Wkxv/ wkh orj0olnholkrrg ehfrphv +Frohv dqg Wdzq ^4<<4`,

c +�, @ �� +^3>|`f, .
W[
w@4

4^ 4W |w5^3>|`f`

�
�

�
4

W
|w

�
�w

�
+4;7,

zlwk ^3>|`f @
��
3> w�4 +�{4,

�� = = =� �
3> w�Q +�{Q ,

��f
dqg

�w @
4

W

Q\
q@4

4

�q
+4� Iq +{q>w,,

��q |5q>w

�
4� h{s

�
� 4

|q>w

��4.�q

h{s

�
4

|q>w

�
+4;8,

Wkh fkrlfh ri � fdq eh grqh lq wkh fodvv ri h{wuhph frsxodv zlwk

� +^3>|`f, @ � oqF

�
h{s

�
� 4

|+4,

�
> = = = > h{s

�
� 4

|+q,

�
> = = = > h{s

�
� 4

|+Q,

��
+4;9,

Iru h{dpsoh/ wkh lqwhqvlw| phdvxuh dvvrfldwhg zlwk wkh Jxpeho frsxod lv

�+^3>|`f, @ � oq

#
h{s

%
�
��

� oq

�
h{s

�
� 4

|+4,
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.
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h{s
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�
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�
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Frsxodv iru Ilqdqfh

Zlwk F +x4> x5> x6, @ h{s

�
�
�
+�x�54 . �x�55 ,

�4
�5 . �x�46

� 4
�4

�
/ � +^3>|`f, lv htxdo wr

��
|��5+4, . |��5+5,

��4
�5

. |��4+6,

� 4
�4

dqg wkh lqwhqvlw| phdvxuh dvvrfldwhg zlwk wkh ghshqghqfh ixqfwlrq +4:9, lv

�+^3>|`f, @

5
97 Q[
l@4

Q[
m@l.4

%#
sl
|�+l,

$�l>m

.

#
sm
|�+m,

$�l>m& 4

�l>m

.
Q[
l@4

�l
sl
|�+l,

6
:8

4
�

+4;;,

Rwkhu sdudphwulf lqwhqvlw| phdvxuhv frxog eh irxqg lq Frohv dqg Wdzq ^4<<4`1

7161516 Dssolfdwlrqv

�, Wkh OPH gdwd1

Zh kdyh hvwlpdwhg wkh JHY glvwulexwlrqv erwk iru wkh pd{lpd dqg plqlpd67 1 Iru wkh rssrvlwh ri wkh
plqlpd �"�/ zh rewdlq wkh iroorzlqj hvwlpdwhg sdudphwhuv68=

Sdudphwhuv DO DO048 FX QL SE
� 31355 3134; 3135; 31364 31366
� 3133: 31339 31346 31345 31345
� 31677 315:8+B, 313<8+BBB, 31696 31757

Wkh fruuhvsrqglqj glvwulexwlrqv duh sorwwhg lq �jxuh 651 Xvlqj wkh hvwlpdwhg ydoxhv/ rqh fdq wkhq exlog
xqlyduldwh vwuhvv0whvwlqj surjudpv e| fkrrvlqj wkh zruvw fdvh vfhqdulr iru d jlyhq uhwxuq shulrg +Ohjudv
^4<<<`,1

Ulvn vfdohv +gdlo| yduldwlrq, iru orqj srvlwlrqv +lq (,
Zdlwlqj wlph +lq |hduv, DO DO048 FX QL SE

8 091:7 071;5 0;136 044134 045158
43 0;18: 081<3 0<168 04715: 049168
58 0441:8 0:19; 044156 053135 0561<9
83 0471<4 0<169 0451:9 0581;6 065136
:8 04:147 04317< 0461:3 05<1<: 06:1<:
433 04;1<5 04416; 04716< 06615< 0751;8

Lq wkh fdvh ri pd{lpd "./ zh rewdlq wkh iroorzlqj uhvxowv=

Sdudphwhuv DO DO048 FX QL SE
� 31357 3134; 3135< 31367 31365
� 31343 3133; 31344 31348 31344
� 314;;+BBB, 3156<+B, 31475+BB, 31359+BBB, 31738

Ulvn vfdohv +gdlo| yduldwlrq, iru vkruw srvlwlrqv +lq (,
Zdlwlqj wlph +lq |hduv, DO DO048 FX QL SE

8 91<9 81:< :186 ;179 44146
43 ;168 :143 ;1;5 <18< 47198
58 43179 <153 431:6 44143 5413:
83 45165 44145 45167 45159 5:1:9
:8 46185 4516< 46169 451<8 65197
433 47176 4616; 47145 46178 69196
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Frsxodv iru Ilqdqfh

Iljxuh 65= JHY ghqvlwlhv ri wkh plqlpd

Iljxuh 66= JHY ghqvlwlhv ri wkh pd{lpd
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Frsxodv iru Ilqdqfh

uhvxowv iru

�
�"�4 >�"�5

�
a�PO DO048 FX QL SE

DO 516<: 4148< 41795 41758

DO048 413<5 41689 414<4

FX 41545 41337

QL 41833

OU DO048 FX QL SE

DO 9513< 61336 4;18;6 4814<

DO048 41344 4613;3 71765

FX 715<3 31335

QL 4<17<

� DO048 FX QL SE

DO 318;6 3146: 31649 315<;

DO048 313;7 31596 31493

FX 314:8 31337

QL 31666

uhvxowv iru

�
".4 > "

.
5

�
a�PO DO048 FX QL SE

DO 61348 41398 415<4 41449

DO048 41373 414:8 41366

FX 4143: 41449

QL 414<7

OU DO048 FX QL SE

DO ;916< 317;8 :1:88 41;<6

DO048 31493 61438 31496

FX 41593 41756

QL 81459

� DO048 FX QL SE

DO 3199; 31394 31559 31437

DO048 3136< 3147< 31365

FX 313<: 31437

QL 31495

Wdeoh ;= Elyduldwh hvwlpdwlrq

Zh qrz frqvlghu wkh elyduldwh fdvh1 Zh dvvxph wkdw wkh ghshqghqfh lv jlyhq e| wkh Jxpeho frsxod1 Xvlqj
wkh LIP phwkrg69/ wkh hvwlpdwhg ydoxhv ri wkh � sdudphwhu dqg wkh fruuhvsrqglqj Nhqgdoo*v wdx duh jlyhq
lq wdeoh ;1 Pruhryhu/ zh kdyh uhsruwhg wkh olnholkrrg udwlr zkhuh wkh qxoo k|srwkhvlv lv wkh surgxfw frsxod1
Zlwk <<( frq�ghqfh ohyho/ zh gr qrw uhmhfw lqghshqghqfh ehwzhhq wkh pd{lpd frxsohv +DO/FX,/ +DO/SE,/ +DO0
48/FX,/ +DO048/QL,/ +DO048/SE,/ +FX/QL,/ +FX/SE, dqg +QL/SE,1 Iru wkh plqlpd/ wkh ghshqghqfh lv qrw uhmhfwhg
iru +DO/DO048,/ +DO/QL,/ +DO/SE,/ +DO048/QL, dqg +QL/SE,1

Uhpdun 43 Zh revhuyh wkdw wkhuh lv d frqwudvw ehwzhhq wkh plqlpd dqg wkh pd{lpd fdvhv1 Wkh plqlpd
dsshdu pruh ghshqghqw wkdq wkh pd{lpd1 Iurp dq hfrqrplf srlqw ri ylhz/ lw phdqv wkdw ehdu pdunhwv duh
cpruh fruuhodwhg* wkdq exoo pdunhwv1

Vwuhvv vfhqdulr lq wkh elyduldwh fdvh frxog eh ylhzhg dv �d idloxuh duhd� +vhh gh Kddq/ Shqj/ Vlqkd dqg
Gudlvpd ^4<<:` iru pruh ghwdlov rq wklv wrslf dqg rq h{fhhghqfh suredelolw|,1 Zh kdyh

Su
�
".4 A "4> "

.
5 A "5

�
@ 4� Su

�
".4 � "4

�� Su
�
".5 � "5

�
.Su

�
".4 � "4> "

.
5 � "5

�
@ 4�I4 +"4,�I5 +"5, .F +I4 +"4, >I5 +"5,,

@ �F +I4 +"4, >I5 +"5,, +4<3,

zlwk �F wkh mrlqw vxuylydo ixqfwlrq1 Ohw V eh wkh zdlwlqj wlph +phdvxuhg lq whup ri wkh frpsrqhqwzlvh shulrg,1
Wkh idloxuh duhd lv wkh vhw gh�qhg e|

�
+"4> "5, 5 U

5 m x4 @ I4 +"4, > x5 @ I5 +"5, > �F +I4 +"4, >I5 +"5,, ?
4
X

�
1

Zh kdyh uhsuhvhqwhg lq �jxuhv 67 dqg 68 wkh idloxuh duhd ri wkh +DO/DO048, dqg +DO/FX, pd{lpd/ wkdw lv wkh
vhw ri wkh elyduldwh vfhqdulrv iru d sruwirolr vkruw lq wkh wzr dvvhwv6:1 Zh uhpdun wkdw wkh wzr �jxuhv jlyh
gl�huhqw uhvxowv ehfdxvh ri wkh ydoxh ri wkh � sdudphwhu1 Qrwh wkdw wkh vdph phwkrgrorj| fdq eh dssolhg wr
rwkhuv sruwirolrv/ iru h{dpsoh d sruwirolr vkruw lq wkh �uvw dvvhw dqg orqj lq wkh vhfrqg dvvhw1 E| frpsxwlqj
wkh idloxuh duhd iru wkh irxu txdgudqwv/ zh rewdlq �jxuh 69 iru wkh sdlu +DO/DO048,1 D 8 |hduv uhwxuq shulrg lv
dvvxphg1 Wkh rewdlqhg idloxuh duhd lv frpsduhg zlwk wkh lqghshqghqw fdvh +surgxfw frsxod,6; 1

Zh �qlvk wklv sdudjudsk zlwk vrph uhpdunv rq pxowlyduldwh h{wuhph ydoxh prghoolqj1 Iluvw/ wkh Jxpeho
frsxod lv qrw dozd|v wkh ehvw fkrlfh1 Vrphwlphv/ dv|pphwulf frsxodv dsshdu pruh dssursuldwh1 Iru h{dpsoh/

67Wkh hvwlpdwlrq lv shuiruphg zlwk PO phwkrg rq frpsrqhqwzlvh gdwd zlwk 6 htxdo wr ee wudglqj gd|v wkdw fruuhvsrqgv wr d
5 prqwkv shulrg1

68 E
�/ E

� dqg E


� phdq wkdw wkh vljql�fdqfh whvw lv uhmhfwhg uhvshfwlyho| dw 4(/ 8( dqg 43(1
69Gdwd duh wudqviruphg lqwr xqlirupv zlwk wkh :-O fgi1 Wkh fruuhvsrqglqj lqglylgxdo orj0olnholkrrg lv wkhq

� E��c �2(k� ' 3 E��k� n ��k2 �
4
� n ��� n ��2 n Ek3 �� *? E�����2� n

�
k3� 3 2

�
*? E��k� n ��k2 �

n *?
k
E��k� n ��k2 �

4
� n k3 �

l
+4;<,

6:Wkh vrolg olqhv uhsuhvhqw wkh xqlyduldwh ulvn vfdohv1
6;Wkh vrolg olqh fruuhvsrqgv wr wkh idloxuh duhd zlwk wkh Jxpeho frsxod/ zkhuhdv wkh grwwhg olqh fruuhvsrqgv wr wkh lqghshqghqfh1
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Frsxodv iru Ilqdqfh

Iljxuh 67= Idloxuh duhd iru wkh +DO/DO048, pd{lpd

Iljxuh 68= Idloxuh duhd iru wkh +DO/FX, pd{lpd
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Frsxodv iru Ilqdqfh

Iljxuh 69= Idloxuh duhd iru wkh sdlu +DO/DO048, dqg d 8 |hduv zdlwlqj wlph

wkh dv|pphwulf orjlvwlf frsxod6< jlyhv d ehwwhu �w iru wkh plqlpd sdlu +DO/DO048, +vhh �jxuh 6:,1 Vhfrqg/
wkh h{whqvlrq wr pxowlyduldwh frsxodv lv jhqhudoo| grqh zlwk wkh cfoxvwhulqj* phwkrg +Mrh ^4<<:`,1 Lw lpsolhv
vrph uhvwulfwlrqv rq wkh ghshqghqfh vwuxfwxuh1 Ohw xv frqvlghu wkh prghoolqj ri wkh 8 pd{lpd sdluv1 Ehfdxvh
ri wkh elyduldwh uhvxowv/ zh frxog dvvxph wkdw wkh pxowlyduldwh frsxod kdv wkh irup FC +x4> x5> x6> x7> x8, @

h{s

�
�
�
+�x�54 . �x�55 ,

�4
�5 . �x�47

� 4
�4 � �x6 � �x8

�
1 Wkh PO hvwlpdwhv73 duh a�4 @ 4=37< dqg a�5 @ 6=376/ dqg wkh

6<Wkh fruuhvsrqglqj lqglylgxdo orj0olnholkrrg lv wkhq

� E��c �2(k� ' 3 E��k� n ��k2 �
4
� n ��� n ��2 n

�
k3� 3 �

�
*? E��k� n ��k2 � n *?y E��c �2(k� +4<4,

zlwk ��� ' R����/ ��� ' 3 *?�� dqg

y E��c �2(k� ' ER�R2� E�����2�
k3� E��k� n ��k2 �

3�
�
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�
n
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k3�
2 n

R� E�3 R2� ��
k3�
� n

E�3 R�� E�3 R2� E��
k
� n ��k2 �

�3k�4 +4<5,

73Wkh lqglylgxdo orj0olnholkrrg lv

� E��c �2c ��c �ec �D(k�c k2� ' 3
��

��k5� n ��k52
��4
�5 n ��k4e

� 4
�4

n ��� n ��2 n ��e n Ek2 3 �� *? E�����2�

n Ek� 3 �� *? E��e� n
�
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3�
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�
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�
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Frsxodv iru Ilqdqfh

OU whvw ri wkh surgxfw frsxod k|srwkhvlv lv uhmhfwhg1 Qhyhuwkhohvv/ wklv frsxod lpsolhv wkdw wkh elyduldwh
pdujlqv ri +DO/QL, dqg +DO048/QL, duh FC +x4> 4> 4> x7> 4, @ h{s

k
� +�x�44 . �x�47 ,

4
�4

l
dqg FC +4> x5> 4> x7> 4, @

h{s
k
� +�x�45 . �x�47 ,

4
�4

l
/ dqg vr wkh ghshqghqfh vwuxfwxuh ri +DO/QL, dqg +DO048/QL, pxvw eh wkh vdph1 Wklv lv

d gluhfw lpsolfdwlrq ri wkh frpsrxqg frsxod phwkrgorj|1

Iljxuh 6:= PO hvwlpdwlrq ri wkh dv|pphwulf orjlvwlf frsxod iru wkh plqlpd sdlu +DO/DO048,

�, Hvwlpdwlqj wkh vhyhulw| ri fulvlv dqg pxowlyduldwh vwuhvv whvwv1

Lq wkh suhylrxv sdudjudsk/ zh kdyh lqwurgxfhg wkh qrwlrq ri idloxuh duhd1 Lq wkh pxowlyduldwh fdvh/ lw lv
gh�qhg dv wkh iroorzlqj vhw�
+"4> = = = > "q> = = = > "Q , 5 U

Q m x4 @ I4 +"4, > = = = > xq @ Iq +"q, > = = = > xQ @ IQ +"Q , > �F +x4> = = = > xq> = = = > xQ , ?
4

V

�
+4<8,

zlwk

�F +x4> = = = > xq> = = = > xQ , @
Q[
q@3

5
7+�4,q

[
x5]+Q�q>Q,

F +x,

6
8 +4<9,

nEk� 3 �� E2k� 3 ���
�4
�5 �3� n Ek� 3 �� Ek2 3 k��

� ' ��k5� n ��k52

� ' �
�4
�5 n ��k4e +4<7,

8<



Frsxodv iru Ilqdqfh

zkhuh ] +P>Q, ghqrwhv wkh vhw
q
x 5 ^3> 4`Q m SQ

q@4[i4j +xq, @ P
r
1 Lw lv srvvleoh wr frpsxwh wkh lpsolflw

uhwxuq shulrg V iru d jlyhq yhfwru +"4> = = = > "q> = = = > "Q ,1 Zh kdyh wkhq

V +"4> = = = > "q> = = = > "Q , @ �F�4 +I4 +"4, > = = = >Iq +"q, > = = = >IQ +"Q ,, +4<:,

Uhpdun 44 Wkh vwuhqjwk ri d fulvlv +"4> = = = > "q> = = = > "Q , lv jhqhudoo| d vxemhfwlyh qrwlrq1 Krzhyhu/ wkh lpsolhg
uhwxuq shulrg V +"4> = = = > "q> = = = > "Q , @ �F�4 +I4 +"4, > = = = >Iq +"q, > = = = >IQ +"Q ,, frxog eh ylhzhg dv d phdvxuh
ri wkh vhyhulw|1 Pruhryhu/ zh frxog frpsduh wkh vwuhqjwk ri wzr fulvlv e| gluhfwo| frpsdulqj wkh zdlwlqj wlphv1

Uhpdun 45 Wkh lpsolhg uhwxuq shulrg phdvxuh fdq eh xvhg wr txdqwli| wkh vwuhvv whvwv surylghg e| wkh hfrqrplvwv
iru wkh vwuhvv whvwlqj surjudp ri d edqn1 Xqlyduldwh vwuhvv whvwv frxog eh grqh zlwk vwdwlvwlfdo wrrov olnh wkh h{wuhph
ydoxh wkhru| +Ohjudv ^4<<<`/ Frvwlqrw/ Ulerxohw dqg Urqfdool ^5333d`,1 Wkh h{whqvlrq wr elyduldwh fdvh
lv qrw reylrxv +Ohjudv dqg Vrxsì ^5333`/ Frvwlqrw/ Ulerxohw dqg Urqfdool ^5333e`,1 Exloglqj pxowl0
yduldwh vwuhvv whvwv zlwk frsxodv frxog eh grqh xvlqj wkh idloxuh duhd frqfhsw1 Krzhyhu/ lw surgxfhv d vhw dqg lw
lv gl!fxow wr fkrrvh rqh vfhqdulr lq sduwlfxodu1 Qhyhuwkhohvv/ wkh lpsolhg uhwxuq shulrg lv d xvhixo phdvxuh
wr txdqwli| d jlyhq vwuhvv whvw dqg wr yhuli| lwv frqvlvwhqf|1 Vrph h{dpsohv zloo eh jlyhq ixuwkhu1

Ehiruh frqvlghulqj vrph looxvwudwlrqv/ zh jlyh pruh h{solflw uhsuhvhqwdwlrqv ri wkh mrlqw vxuylyru frsxod
�F1 Lq wkh fdvh Q @ 5/ zh kdyh �F +x4> x5, @

S5
q@3

k
+�4,q

S
x5]+5�q>5,F +x,

l
@ F +4> 4, � F +x4> 4, �

F +4> x5, .F +x4> x5, @ 4 � x4 � x5 .F +x4> x5,1 Zh rewdlq wkh suhylrxv h{suhvvlrq Lq wkh fdvh/ Q @ 6/ zh

kdyh �F +x4> x5> x6, @
S6

q@3

k
+�4,q

S
x5]+6�q>6,F +x,

l
@ F +4> 4> 4,�F +x4> 4> 4,�F +4> x5> 4,�F +4> 4> x6, .

F +x4> x5> 4,.F +x4> 4> x6,.F +4> x5> x6,�F +x4> x5> x6, @ 4�x4�x5�x6.F +x4> x5,.F +x4> x6,.F +x5> x6,�
F +x4> x5> x6,1 Wkh h{whqvlrq wr kljkhu glphqvlrqv lv vwudljkwiruzdug1

Iru wkh OPH gdwdvhw/ wkh glphqvlrq lv Q @ 81 Zh dvvxph wkdw wkh sruwirolr lv vkruw lq hdfk dvvhw1 Ohw
frqvlghu d �uvw vwuhvv whvw

"+4, @

5
99997

3=38
3=38
3=38
3=38
3=38

6
::::8

Wkh dvvrfldwhg uhwxuq shulrg xvlqj wkh suhylrxv hvwlpdwhg frsxod FC lv htxdo wr 53< |hduv741 Li zh vxssrvh
wkdw wkh frsxod lv FB ru F./ wkh uhwxuq shulrg ehfrphv 564: dqg 6 |hduv uhvshfwlyho|1 Ohw xv frqvlghu d vhfrqg
vwuhvv surjudp

"+5, @

5
99997

3=35
3=36
3=36
3=34
3=43

6
::::8

Lv wklv vhfrqg whvw kdughu wkdq wkh �uvw rqh B Li zh frpsxwh wkh zdlwlqj wlphv/ zh rewdlq VC+5, @ 5:/ VB+5, @ 67/

dqg V.+5, @ 71 Wklv h{dpsoh lv yhu| lqwhuhvwlqj/ ehfdxvh zh kdyh VC+5, ? VC+4,/ V
B
+5, ? VB+4, exw V.+5, A V.+4,1 Iru

"
+4,
q ? "

+5,
q dqg iru doo q @ 4> = = = > Q / zh frxog fkhfn wkdw V+5, A V+4, iru hyhu| frsxod1 Li wkh lqhtxdolwlhv duh qrw

yhul�hg iru doo wkh frpsrqhqwv/ wkh frpsdulvrq lv ohvv reylrxv1 Wkh frqfhsw ri wkh uhwxuq shulrg wkhq ehfrphv

74 Lq rughu wr khos wkh uhdghu wr uhsurgxfh wklv uhvxow/ zh lqglfdwh vrph lqwhuphgldu| fdofxoxv1 Xvlqj wkh hvwlpdwhg sdudphwhuv
ri wkh xqlyduldwh pdujlqv :-O / zh kdyh �� ' f�HHb/ �2 ' f�be�/ �� ' f�H�S/ �e ' f�.��/ dqg �D ' f�.ee1 Wkh ydoxh ri
7� E��c �2c ��c �ec �D� lv wkhq H�e�ef �f3e1 Zh dvvxph wkdw wkh qxpehu ri wudglqj gd|v lq rqh |hdu lv 5831 Ehfdxvh zh kdyh vhw wkh
frpsrqhqwzlvh shulrg wr 77 gd|v/ wkh uhwxuq shulrg +h{suhvvhg lq |hduv, lv jlyhq e| wkh irupxod

V E��c �2c ��c �ec �D� '
�

H�e�ef �f3e
f ee

2Df
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d yhu| xvhixo wrro1 Zh qrwh wkdw zh kdyh qhfhvvdulo| V. ? V ? VB ehfdxvh ri wkh surshuwlhv lqgxfhg e| wkh rughu
!1

D txhvwlrq dulvhv= zkdw lv wkh olqn ehwzhhq wkh xqlyduldwh dqg wkh pxowlyduldwh vwuhvv vfhqdulrv B Wr dqvzhu
wklv txhvwlrq/ zh frqvlghu dq xqlyduldwh vwuhvv whvw zlwk d 8 |hduv zdlwlqj wlph =

"+6, @

5
99997

3=39<9
3=38:<
3=3:86
3=3;79
3=4446

6
::::8

Zh wkhq rewdlq VC+6, @ 7<<6</ VB+6, @ 657:;65 dqg V.+6, @ 8$ Wklv yhu| vlpsoh h{dpsoh vkrzv wkdw zh kdyh wr eh
fduhixo wr exlog pxowlyduldwh whvwv iurp xqlyduldwh whvwv1 Wkhuh lv qr sureohp li zh dvvxph d shuihfw ghshqghqfh1
Rwkhuzlvh/ zh frxog rewdlq phdqlqjohvv vwuhvv whvwv iru wkh Ulvn Pdqdjhphqw ri wkh edqn1

Wkh suhylrxv h{dpsoh jlyhv dq lghd ri derxw krz wkh ghshqghqfh vwuxfwxuh frqwulexwhv rq wkh
vwuhvv whvw1 Rqh srvvleoh phdvxuh frxog eh

� @
VB +"4> = = = > "q> = = = > "Q ,� V +"4> = = = > "q> = = = > "Q ,

VB +"4> = = = > "q> = = = > "Q ,� V. +"4> = = = > "q> = = = > "Q ,
+4<;,

Zh kdyh � 5 ^3> 4`1 � lv htxdo wr 3 li wkh hvwlpdwhg frsxod lv wkh surgxfw frsxod/ zkhuhdv lw lv 4 lq wkh fdvh ri
wkh xsshu Iuìfkhw frsxod1 Zlwk wkh deryh h{dpsohv/ zh kdyh �C+4, @ <4(/ �C+5, @ 57( dqg �C+6, @ <;(1 Wkh
lpsdfw ri wkh ghshqghqfh vwuxfwxuh lv vpdoohu iru wkh vhfrqg whvw wkdq iru wkh rwkhu whvwv1

Iljxuh 6;= Xqlyduldwh vwuhvv vfhqdulr frqwulexwlrq zlwk wkh frsxod FC
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Iljxuh 6<= Xqlyduldwh vwuhvv vfhqdulr frqwulexwlrq zlwk wkh frsxod FB

Iljxuh 73= Xqlyduldwh vwuhvv vfhqdulr frqwulexwlrq zlwk wkh frsxod F.
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Ohw xv qrz frqvlghu wkh frqvlvwhqf| sureohp ri d pxowlyduldwh vwuhvv whvw1 Wkh xqghuo|lqj lghd lv wkh
iroorzlqj1 Vxssrvh wkdw wkh ghshqghqfh vwuxfwxuh lv jlyhq e| wkh xsshu Iuìfkhw frsxod1 Wkhq/ wkh uhwxuq
shulrg lv gh�qhg e| wkh pd{lpxp uhwxuq shulrg ri wkh xqlyduldwh vwuhvv whvwv

V +"4> = = = > "q> = = = > "Q , @ pd{
q

V +"q, +4<<,

Wkh uhwxuq shulrg ri wkh pxowlyduldwh vfhqdulr lv rqo| ghwhuplqhg e| rqh ri wkh xqlyduldwh vfhqdulr1 Wkh
frqwulexwlrq ri wklv xqlyduldwh vfhqdulr lv dovr pd{lpdo1 Iru d jhqhudo ghshqghqfh vwuxfwxuh/ wkhuh lv d xqlyduldwh
vfhqdulr wkdw zloo kdyh wkh eljjhu frqwulexwlrq1 Krzhyhu/ rqh pd| wklqn wkdw wklv frqwulexwlrq pljkw qrw eh
mxvwl�hg1 Lqghhg/ xqlyduldwh vwuhvv vfhqdulrv zlwk vpdoo zdlwlqj wlphv frxog surgxfh d kljkhu uhwxuq shulrg iru
wkh pxowlyduldwh vwuhvv vfhqdulr/ ehfdxvh ri wkh ghshqghqfh vwuxfwxuh1 Lq idfw/ li zh duh deoh wr xqghuvwdqg
wkh frpsxwhg ydoxh ri wkh zdlwlqj wlph/ zh fdq xqghuvwdqg wkh frqvlvwhqf| ri wkh pxowlyduldwh vwuhvv vfhqdulr1
Qhyhuwkhohvv/ wklv h{huflvh lv gl!fxow iurp d sudwlfdo srlqw ri ylhz1 Frvwlqrw/ Ulerxohw dqg Urqfdool
^5333f` kdyh grqh wklv dqdo|vlv rq d vwuhvv whvwlqj surjudp zlwk hljkw idfwruv +wzr lqglfhv/ wzr h{fkdqjh udwhv
dqg irxu idfwruv ri lqwhuhvw udwhv,1 Zh looxvwudwh wklv srlqw zlwk OPH gdwd dqg vwuhvv vfhqdulr "+4,1 Uhplqg wkdw
VC +8(> 8(> 8(> 8(> 8(, lv 53< |hduv1 Lq �jxuh 6;/ zh kdyh sorwwhg VC +"4> = = = > "q .�"q> = = = > "Q ,/ wkh zdlwlqj
wlph zlwk d fkdqjh lq rqh frpsrqhqw/ fdhwhulv sdulexv751 Zh uhpdun wkdw FX lv wkh xqlyduldwh vwuhvv vfhqdulr
zlwk wkh kljkhu frqwulexwlrq1 Li zh zrxog kdyh d pruh sodxvleoh vfhqdulr/ zh frxog vhw "+4,6 htxdo wr 7(1 Lq wklv
fdvh/ wkh uhwxuq shulrg VC +8(> 8(> 7(> 8(> 8(, lv 43; |hduv wkdw lv d pruh uhdolvwlf zdlwlqj wlph1 Zh qrwh wkdw
wkh frqwulexwlrq ri wkh qwk xqlyduldwh vwuhvv whvw fdq eh phdvxuhg e| frpsxwlqj wkh uhwxuq shulrg zlwkrxw lw/
wkdw lv V +"4> = = = > "q @ �4> = = = > "Q ,1 Zh rewdlq wkh iroorzlqj uhvxowv

DO DO048 FX QL SE
V +"4> = = = > "q @ �4> = = = > "Q , 4<9 439 67 ;3 86

D ghhshu dqdo|vlv frxog vkrz wkdw wkh kljk ydoxh ri 53< |hduv lv h{sodlqhg e| wkh ghshqghqfh vwuxfwxuh ri FX
dqg SE � VC +3=38> 3=38>�4> 3=38>�4, lv htxdo wr < |hduv$

71616 Vxuylydo frsxodv dqg fuhglw ulvn

71617 Fruuhodwhg iuhtxhqflhv dqg rshudwlrqdo ulvn

Wkh vwdqgdug phdvxuhphqw phwkrgrorj| iru rshudwlrqdo ulvn zlwk lqwhuqdo gdwd lv wkh iroorzlqj +Jhrujhv dqg
Urqfdool ^4<<<`,=

� Ohw � eh wkh udqgrp yduldeoh wkdw ghvfulehv wkh vhyhulw| ri orvv1 Zh gh�qh dovr �n +w, dv wkh udqgrp
surfhvv ri � iru hdfk rshudwlrqdo ulvn n +n @ 4> = = = >N,1

� Iru hdfk ulvn/ zh dvvxph wkdw wkh qxpehu ri hyhqwv dw wlph w lv d udqgrp yduldeoh Qn +w,1

� Wkh orvv surfhvv ( +w, lv dovr gh�qhg dv

( +w, @
N[
n@4

(n +w,

@
N[
n@4

Qn+w,[
m@4

�nm +w, +533,

� Wkh Hfrqrplf Fdslwdo zlwk dq � frq�ghqfh ohyho lv xvxdoo| gh�qhg dv

HF @ I�4 +�, +534,

75Iljxuhv 6< dqg 73 fruuhvsrqg uhvshfwlyho| wr wkh frsxodv �z dqg �n1
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Hyhq li wkh phwkrgrorj| lv vlpsoh/ pdq| sureohpv dulvh lq sudfwlfh76/ exw wkh| duh rxw ri frqfhuq lq wklv
sdshu1 Zh irfxv rq dqrwkhu lvvxh ri rshudwlrqdo ulvn = wkh fruuhodwlrq ehwzhhq iuhtxhqflhv ri gl�huhqw w|shv ri
ulvn

H ^Qn4 +w,Qn5 +w,` 9@ H ^Qn4 +w,`� H ^Qn5 +w,` +535,

Qn +w, lv jhqhudoo| dvvxphg wr eh d Srlvvrq yduldeoh S zlwk phdq �n1 Wkh lghd lv dovr wr xvh d pxowlyduldwh
h{whqvlrq ri wkh Srlvvrq glvwulexwlrq1 Krzhyhu/ pxowlyduldwh srlvvrq glvwulexwlrqv duh uhodwlyho| frpsolfdwhg
iru glphqvlrqv kljkhu wkdq wzr +Mrkqvrq/ Nrw} dqg Edodnulvkqdq ^4<<:`,1 Ohw Q44/ Q45 dqg Q55 eh wkuhh
lqghshqghqw Srlvvrq yduldwhv zlwk phdqv �44/ �45 dqg �551 Lq wkh elyduldwh fdvh/ wkh mrlqw glvwulexwlrq lv
edvhg rq wkh yduldeohv Q4 @ Q44 .Q45 dqg Q5 @ Q55 .Q451 Zh kdyh ri frxuvh Q4 � S +�4 @ �44 . �45, dqg
Q5 � S +�5 @ �55 . �45,1 Pruhryhu/ wkh mrlqw suredelolw| ixqfwlrq lv

Su iQ4 @ q4> Q5 @ q5j @

plq+q4>q5,[
q@3

�q4�q44 �q5�q45 �q45h
�+�44.�55.�45,

+q4 � q,$ +q5 � q,$q$
+536,

Wkh Shduvrq fruuhodwlrq ehwzhhq Q4 dqg Q5 lv � @ �45 ^+�44 . �45, +�55 . �45,`
� 4
5 dqg lw frphv wkdw

� 5
%
3>plq

#u
�44 . �45
�55 . �45

>

u
�55 . �45
�44 . �45

$&
+537,

Zlwk wklv frqvwuxfwlrq/ zh kdyh rqo| srvlwlyh ghshqghqfh1 Lq dq rshudwlrqdo ulvn frqwh{w/ lw lv htxlydohqw wr vd|
wkdw wkh wzr ulvnv duh d�hfwhg e| vshfl�f dqg v|vwhplf ulvnv1 Qhyhuwkhohvv/ shrsoh lq fkdujh ri rshudwlrqdo ulvn
lq d edqn kdyh olwwoh h{shulhqfh zlwk wklv dssurdfk dqg duh pruh idploldu zlwk fruuhodwlrq frqfhswv1 Wr xvh wklv
dssurdfk/ lw lv dovr qhfhvvdu| wr lqyhuw wkh suhylrxv uhodwlrqvklsv1 Lq wklv fdvh/ zh kdyh

�45 @ �
s
�4�5

�44 @ �4 � �
s
�4�5

�55 @ �5 � �
s
�4�5 +538,

Lq glphqvlrq N/ wkhuh lv d jhqhudolvdwlrq ri wkh elyduldwh fdvh e| frqvlghulqj pruh wkdq N lqghshqghqw Srlvvrq
yduldwhv1 Krzhyhu/ wkh fruuhvsrqglqj pxowlyduldwh Srlvvrq glvwulexwlrq lv qrw wudfwdeoh ehfdxvh wkh fruuhodwlrq
frh!flhqwv kdyh qrw dq hdv| h{suhvvlrq1

D srvvleoh dowhuqdwlyh lv wr xvh d frsxod F1 Lq wklv fdvh/ wkh suredelolw| pdvv ixqfwlrq lv jlyhq e| wkh
Udgrq0Qlnrg|p ghqvlw| ri wkh glvwulexwlrq ixqfwlrq=

Su iQ4 @ q4> = = = > Qn @ qn> = = = > QN @ qNj @
5[

l4@4

� � �
5[

lN@4

+�4,l4.���.lN F

#
q4[
q@3

�q.4�l44 h��4

q$
> = = = >

qn[
q@3

�q.4�lnn h��n

q$
> = = = >

qN[
q@3

�q.4�lNN h��N

q$

$
+539,

Dvvxplqj d jdxvvldq frsxod/ zh qrwh S +�>�, wkh pxowlyduldwh Srlvvrq glvwulexwlrq jhqhudwhg e| wkh jdxvvldq
frsxod zlwk sdudphwhu � dqg xqlyduldwh Srlvvrq glvwulexwlrq S +�n, +wr looxvwudwh wklv glvwulexwlrq/ zh jlyh dq
h{dpsoh lq wkh iroorzlqj irrwqrwh77,1 Zh kdyh wr uhpdun wkdw wkh sdudphwhu ri wkh jdxvvldq frsxod � lv qrw htxdo
wr wkh Shduvrq fruuhodwlrq pdwul{/ exw lv jhqhudoo| yhu| forvh +vhh wkh �jxuh 74,1 Wkh Hfrqrplf Fdslwdo zlwk
dq � frq�ghqfh ohyho iru rshudwlrqdo ulvn frxog wkhq eh fdofxodwhg e| dvvxplqj wkdw Q @ iQ4> = = = >Qn> = = = > QNj
iroorzv d pxowlyduldwh Srlvvrq glvwulexwlrq S +�>�,1 Pruhryhu/ wkhuh duh qr frpsxwdwlrqdo gl!fxowlhv/ ehfdxvh

76Iru h{dpsoh/ wkh hvwlpdwlrq ri wkh glvwulexwlrqv ri l& E|� dqg �& E|�/ wkh dydlodelolw| ri h{kdxvwlyh gdwd/ wkh prghoolqj ri wkh
uljkw wdlo dqg wkh dghtxdf| ri wkh gdwd iru wkh h{wuhph hyhqwv/ wkh idfw wkdw wkh gdwdedvh ri vhyhulw| orvvhv frxog frqwdlq erwk
hyhqwv dqg djjuhjdwhg hyhqwv1

77Wkh qh{w wdeoh frqwdlqv wkh suredelolw| pdvv ixqfwlrq R�c� ' �h t�� ' �c�2 ' �� ri wkh elyduldwh Srlvvrq glvwulexwlrq
� Eb� ' �c b2 ' �c 4 ' f�D�1
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wkh hvwlpdwlrq ri wkh sdudphwhuv � dqg � lv vwudljkwiruzdug/ dqg wkh glvwulexwlrq fdq eh hdvlo| rewdlqhg zlwk
Prqwh Fduor phwkrgv781

Iljxuh 74= Uhodwlrqvkls ehwzhhq wkh frsxod sdudphwhu dqg wkh Shduvrq fruuhodwlrq

R�cc� 3 4 5 6 7 8 u u u R�cu
3 313<78 31466 313;;8 3136:9 313447 313359; 3169;
4 313669 314 31446 313:6< 313659 31343: 3169;
5 313396: 313645 313856 3137:; 3135;9 313456 314;7
6 31333:<8 31338;8 31346: 31349: 31346 3133:4 313946
7 :15;H0338 31333:9: 3133574 31336;4 31336:6 3133587 313486
8 8154H0339 :19H0338 31333645 31333958 31333:8< 3133395< 313363:
111

Ruc� 31468 315:4 315:4 314; 313<35 313694 4

Li 4 ' 3f�D/ zh rewdlq wkh iroorzlqj ydoxhv iru R�c� 1

R�cc� 3 4 5 6 7 8 u u u R�cu
3 313469 31394: 31434 313<5< 3138; 3135: 3169;
4 31376< 31445 31444 31397< 31359 3133::8 3169;
5 313774 3139;6 31378; 3134;; 313387; 3133454 314;7
6 313567 31355< 31343< 3133664 31333:66 31333459 313946
7 3133;37 3133838 31334:8 3133373: :139H0338 <1:4H0339 313486
8 31335 31333;4 3133353< 61:<H0338 8159H0339 81;<H033: 313363:
1
11

Ruc� 31468 315:4 315:4 314; 313<35 313694 4

78Wkh vlpxodwlrq ri 53 ploolrqv gudz ri wkh orvv glvwulexwlrq 6 zlwk 8 w|shv ri ulvn wdnhv ohvv wkdq rqh krxu zlwk d Shqwlxp LLL
:83 Pk} dqg wkh JDXVV surjudpplqj odqjdjh1
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Iljxuh 75= Udqgrp jhqhudwlrq ri elyduldwh Srlvvrq yduldwhv S +63, dqg S +93,

8 Frqfoxvlrq

Wkh dlp ri wklv sdshu zdv wr suhvhqw wkh frqfhsw ri frsxod dqg krz lw frxog eh xvhg lq �qdqfh1 Wkh frsxod
lv lq idfw wkh ghshqghqfh vwuxfwxuh ri wkh prgho1 Frsxodv uhyhdo wr eh d yhu| srzhuixo wrro lq wkh �qdqfh
surihvvlrq/ pruh hvshfldoo| lq wkh prghoolqj ri dvvhwv dqg lq wkh ulvn pdqdjhphqw1 Qhyhuwkhohvv/ wkh �qdqfh
lqgxvwu| qhhgv pruh zrunv rq frsxod dqg wkhlu dssolfdwlrqv1 Hyhq li lw lv dq rog qrwlrq/ wkhuh duh pdq| uhvhdufk
gluhfwlrqv wr h{soruh1 Pruhryhu/ pdq| shgdjrjlfdo zrunv kdyh wr eh grqh lq rghu wr idploldul}h wkh �qdqfh
lqgxvwu| zlwk frsxodv1

Uhihuhqfhv

^4` Dphqgphqw wr wkh fdslwdo dffrug wr lqfrusrudwh pdunhw ulvnv/ Edvoh Frpplwwhh rq Edqnlqj Vxshuylvlrq/
Mdqxdu| 4<<9/ Q� 57

^5` Fuhglw Ulvn Prghov dw Pdmru X1V1 Edqnlqj Lqvwlwxwlrqv= Fxuuhqw Vwdwh ri wkh Duw dqg Lpsolfdwlrqv iru
Dvvhvvphqwv ri Fdslwdo Dghtxdf|/ Ihghudo Uhvhuyh V|vwhp Wdvn Irufh rq Lqwhuqdo Fuhglw Ulvn Prghov/ pd|
4<<;

^6` D qhz fdslwdo dghtxdf| iudphzrun/ Edvoh Frpplwwhh rq Edqnlqj Vxshuylvlrq/ Mxqh 4<<</ Q� 83

^7` Jxlgholqhv rq Pdunhw Ulvn/ Yroxph 8/ Vwuhvv Whvwlqj/ Rhvwhuuhlfklvfkh Qdwlrqdoedqn/ 4<<<

^8` Degrxv/ E1/ N1 Jkrxgl dqg D1 Nkrxgudml ^5333`/ Qrq0sdudphwulf hvwlpdwlrq ri wkh olplw ghshqghqfh
ixqfwlrq ri pxowlyduldwh h{wuhphv/ H{wuhphv/ 5+6,/ 578059;

^9` Deudprzlw}/ P1 dqg L1D1 Vwhjxq ^4<:3`/ Kdqgerrn ri Pdwkhpdwlfdo Ixqfwlrqv/ qlqwk hglwlrq/ Gryhu
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^:` Duw}qhu/ D1/ I1 Ghoedhq/ M0P1 Hehu dqg G1 Khdwk ^4<<:`/ Wklqnlqj frkhuhqwo|/ Ulvn pdjd}lqh/ 43/
Qryhpehu/ 9;0:4

^;` Duw}qhu/ D1/ I1 Ghoedhq/ M0P1 Hehu dqg G1 Khdwk ^4<<<`/ Frkhuhqw phdvxuhv ri ulvn/ Pdwkhpdwlfdo
Ilqdqfh/ </ 536055;

^<` Edueh/ S1/ F1 Jhqhvw/ N1 Jkrxgl dqg E1 Uìploodug ^4<<9`/ Rq Nhqgdoo*v surfhvv/ Mrxuqdo ri Pxowl0
yduldwh Dqdo|vlv/ 8;/ 4<:055<

^43` Fdsìudã/ S1/ Irxjëuhv/ D0O1 dqg F1 Jhqhvw ^4<<:`/ Hvwlpdwlrq ri elyduldwh h{wuhph ydoxh frsxodv/
Elrphwulnd/ ;7/ 89:08::

^44` Fdsìudã/ S1/ D0O1 Irxjëuhv dqg F1 Jhqhvw ^5333`/ Elyduldwh glvwulexwlrqv zlwk jlyhq h{wuhph ydoxh
dwwudfwru/ Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ :5/ 6307<

^45` Fhvnh/ U1 dqg M1 Khuqäqgh} ^4<<<`/ Zkhuh wkhru| phhwv sudfwlfh/ Ulvn Pdjd}lqh +Rshudwlrqdo Ulvn
Uhsruw,/ 45/ Qryhpehu/ 4:053

^46` Frohv/ V1/ M1 Fxuulh dqg M1 Wdzq ^4<<<`/ Ghshqghqfh phdvxuhv iru h{wuhph ydoxh dqdo|vhv/ Ghsduwphqw
ri Pdwkhpdwlfv dqg Vwdwlvwlfv/ Odqfdvwhu Xqlyhuvlw|/ Zrunlqj Sdshu

^47` Frohv/ V1J1 dqg M1D1 Wdzq ^4<<4`/ Prghoolqj h{wuhph pxowlyduldwh hyhqwv/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo
Vrflhw| +E,/ 86/ 6::06<5

^48` Frohv/ V1J1 dqg M1D1 Wdzq ^4<<7`/ Vwdwlvwlfdo phwkrgv iru pxowlyduldwh h{wuhphv= dq dssolfdwlrq wr
vwuxfwxudo ghvljq/ Dssolhg Vwdwlvwlfv/ 76/ 407;

^49` Fxdgudv/ F1P1 ^4<<5`/ Suredelolw| glvwulexwlrqv zlwk jlyhq pxowlyduldwh pdujlqdov dqg jlyhq ghshqghqfh
vwuxfwxuh/ Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ 75/ 84099

^4:` Fxuulh/ M1H1 ^4<<<`/ Gluhfwru| ri frh!flhqwv ri wdlo ghshqghqfh/ Ghsduwphqw ri Pdwkhpdwlfv dqg Vwdwlvwlfv/
Odqfdvwhu Xqlyhuvlw|/ Whfkqlfdo Uhsruw/ VW0<<039

^4;` Gduvrz/ Z1I1/ E1 Qjx|hq dqg H1W1 Rovhq ^4<<5`/ Frsxodv dqg pdunry surfhvvhv/ Loolqrlv Mrxuqdo ri
Pdwkhpdwlfv/ 6907/ 9330975

^4<` Gdylgvrq/ U1 dqg M1 PdfNlqqrq ^4<<6`/ Hvwlpdwlrq dqg Lqihuhqfh lq Hfrqrphwulfv/ R{irug Xqlyhuvlw|
Suhvv/ R{irug

^53` gh Kddq/ O1/ O1 Shqj/ D1N1 Vlqkd dqg J1 Gudlvpd ^4<<:`/ Wkh Hudvpxv Xqlyhuvlw| Frqwulexwlrq wr wkh
Qhswxqh surmhfw/ Wdvn W�733/ Hudvpxv Xqlyhuvlw| Urwwhugdp/ Whfkqlfdo Uhsruw

^54` Ghkhxyhov/ S1 ^4<:;`/ Fdudfwìulvdwlrq frpsoëwh ghv orlv h{wuíphv pxowlydulìhv hw gh od frqyhujhqfh ghv
w|shv h{wuíphv/ Sxeolfdwlrqv gh o*Lqvwlwxw gh Vwdwlvwltxh gh o*Xqlyhuvlwì gh Sdulv/ 56/ 4069

^55` Ghkhxyhov/ S1 ^4<:<`/ Od irqfwlrq gh gìshqgdqfh hpslultxh hw vhv sursulìwìv � Xq whvw qrq sdudpìwultxh
g*lqgìshqgdqfh/ Dfdgìplh Ur|doh gh Ehojltxh � Exoohwlq gh od Fodvvh ghv Vflhqfhv � 8h Vìulh/ 98/ 5:705<5

^56` Ghkhxyhov/ S1 ^4<;4`/ D qrq sdudphwulf whvw iru lqghshqghqfh/ Sxeolfdwlrqv gh o*Lqvwlwxw gh Vwdwlvwltxh gh
o*Xqlyhuvlwì gh Sdulv/ 59/ 5<083

^57` Ghkhxyhov/ S1 ^4<<4`/ Rq wkh olplwlqj ehkdylru ri wkh Slfndqgv hvwlpdwru iru elyduldwh h{wuhph ydoxh
glvwulexwlrqv/ Vwdwlvwlfdo Suredelolw| Ohwwhu/ 45/ 75<076<

^58` Gxiilh/ G1 dqg N1 Vlqjohwrq ^4<<;`/ Vlpxodwlqj fruuhodwhg ghidxowv/ Judgxdwh Vfkrro ri Exvlqhvv/ Vwdq0
irug Xqlyhuvlw|/ Zrunlqj Sdshu

^59` Hehuohlq/ H1 ^4<<<`/ Dssolfdwlrq ri jhqhudol}hg k|shuerolf Oìy| prwlrqv wr �qdqfh/ Xqlyhuvlwçw Iuhlexuj/
Zrunlqj Sdshu

9:
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^5:` Hehuohlq/ H1 ^5333`/ Uhfhqw dgydqfhv lq pruh uhdolvwlf pdunhw dqg fuhglw ulvn pdqdjhphqw= Wkh k|shuerolf
prgho/ wr dsshdu lq LFEL Uhsruw

^5;` Hehuohlq/ H1 dqg X1 Nhoohu ^4<<8`/ K|shuerolf glvwulexwlrqv lq �qdqfh/ Ehuqrxool/ 4/ 5;405<<

^5<` Hehuohlq/ H1/ X1 Nhoohu dqg N1 Sudxvh ^4<<;`/ Qhz lqvljkwv lqwr vploh/ plvsulflqj dqg ydoxh dw ulvn=
wkh k|shuerolf prgho/ Mrxuqdo ri Exvlqhvv/ :4/ 6:40738

^63` Hpeuhfkwv/ S1 O gh Kddq dqg [1 Kxdqj ^5333`/ Prghoolqj pxowlyduldwh h{wuhphv/ Ghsduwhphqw ri
Pdwkhpdwln/ HWK]/ ] ulfk/ Zrunlqj Sdshu

^64` Hpeuhfkwv/ S1/ No sshoehuj/ F1 dqg W1 Plnrvfk ^4<<:`/ Prghoolqj H{wuhpdo Hyhqwv iru Lqvxudqfh dqg
Ilqdqfh/ Vsulqjhu0Yhuodj/ Ehuolq

^65` Hpeuhfkwv/ S1/ PfQhlo/ D1M1 dqg G1 Vwudxpdqq ^4<<<`/ Fruuhodwlrq dqg ghshqghqf| lq ulvn pdqdjh0
phqw = surshuwlhv dqg slwidoov/ Ghsduwhphqw ri Pdwkhpdwln/ HWK]/ ] ulfk/ Zrunlqj Sdshu

^66` Idqj/ ]1/ W1 Kx dqg K1 Mrh ^4<<7`/ Rq wkh ghfuhdvh lq ghshqghqfh zlwk odj iru vwdwlrqdu| Pdunry fkdlqv/
Suredelolw| lq wkh Hqjlqhhulqj dqg Lqirupdwlrqdo Vflhqfhv/ ;/ 6;80734

^67` Iuìfkhw/ P1 ^4<84`/ Vxu ohv wdeohdx{ gh fruuìodwlrq grqw ohv pdujhv vrqw grqqìhv/ Dqqdohv gh o*Xqlyhuvlwì
gh O|rq/ Vìulh D</ 860::

^68` Iuhhv/ H1Z1 dqg H1D1 Ydogh}/ ^4<<;`/ Xqghuvwdqglqj uhodwlrqvklsv xvlqj frsxodv/ Qruwk Dphulfdq Dfwx0
duldo Mrxuqdo/ 5/ 4058

^69` Jdodperv/ M1 ^4<;:`/ Wkh Dv|pswrwlf Wkhru| ri H{wuhph Rughu Vwdwlvwlfv/ Nuhljhu Sxeolvklqj/ Phoerxuqh

^6:` Jhqhvw/ F1 ^4<;:`/ Iudqn*v idplo| ri elyduldwh glvwulexwlrqv/ Elrphwulnd/ :7/ 87<0888

^6;` Jhqhvw/ F1/ N1 Jkrxgl dqg O0S Ulyhvw ^4<<8`/ D vhplsdudphwulf hvwlpdwlrq surfhgxuh iru ghshqghqfh
sdudphwhuv lq pxowlyduldwh idplolhv ri glvwulexwlrqv/ Elrphwulnd/ ;5/ 8760885

^6<` Jhqhvw/ F1/ N1Jkrxgl dqg O1S1 Ulyhvw ^4<<;`/ Glvfxvvlrq ri �Xqghuvwdqglqj uhodwlrqvklsv xvlqj frsxodv/
e| Hgzdug Iuhhv dqg Hploldqr Ydogh}�/ Qruwk Dphulfdq Dfwxduldo Mrxuqdo/ 6/ 476047<

^73` Jhqhvw/ F1 dqg M1 PdfNd| ^4<;9`/ Wkh mr| ri frsxodv= Elyduldwh glvwulexwlrqv zlwk xqlirup pdujlqdov/
Dphulfdq Vwdwlvwlfldq/ 73/ 5;305;6

^74` Jhqhvw/ F1 dqg O1 Ulyhvw ^4<<6`/ Vwdwlvwlfdo lqihuhqfh surfhgxuhv iru elyduldwh Dufklphghdq frsxodv/
Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;;/ 436704376

^75` Jhq}/ D1 dqg I1 Euhw} ^4<<<d`/ Qxphulfdo frpsxwdwlrq ri pxowlyduldwh w0suredelolwlhv zlwk dssolfdwlrq
wr srzhu fdofxodwlrq ri pxowlsoh frqvwudvwv/ wr dsshdu lq M1 Frps1 Vwdw1 Vlpxo1

^76` Jhq}/ D1 dqg I1 Euhw} ^4<<<e`/ Phwkrgv iru wkh frpsxwdwlrq ri pxowlyduldwh w0suredelolwlhv/ Ghsduwphqw
ri Pdwkhpdwlfv/ Zdvklqjwrq Vwdwh Xqlyhuvlw|/ Zrunlqj Sdshu

^77` Jhrujhv/ S1 dqg W1 Urqfdool ^4<<<`/ Rshudwlrqdo ulvn phdvxuhphqw zlwk lqwhuqdo Fuìglw O|rqqdlv gdwd/
Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ lqwhuqdo grfxphqw

^78` Jkrxgl/ N1/ D1 Nkrxgudml dqg O1S1 Ulyhvw/ ^4<<;`/ Sursulìwìv vwdwlvwltxhv ghv frsxohv gh ydohxuv h{0
wuíphv elglphqvlrqqhoohv/ Fdqdgldq Mrxuqdo ri Vwdwlvwlfv/ 59/ 4;:04<:

^79` Jroxe/ J1K1 dqg F1I1 Ydq Ordq ^4<;<`/ Pdwul{ Frpsxwdwlrqv/ Mrkq Krsnlqv Xqlyhuvlw| Suhvv/ vhfrqg
hglwlrq/ Edowlpruh

^7:` Jrxulìurx{/ F1 ^4<<5`/ Frxuehv gh shuirupdqfh/ gh vìohfwlrq hw gh glvfulplqdwlrq/ Dqqdohv g*Ìfrqrplh
hw gh vwdwlvwltxh/ 5;/ 4380456
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^7;` Kdqvhq/ O1S1 ^4<;5`/ Odujh vdpsoh surshuwlhv ri jhqhudol}hg phwkrg ri prphqwv hvwlpdwruv/ Hfrqrphwulfd/
83/ 435<04387

^7<` Kruq/ U1D1 dqg F1U1 Mrkqvrq ^4<<4`/ Wrslfv lq Pdwul{ Dqdo|vlv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh

^83` Mrh/ K1 ^4<<9`/ Wlph vhulhv prghov zlwk xqlyduldwh pdujlqv lq wkh frqyroxwlrq0forvhg lq�qlwho| glylvleoh
fodvv/ Mrxuqdo ri Dssolhg Suredelolw|/ 66/ 99709::

^84` Mrh/ K1 ^4<<:`/ Pxowlyduldwh Prghov dqg Ghshqghqfh Frqfhswv/ Prqrjudskv rq Vwdwlvwlfv dqg Dssolhg
Suredelolw|/ :6/ Fkdspdqq ) Kdoo/ Orqgrq

^85` Mrh/ K1 dqg W1 Kx ^4<<9`/ Pxowlyduldwh glvwulexwlrqv iurp pl{wxuhv ri pd{0lq�qlwho| glylvleoh glvwulexwlrqv/
Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ 8:/ 5730598

^86` Mrh/ K1 dqg M1M1 [x ^4<<9`/ Wkh hvwlpdwlrq phwkrg ri lqihuhqfh ixqfwlrqv iru pdujlqv iru pxowlyduldwh
prghov/ Ghsduwphqw ri Vwdwlvwlfv/ Xqlyhuvlw| ri Eulwlvk Froxpeld/ Whfkqlfdo Uhsruw/ 499

^87` Mrkqvrq/ Q1O1/ V1 Nrw} dqg Q1 Edodnulvkqdq ^4<<:`/ Glvfuhwh Pxowlyduldwh Glvwulexwlrqv/ Zloh| Vhulhv
lq Suredelolw| dqg Vwdwlvwlfv/ Mrkq Zloh| ) Vrqv/ Qhz \run

^88` Mrujhqvhq/ E1 ^4<<:`/ Wkh wkhru| ri glvshuvlrq prghov/ Fkdspdq dqg Kdoo/ Orqgrq

^89` Mrujhqvhq/ E1 dqg V1O1 Odxulw}hq ^4<<;`/ Pxowlyduldwh glvshuvlrq prghov/ Ghsduwphqw ri Vwdwlvwlfv dqg
Ghprjudsk|/ Rghqvh Xqlyhuvlw|/ Uhvhdufk Uhsruw

^8:` Ndudw}dv/ L1 dqg V1H1 Vkuhyh ^4<<4`/ Eurzqldq Prwlrq dqg Vwrfkdvwlf Fdofxoxv/ Judgxdwh Wh{wv lq
Pdwkhpdwlfv/ 446/ vhfrqg hglwlrq/ Vsulqjhu Yhuodj/ Qhz \run

^8;` Noxjpdq/ V1D1 dqg U1 Sduvd ^5333`/ Ilwwlqj elyduldwh orvv glvwulexwlrqv zlwk frsxodv/ Lqvxudqfh= Pdwkh0
pdwlfv ) Hfrqrqrplfv/ 57/ 46<047;

^8<` Ohgirug/ D1Z1 dqg M1D1 Wdzq ^4<<9`/ Vwdwlvwlfv iru qhdu lqghshqghqfh lq pxowlyduldwh h{wuhph ydoxhv/
Elrphwulnd/ ;6/ 49<04;:

^93` Ohgirug/ D1Z1 dqg M1D1 Wdzq ^4<<:`/ Prghoolqj ghshqghqfh zlwklq mrlqw wdlo uhjlrqv/ Mrxuqdo ri wkh
Ur|do Vwdwlvwlfdo Vrflhw| +E,/ 8</ 7:807<<

^94` Ohjudv/ M1 ^4<<<`/ Wkh 4<<; �qdqfldo fulvlv= krz vhulrxv zdv lwB/ Fuìglw Frpphufldo gh Iudqfh/ Zrunlqj
Sdshu

^95` Ohjudv/ M1 dqg I1 Vrxsì ^5333`/ Ghvljqlqj pxowlyduldwh vwuhvv vfhqdulrv = wkh h{wuhph ydoxh dssurdfk/
FFI/ Uhvhdufk dqg Lqqrydwlrq Qrwhv/ pdufk

^96` Ol/ G1[1 ^4<<<`/ Rq ghidxow fruuhodwlrq= d frsxod ixqfwlrq dssurdfk/ UlvnPhwulfv Jurxs/ Zrunlqj Sdshu/
�uvw gudiw

^97` Ol/ G1[1 ^5333`/ Rq ghidxow fruuhodwlrq= d frsxod ixqfwlrq dssurdfk/ UlvnPhwulfv Jurxs/ Zrunlqj Sdshu

^98` Olqgvnrj/ I1 ^5333`/ Prghoolqj ghshqghqfh zlwk frsxodv dqg dssolfdwlrqv wr ulvn pdqdjhphqw/ UlvnOde
Uhvhdufk Sdshu

^99` Pdjqxv/ M1U1 dqg K1 Qhxghfnhu ^4<;;`/ Pdwul{ Gl�huhqwldo Fdofxoxv zlwk Dssolfdwlrqv lq Vwdwlvwlfv dqg
Hfrqrphwulfv/ Zloh| Vhulhv lq Suredelolw| dqg Pdwkhpdwlfdo Vwdwlvwlfv/ Mrkq Zloh| ) Vrqv/ Qhz \run

^9:` Pdufhdx/ H1/ K1 Frvvhwwh/ S1 Jdloodughw} dqg M1 Ulrx{ ^4<<<`/ Ghshqghqfh lq wkh lqglylgxdo ulvn
prgho/ Xqlyhuvlwì gh Odydo/ Ìfroh g*Dfwxduldw/ Udssruw Whfkqltxh/ <<034

^9;` Pdunrzlw}/ K1P1 ^4<;:`/ Phdq0Yduldqfh Dqdo|vhv lq Sruwirolr Fkrlfh dqg Fdslwdo Pdunhwv/ Edvlo Eodfn0
zhoo/ R{irug
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^9<` Pduvkdoo/ D1Z1 dqg L1 Ronlq ^4<;6`/ Grpdlqv ri dwwudfwlrq ri pxowlyduldwh h{wuhph ydoxh glvwulexwlrqv/
Dqq1 Surede1/ 44/ 49;04::

^:3` Pduvkdoo/ D1Z1 dqg L1 Ronlq ^4<;;`/ Idplolhv ri pxowlyduldwh glvwulexwlrqv/ Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ ;6/ ;670;74

^:4` Qhovhq/ U1E1 ^4<<;`/ Dq Lqwurgxfwlrq wr Frsxodv/ Ohfwxuhv Qrwhv lq Vwdwlvwlfv/ 46</ Vsulqjhu Yhuodj/ Qhz
\run

^:5` Rovhq/ H1W1/ Z1I1 Gduvrz dqg E1 Qjx|hq ^4<<9`/ Frsxodv dqg Pdunry rshudwruv/ lq O1 Uxvkhqgrui/
E1 Vfkzhl}hu dqg P1G1 Wd|oru +Hgv1,/ Glvwulexwlrqv zlwk Il{hg Pdujlqdov dqg Uhodwhg Wrslfv/ Lqvwlwxwh ri
Pdwkhpdwlfdo Vwdwlvwlfv/ Kd|zdug/ FD

^:6` Slfndqgv/ M1 ^4<;4`/ Pxowlyduldwh h{wuhph ydoxh glvwulexwlrqv/ Exoo1 Lqw1 Vwdwlvw1 Lqvw1/ 7</ ;8<0;:;

^:7` Sudxvh/ N1 ^4<<<`/ Wkh Jhqhudol}hg K|shuerolf Prgho= Hvwlpdwlrq/ Ilqdqfldo Ghulydwlyhv/ dqg Ulvn Phd0
vxuhv/ Glvvhuwdwlrq/ Xqlyhuvlw| ri Iuhlexuj

^:8` Suhvv/ Z1K1/ V1D1 Whxnrovn|/ Z1W1 Yhwwhuolqj dqg E1S1 Iodqqhu| ^4<<5`/ Qxphulfdo Uhflshv lq
Iruwudq/ vhfrqg hglwlrq/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh

^:9` Uhvqlfn/ V1L1 ^4<;:`/ H{wuhph Ydoxhv/ Srlqw Surfhvvhv dqg Uhjxodu Yduldwlrq/ Vsulqjhu0Yhuodj/ Qhz \run

^::` Uhyx}/ G1 dqg P1 \ru ^4<<<`/ Frqwlqxrxv Pduwlqjdohv dqg Eurzqldq Prwlrq/ Juxqgohkuhq ghu pdwkh0
pdwlvfkhq Zlvvhqvfkdiwhq/ 446/ wklug hglwlrq/ Vsulqjhu Yhuodj/ Ehuolq

^:;` Vfkprfn/ X1 dqg G1 Vwudxpdqq ^4<<<`/ Doorfdwlrq ri ulvn fdslwdo/ UlvnOde/ Ghsduwphqw ri Pdwkhpdwlfv/
HWK ] uxfk/ Zrunlqj Sdshu

^:<` Vfkzhl}hu/ E1 dqg H1 Zroii ^4<;4`/ Rq qrqsdudphwulf phdvxuhv ri ghshqghqfh iru udqgrp yduldeohv/
Dqqdov ri Vwdwlvwlfv/ </ ;:<0;;8

^;3` Vnodu/ D1 ^4<8<`/ Irqfwlrqv gh uhsduwlwlrq ã q glphqvlrqv hw ohxuv pdujhv/ Sxeolfdwlrqv gh o*Lqvwlwxw gh
Vwdwlvwltxh gh o*Xqlyhuvlwì gh Sdulv/ ;/ 55<0564

^;4` Vrqj/ S1 ^5333`/ Pxowlyduldwh glvshuvlrq prghov jhqhudwhg iurp Jdxvvldq frsxod/ iruwkfrplqj lq Vfdqgl0
qdyldq Mrxuqdo ri Vwdwlvwlfv

^;5` Vwudhwpdqv/ V1 ^4<<<`/ H{wuhph �qdqfldo uhwxuqv dqg wkhlu frpryhphqwv/ Hudvpxv Xqlyhuvlw| Urwwhugdp*v
Wkhvlv/ Wlqehujhq Lqvwlwxwh Uhvhdufk Vhulhv/ 4;4

^;6` Vwudhwpdqv/ V1 ^5333`/ Vslooryhuv lq �qdqfldo pdunhwv/ Iuhh Xqlyhuvlw| Dpvwhugdp/ Zrunlqj Sdshu

^;7` Wdvfkh/ G1 ^4<<<`/ Ulvn frqwulexwlrqv dqg shuirupdqfh phdvxuhphqw/ ]hqwuxpPdwkhpdwln/ WX P qfkhq/
Zrunlqj Sdshu/ Mxo|

^;8` Wdzq/ M1D1 ^4<;;`/ Elyduldwh h{wuhph ydoxh wkhru|= prghov dqg hvwlpdwlrq/ Elrphwulnd/ :8/ 6<:0748

^;9` Wdzq/ M1D1 ^4<<3`/ Prghoolqj pxowlyduldwh h{wuhph ydoxh glvwulexwlrqv/ Elrphwulnd/ ::/ 5780586

^;:` Zdqj/ V1V1 ^4<<<`/ Djjuhjdwlrq ri fruuhodwhg ulvn sruwirolrv= prghov ) dojrulwkpv/ FDV Frpplwwhh rq
Wkhru| ri Ulvn/ suhsulqw

^;;` \xq/ V1 ^4<<:`/ Rq grpdlqv ri dwwudfwlrq ri pxowlyduldwh h{wuhph ydoxh glvwulexwlrq xqghu devroxwh frqwl0
qxlw|/ Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ 96/ 5::05<8
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