
Frsxodv dssur{lpdwlrq dqg qhz idplolhv

Y1 Gxuuohpdq/ D1 Qlnhjkedol ) W1 UrqfdoolW

Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh
Fuìglw O|rqqdlv

Iudqfh

Dxjxvw 54/ 5333

Devwudfw

Lq wklv sdshu/ zh vwxg| wkh dssur{lpdwlrq surfhgxuhv lqwurgxfhg e| Ol/ Plnxvlqvnl/ Vkhuzrrg dqg
Wd|oru ^4<<:`1 Zh vkrz wkdw wkhuh h{lvwv d elmhfwlrq ehwzhhq wkh vhw ri wkh glvfuhwl}hg frsxodv dqg wkh
vhw ri wkh grxeo| vwrfkdvwlf pdwulfhv1 Iru wkh Ehuqvwhlq dqg fkhfnhuerdug dssur{lpdwlrqv/ zh wkhq surylgh
dqdo|wlfdo irupxodv iru wkh Nhqgdoo*v wdx dqg Vshdupdq*v ukr frqfrugdqfh phdvxuhv1 Pruhryhu/ zh ghprq0
vwudwh wkdw wkhvh dssur{lpdwlrqv grhv qrw h{klelw wdlo ghshqghqfhv1 Ilqdoo|/ zh frqvlghu wkh jhqhudo fdvh ri
dssur{lpdwlrqv lqgxfhg e| sduwlwlrqv ri xqlw|1

4 Lqwurgxfwlrq

Wkh lqvsludwlrq ri wklv duwlfoh olhv lq wkh zrun ri Ol/ Plnxvlqvnl/ Vkhuzrrg dqg Wd|oru ^4<<:` rq frsxodv
dssur{lpdwlrqv1 Wkh| vkrzhg wkdw dssur{lpdwlrqv edvhg rq Ehuqvwhlq sro|qrpldov dqg fkhfnhuerdug phwkrg
frqyhujh wr wkh ruljlqdo frsxod lq d vwurqjhu zd|1

Zh duh khuh lqwhuhvwhg lq vwxg|lqj wkhvh idplolhv dqg lq rewdlqlqj qhz hvwlpdwruv iru wkh Nhqgdoo*v wdx dqg
Vshdupdq*v ukr frqfrugdqfh phdvxuhv1 Zh vkrz wkdw wkhvh wzr ghshqghqfh phdvxuhv frqyhujh wr wkh ruljlqdo
rqhv wrr1 Qhyhuwkhohvv/ wkh wdlo ghshqghqfhv ri wkhvh wzr dssur{lpdwlrqv lv dozd|v }hur1

Lq d odvw sduw ri wkh duwlfoh/ zh frqvlghu qhz idplolhv lqgxfhg e| sduwlwlrqv ri xqlw|1 Pruhryhu/ zh kdyh vkrzq
wkdw wkh vhw ri frsxodv lqgxfhg e| sduwlwlrq ri xqlw| lv d Pdunry vxe0dojheud zlwk uhvshfw wr wkh �0surgxfw ri
Gduvrz/ Qjx|hq dqg Rovhq ^4<<5`1

5 Grxeo| vwrfkdvwlf pdwulfhv dqg frsxodv

Vxssrvh zh duh jlyhq d 50glphqvlrqdo frsxod F +d srvlwlyh dqg frqwlqxrxv ixqfwlrq F gh�qhg rq ^3> 4` 5 zklfk
lv 50lqfuhdvlqj,1 Wkh lvvxh zh glvfxvv khuh lv wr frqvwuxfw d frsxod iurp d glvfuhwl}dwlrq ri F1 Zh vxssrvh wkdw
zh nqrz wkh ydoxh ri F rq hdfk srlqw ri wkh julg 1 @

��
l
q
> m
q

�
= 3 � l> m � q

�
iru d jlyhq q1

Gh�qlwlrq 4 Zh vd| wkdw wkh ixqfwlrq i lv dq dssur{lpdwlrq li zh yhuli| wkh iroorzlqj surshuwlhv=

� wkh ixqfwlrq i lv gh�qhg lq whupv ri wkh ydoxhv ri wkh glvfuhwl}hg frsxod

i +F, @ i +iF +x> y, = +x> y, 5 1j, +4,

WFruuhvsrqglqj dxwkru= Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ Ehuf|0H{sr � Lpphxeoh Ehuf| Vxg � 7
i ìwdjh/ <3 txdl gh Ehuf|

� :8946 Sdulv Fhgh{ 45 � Iudqfh> H0pdlo dguhvv= wklhuu|1urqfdoolCfuhglwo|rqqdlv1iu
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� i +F, lv d frsxod>

� i +F, frqyhujhv wr wkh ruljlqdo frsxod F zkhq q lqfuhdvhv1

Zh fdq vhh dssur{lpdwlrq ri frsxodv iurp wzr srlqwv ri ylhz=

41 Iurp dq hfrqrphwulf srlqw ri ylhz/ F lv d frsxod zklfk dulvhv lq d sudwlfdo lvvxh dqg wkh F
�
l
q
> m
q

�
frph iurp wkh hvwlpdwlrq vwhs1 Lq wklv iudphzrun/ dssur{lpdwlrqv duh dq dssursuldwh wrro wr jhqhudwh
uhjxodu frsxodv zklfk cdssur{lpdwh* F lq d jrrg zd|1 Vrph dssolfdwlrqv frxog eh irxqg lq Gxuuohpdq/
Qlnhjkedol dqg Urqfdool ^5333`1

51 Iurp dqrwkhu srlqw ri ylhz/ zh fdq vwxg| dssur{lpdwlrq ri frsxodv iru wkhlu rzq lqwhuhvw1 Lq wkdw fdvh
dqg lq rughu wr exlog d frsxod/ zh qhhg d zd| wr frqvwuxfw d idplo| +Fl>m,3�l>m�q zklfk lv d glvfuhwl}dwlrq
ri d frsxod1

Lq wkh vhfrqg srlqw ri ylhz/ wkh frqvwuxfwlrq lv grqh e| wkh iroorzlqj uhvxow zklfk vwdwhv d elmhfwlrq ehwzhhq
wkh vhw Gq ri grxeo| vwrfkdvwlf q� q pdwulfhv dqg wkh vhw Fq ri glvfuhwl}hg frsxodv dw hdfk srlqw

�
l
q
> m
q

�
ri wkh

julg 11

Wkhruhp 5 Ohw Pq ghqrwhv wkh vhw ri wkh q� q pdwulfhv ri uhdo qxpehuv dqg ohw q eh d srvlwlyh lqwhjhu1 Zh
gh�qh wkh ixqfwlrq ' dv iroorzv

' = Gq �$ Pq.4

D :�$ E @ ' +D,
+5,

zlwk

e3>l @ el>3 @ 3 3 � l � q +6,

dqg

el>m @
4

q

l[
s@4

m[
t@4

ds>t 4 � l> m � q +7,

wkhq ' +Gq, @ Fq1

Surri1 Zh pxvw �uvw fkhfn wkdw ' +Gq, � Fq1 Ohw D @ +dl>m, 5 Gq dqg E @ +el>m,1 E @ ' +D, lv wkh
glvfuhwl}dwlrq ri d frsxod li zh fkhfn wkdw

� e3>l @ el>3 @ 3 iru doo 3 � l � q zklfk lv ri frxuvh vdwlv�hg>

� eq>l @ el>q @ l@q iru doo 3 � l � q zklfk lv dovr wuxh=

el>q @
4

q

l[
s@4

q[
t@4

ds>t @
4

q

l[
s@4

4 @
l

q
+8,

� el.4>m.4 � el.4>m � el>m.4 . el>m � 3 iru doo 3 � l> m � q� 4 zklfk lv yhul�hg ehfdxvh

el.4>m.4 � el.4>m � el>m.4 . el>m @
4

q
dl.4>m.4

� 3 +9,
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Wkhq/ zh kdyh wr yhuli| wkdw ' lv d elmhfwlrq1 Jlyhq E @ +el>m,3�l>m�q/ zh fdofxodwh D @ +dl>m,4�l>m�q dv iroorzv

dl>m @ q +el>m � el>m�4 � el�4>m . el�4>m�4, +:,

Ehfdxvh E 5 Fq/ lw frphv wkdw dl>m � 31 Rq wkh rwkhu kdqg/ zh kdyh

q[
l@4

dl>m @ q
q[
l@4

+el>m � el�4>m, . +el�4>m�4 � el>m�4,

@ q +eq>m � eq>m�4,

@ 4 +;,

E| v|pphwu|/ wkh vdph uhvxow krogv iru
Sq

m@4 dl>m/ dqg wklv frpsohwhv wkh surri1

Uhpdun 6 Lq wkh uhvw ri wkh sdshu/ zh zloo xvh wkh qrwdwlrqv G +F, � ru Gq +F, � iru '�4 +F, dqg F +D,
� ru Fq +F, � iru ' +D,1

H{dpsoh 7 iru � 5 ^3> 4`/ zh kdyh

F
��

� 4� �
4� � �

��
@

5
7 3 3 3

3 �
5

4
5

3 4
5 3

6
8

H{dpsoh 8 Wkh grxeo| vwrfkdvwlf pdwulfhv ri wkh orzhu dqg xsshu Iuìfkhw erxqgv F� dqg F./ dqg wkh surgxfw
frsxod FB duh uhvshfwlyho|

G �
F�

�
@

�
hq hq�4 � � � h4

�
+<,

G �
FB

�
@ q�44q�q

G �
F.

�
@ Lq +43,

Zh uhpdun wkdw G �
FB

�
dqg G +F., fruuhvsrqg uhvshfwlyho| wr wkh qxoo dqg xqlw hohphqwv ri wkh dojheud Gq

+Gduvrz/ Qjx|hq dqg Rovhq ^4<<5`,1 Pruhryhu/ G +F�, dqg G +F., duh wzr h{wuhph srlqwv ri Gq/ dqg zh
nqrz wkdw F� dqg F. duh wzr h{wuhph srlqwv ri wkh vhw ri frsxodv1

H{dpsoh 9 Wkh grxeo| vwrfkdvwlf pdwulfhv dvvrfldwhg wr wkh Jdxvvldq frsxod zlwk sdudphwhu � @ 3=8 duh

G5 +F, @

�
5@6 4@6
4@6 5@6

�

G6 +F, @

5
7 3=87;9 3=6445 3=4735

3=6445 3=6::9 3=6445
3=4735 3=6445 3=87;9

6
8

G7 +F, @

5
997

3=7;44 3=5:;6 3=49;7 3=3:543
3=5:;6 3=5<88 3=58:: 3=49;7
3=49;7 3=58:: 3=5<88 3=5:;6
3=3:543 3=49;7 3=5:;6 3=7;44

6
::8

Qrwh wkdw zh gr qrw h{soruh khuh wkh elmhfwlrq ehwzhhq Gq dqg Fq1 Qhyhuwkhohvv/ lw vhhpv wkdw wkhuh d orw
ri wklqjv wr vd| derxw lw1 Iru h{dpsoh/ zh frqvwdwh wkdw wkh vhfrqg odujhvw hljhqydoxh ri wkh G +F, zkhuh F lv
wkh Jdxvvldq frsxod frqyhujhv wr lwv sdudphwhu �$
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Iljxuh 4= Frqyhujhqfh ri wkh vhfrqg odujhvw hljhqydoxh wr wkh sdudphwhu � ri wkh Jdxvvldq frsxod

6 Wkh Ehuqvwhlq sro|qrpldov dssur{lpdwlrq

Ohw El>q +{, ghqrwhv wkh Ehuqvwhlq sro|qrpldo

El>q +{, @

�
q

l

�
{l +4� {,q�l +44,

dqg 'q +F, wkh wzr sodfh ixqfwlrq gh�qhg e|

'q +F, +x> y, @
q[
l@4

q[
m@4

El>q +x,Em>q +y,F

�
l

q
>
m

q

�
+45,

Wkh pdlq lqwhuhvw ri wklv frqvwuxfwlrq lv wkh iroorzlqj wkhruhp=

Wkhruhp : 'q +F, lv d frsxod iru dq| frsxod F1

Surri1 Iluvw zh vkdoo vhh wkdw wkh erxqgdu| frqglwlrqv duh vdwlv�hg1 'q +F, +3> y, @
q[
l@4

q[
m@4

El>q +3,Em>q +y,F
�
l
q
> m
q

dqg El>q +3, @ 3 iru doo l @ 3> = = = > q1 Wkxv/ 'q +F, +3> y, @ 31 E| v|pphwu|/ 'q +F, +x> 3, @ 31 'q +F, +4> y, @
q[
l@4

q[
m@4

El>q +4,Em>q +y,F
�
l
q
> m
q

�
dqg El>q +4, @ 3 iru doo l h{fhsw iru l @ q � Eq>q +4, @ 41 Vr/ 'q +F, +4> y, @

q[
m@4

Em>q +y,F
�
4> m

q

�
@

q[
m@4

m
q

�
q
m

�
ym +4� y,q�m1 Qrz zh duh lqwhuhvwhg lq vkrzlqj wkdw wklv h{suhvvlrq htxdov wr

y1 Iru wklv/ ohw xv frqvlghu wkh h{suhvvlrq +d. e,q @
q[

m@3

�
q
m

�
dm +4� e,q�m dqg ohw*v gl�huhqwldwh lw zlwk uhvshfw
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wr wkd yduldeoh d1 Zh kdyh C
Cd

+d. e,q @ q +d. e,q�4 @
q[

m@3

m
�
q
m

�
dm�4 +4� e,q�m @ d�4

q[
m@4

m
�
q
m

�
dm +4� e,q�m1

Wkxv/
q[

m@4

m
q

�
q
m

�
ym +4� y,q�m @ y

q
�q�+y . 4� y,q�4 @ y1 Vr/ zh kdyh 'q +F, +4> y, @ y1 Qrz/ wr frpsohwh wkh

surri/ dv 'q +F, lv lq�qlwho| gl�huhqwldeoh/ lw vx!fhv wr fkhfn wkdw iru doo +x> y, 5 ^3> 4`5/ C5

CxCy
'q +F, +x> y, � 31

Zh kdyh

C5

Cx Cy
'q +F, +x> y, @

q[
l@4

q[
m@4

F

�
l

q
>
m

q

��
l

�
q

l

�
xl�4 +4� x,q�l � +q� l,

�
q

l

�
xl +4� x,q�l�4

�
�

�
m

�
q

m

�
ym�4 +4� y,q�m � +q� m,

�
q

m

�
ym +4� y,q�m�4

�

@ q5
q�4[
l@3

q�4[
m@3

�l.4>m.4El>q�4 +x,Em>q�4 +y,

� 3 +46,

zkhuh �l>m lv wkh pdvv ri wkh vtxduh
�
l�4
q

> l
q

�� �
m�4
q

> m
q

�
zlwk wkh phdvxuh lqgxfhg e| wkh frsxod F dqg zklfk

lv wkxv qrqqhjdwlyh1

Lq rughu wr looxvwudwh wklv wkhruhp/ zh kdyh uhsuhvhqwhg lq wkh �jxuh 5 wkh ydoxhv wdnhq e| m'q +F, +x> y,�F +x> y,m
zkhq F lv wkh Jdxvvldq frsxod zlwk sdudphwhu 318/ dqg zh kdyh sorwwhg oq +vxs m'q +F, +x> y,�F +x> y,m, iru
gl�huhqw frsxod ixqfwlrqv lq wkh �jxuh 61

Iljxuh 5= Vxuidfh sorw ri m'q +F, +x> y,�F +x> y,m
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Iljxuh 6= Looxvwudwlrq ri wkh frqyhujhqfh iru gl�huhqw frsxodv

614 Krz wr jhqhudwh Ehuqvwhlq frsxodvB

Gh�qlwlrq ; Ohw q eh srvlwlyh lqwhjhu dqg G @ +gl>m, 5 Fq1 D Ehuqvwhlq frsxod dvvrfldwhg zlwk wkh pdwul{ G
lv gh�qhg rq ^3> 4`5 e|

F +x> y, @
q[
l@4

q[
m@4

El>q +x,Em>q +y,gl>m +47,

E| yluwxh ri wkh deryh wkhruhp/ F lv lqghhg d frsxod1

615 Wkh Nhqgdoo*v wdx frqfrugdqfh phdvxuh

Xvlqj wkh suhylrxv qrwdwlrqv dqg uhvxowv/ zh frxog vkrz wkh iroorzlqj wkhruhp=

Wkhruhp < Ohw � 5 Pq.4 zkhuh

�l>m @

+l� m,

�
q

l

��
q

m

�

+5q� l� m,

�
5q� 4

l. m � 4

� +48,

iru doo 3 � l> m � q +zlwk wkh frqyhqwlrq 3@3 @ 4,/ wkhq wkh Nhqgdoo*v wdx ri wkh Ehuqvwhlq frsxod lv

� @ 4� wu
�
�G�GA

�
+49,
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Surri1 Zh xvh wkh iroorzlqj gh�qlwlrq ri wkh Nhqgdoo*v wdx +Qhovhq ^4<<;`,=

� @ 7

]]
^3>4`5

F+x> y,
C5F

C{C|
+x> y, gxgy � 4 +4:,

Wkdqnv wr wkh Juhhq*v irupxod wr rewdlq dqrwkhu wudfwdeoh h{suhvvlrq iru �

� @ 7

#]
C^3>4`5

F+x> y,
CF

C{
+x> y, g� �

]]
^3>4`5

CF

C{
+x> y,

CF

C|
+x> y, gxgy

$
� 4 +4;,

dqg wkh �uvw whup fdq eh hydoxdwhg +vhh Qhovhq ^4<<;`,

� @ 4� 7

]]
^3>4`5

CF

C{
+x> y,

CF

C|
+x> y, gxgy +4<,

Khuh zh kdyh

CF

C{
+x> y, @

q[
l@4

q[
m@4

gl>m

�
q

l

��
q

m

�
xl�4 +4� x,q�l�4 ym +4� y,q�m +l� qx, +53,

vxfk wkdw grxeoh lqwhjudo lq +4<, htxdov qrz wr

q[
l@4

q[
m@4

q[
s@4

q[
t@4

gl>mgs>t

�
q

l

��
q

m

��
q

s

��
q

t

�
�

]]
^3>4`5

xl.s�4 +4� x,5q�l�s�4 ym.t�4 +4� y,5q�m�t�4 +l� qx, +t � qy, gxgy

+54,

Urxwlqh fdofxodwlrqv ri wklv odvw grxeoh lqwhjudo jlyh xv] ]
^3>4`5

� � � gxgy @
4

7

+l� s, +t � m,

+5q� l� s, +5q� m � t,

�
5q� 4

l. s� 4

��
5q� 4

t . m � 4

� +55,

vr wkdw Nhqgdoo*v wdx htxdov wr

� @ 4�
q[
l@4

q[
m@4

q[
s@4

q[
t@4

gl>mgs>t�l>s�t>m +56,

zklfk fdq eh uhzulwwhq dv

� @ 4� wu
�
�G�GA

�
+57,

616 Wkh Vshdupdq*v ukr frqfrugdqfh phdvxuh

Zh frxog rewdlq d vlplodu uhvxow iru wkh Vshdupdq*v ukr=

Wkhruhp 43 Ohw � 5 Pq.4 zkhuh

�l>m @
4

+q. 4,5
+58,

iru doo 3 � l> m � q/ wkhq wkh Vshdupdq*v ukr ri wkh Ehuqvwhlq frsxod lv

( @ 45 wu +�G,� 6 +59,

:



Surri1 Zh xvh wkh iroorzlqj gh�qlwlrq ri wkh Vshdupdq*v ukr +Qhovhq ^4<<;`,=

( @ 45

]]
^3>4`5

F +x> y, gxgy � 6 +5:,

Urxwlqh fdofxodwlrqv jlyh xv]]
^3>4`5

�
q

l

��
q

m

�
xl +4� x,q�l ym +4� y,q�m gxgy @

4

+q. 4,5
+5;,

Wkhq/ zh kdyh

( @
45

+q. 4,5

q[
l@4

q[
m@4

gl>m � 6 +5<,

617 Wkh xsshu wdlo ghshqghqfh phdvxuh

Wkhruhp 44 Iru dq| Ehuqvwhlq frsxod F/ wkh xsshu wdlo ghshqghqfh phdvxuh � lv

� +F, @ 3 +63,

Surri1 Zh kdyh

� +F, @ 5� olp
x$4�

g

gx
F +x> x, +64,

Uhpdun wkdw

g

gx
F +x> x, @

C

Cx
F +x> x, .

C

Cy
F +x> x, +65,

Xvlqj wkh h{suhvvlrq ri wkh ghulydwlyhv fdofxodwhg iru Nhqgdoo*v wdx/ zh kdyh

CF

Cx
+x> x, @

q[
l@4

q[
m@4

gl>m

�
q

l

��
q

m

�
xl.m�4 +4� x,5q�l�m�4 +l� qx, +66,

dqg

CF

Cy
+x> x, @

q[
l@4

q[
m@4

gl>m

�
q

l

��
q

m

�
xl.m�4 +4� x,5q�l�m�4 +m � qx, +67,

vr wkdw

olp
x$4�

CF

Cx
+x> x, @ olp

x$4�

CF

Cy
+x> x, @ 4 +68,

Wkhq/ zh rewdlq wkh iroorzlqj uhvxow

� @ 3 +69,

;



7 Wkh fkhfnhuerdug frsxod

Dv iru Ehuqvwhlq frsxodv/ wkh frqvwuxfwlrq ri d fkhfnhuerdug frsxod dulvhv iurp hpslulfdo gdwd1 Ohw �l>m ghqrwhv
wkh pdvv ri

�
l�4
q

> l
q

�� �
m�4
q

> m
q

�
zlwk wkh phdvxuh lqgxfhg e| wkh frsxod F

�l>m +F, @ F

�
l

q
>
m

q

�
�F

�
l� 4

q
>
m

q

�
�F

�
l

q
>
m � 4

q

�
.F

�
l� 4

q
>
m � 4

q

�
+6:,

dqg (q +F, wkh wzr sodfh ixqfwlrq gh�qhg e|

(q +F, +x> y, @ q5
q[
l@4

q[
m@4

�l>m +F,

] x

3

"l>q +{, g{

] y

3

"m>q +|, g| +6;,

zkhuh "l>q lv wkh fkdudfwhulvwlf ixqfwlrq ri wkh lqwhuydo
�
l�4
q
> l
q

�
1

Wkhruhp 45 (q +F, lv d frsxod iru dq| frsxod F1

Surri1 vhh ^9`/ ^:` ru ^;`1

Dv lq Ehuqvwhlq*v frsxodv/ zh kdyh uhsuhvhqwhg lq wkh �jxuhv 7 dqg 8 wkh ydoxhv wdnhq e| m'q +F, +x> y,�F +x> y,m
zkhq F lv wkh Jdxvvldq frsxod zlwk sdudphwhu 318 dqg wkh ydoxhv ri oq +vxs m'q +F, +x> y,�F +x> y,m, iru gli0
ihuhqw frsxod ixqfwlrqv1

Iljxuh 7= Vxuidfh sorw ri m'q +F, +x> y,�F +x> y,m

714 Krz wr jhqhudwh fkhfnhuerdug frsxodvB

Zh zrxog olnh qrz wr fkdudfwhul}h wkh frh!flhqwv �l>m +F, zlwkrxw dq| uhihuhqfh wr wkh xqghuo|lqj frsxod F1
Zh kdyh wkh iroorzlqj xvhixo ohppd1

<



Iljxuh 8= Looxvwudwlrq ri wkh frqyhujhqfh iru gl�huhqw frsxodv

Ohppd 46 Ohw G @ +gl>m, 5 Pq.41 Wkhuh h{lvwv d frsxod F vxfk wkdw gl>m @ �l>m +F, li dqg rqo| li qG 5 Gq1

Surri1 Jlyhq d frsxod F/ lw lv reylrxv iurp +6;, wkdw +�l>m +F,, lv grxeo| vwrfkdvwlf1 Rq wkh rwkhu kdqg/
jlyhq d grxeo| vwrfkdvwlf pdwul{ D/ wkh surri ri wkh wkhruhp +5, vkrzv wkdw q�4D 5 Fq1

Wklv ohppd mxvwl�hv wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 47 Ohw q eh srvlwlyh lqwhjhu dqg q� @ +q�l>m,4�l>m�q 5 Gq1 D fkhfnhuerdug frsxod dvvrfldwhg zlwk
� lv gh�qhg rq ^3> 4`5 e|

F +x> y, @ q5
q[
l@4

q[
m@4

�l>m

] x

3

"l>q +{, g{

] y

3

"m>q +|, g| +6<,

715 Wkh Nhqgdoo*v wdx frqfrugdqfh phdvxuh

Fdofxodwlrqv duh yhu| vlplodu wr wkhvh iru Ehuqvwhlq frsxodv1 Ohw � @ +�l>m, 5 Gq dqg F wkh dvvrfldwhg
fkhfnhuerdug frsxod1

Wkhruhp 48 Ohw � 5 Pq zkhuh

�l>m @

;?
=

4 li l @ m
5 li l A m
3 li l ? m

+73,

wkhq wkh Nhqgdoo*v wdx ri wkh fkhfnhuerdug frsxod lv

� @ 4� wu
�
����A

�
+74,
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Surri1 Khuh zh kdyh

CF

C{
+x> y, @ q5

q[
l@4

q[
m@4

�l>m

�
"l>q +x,

] y

3

"m>q +|, g|

�
+75,

vxfk wkdw grxeoh lqwhjudo lq +4<, htxdov qrz wr

q7
q[
l@4

q[
m@4

q[
s@4

q[
t@4

�l>m�s>t

#] ]
^3>4`5

��
"l>q +x,

] y

3

"m>q +|, g|

��
"t>q +y,

] x

3

"s>q +{, g{

��
gxgy

$
+76,

Urxwlqh fdofxodwlrqv jlyh xv

] 4

3

�
"l>q +x,

] x

3

"s>q +{, g{

�
gx @

;?
=

4
5q5 li l @ s
4
q5

li l A s
3 li l ? s

+77,

vr wkdw wkh Nhqgdoo*v wdx htxdov wr

� @ 4�
q[
l@4

q[
m@4

q[
s@4

q[
t@4

�l>m�s>t�l>s�t>m +78,

zklfk fdq eh uhzulwwhq dv

� @ 4� wu
�
����A

�
+79,

716 Wkh Vshdupdq*v ukr frqfrugdqfh phdvxuh

Wkhruhp 49 Ohw 
 5 Pq zkhuh

$l>m @ q�5 +5q� 5l. 4, +5q� 5m . 4, +7:,

wkhq wkh Vshdupdq*v ukr ri wkh fkhfnhuerdug frsxod lv

(F @ 6 wu +
�,� 6 +7;,

Surri1 Urxwlqh fdofxodwlrqv jlyh xv

]]
^3>4`5

3
Cq5

q[
l@4

q[
m@4

�l>m

] x

3

"l>q +{, g{

] y

3

"m>q +|, g|

4
D gxgy @ q5

q[
l@4

q[
m@4

�l>m

�
5q� 5l. 4

5q5

��
5q� 5m . 4

5q5

�

+7<,

dqg wkh irupxod lv hdvlo| ghulyhg1

717 Wkh xsshu wdlo ghshqghqfh phdvxuh

Wkhruhp 4: Iru dq| fkhfnhuerdug frsxod F/ wkh xsshu wdlo ghshqghqfh phdvxuh � lv

� +F, @ 3 +83,
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Surri1 Zh kdyh

CF

Cx
+x> x, @ q5

q[
l@4

q[
m@4

�l>m"l>q +x,

] x

3

"m>q +|, g| +84,

dqg

CF

Cy
+x> x, .

CF

Cx
+x> x, @ q5

q[
l@4

q[
m@4

�l>m

�
"l>q +x,

] x

3

"m>q +|, g| . "m>q +x,

] x

3

"l>q +{, g{

�
+85,

vr wkdw

olp
x$4�

CF

Cx
+x> x, .

CF

Cy
+x> x, @ 5 +86,

Zh wkhq rewdlq wkh ghvluhg uhvxow1

8 Pruh uhvxowv rq wkh ghshqghqfh phdvxuhv

Lq wklv vhfwlrq/ zh vkrz wkdw wkh Nhqgdoo*v wdx dqg Vshdupdq*v ukr ri Ehuqvwhlq dqg fkhfnhuerdug frsxodv gh�qh
qhz qrq0sdudphwulf hvwlpdwruv ri � dqg (1 Wkhq/ zh frqvlghu wkh � � � sureohp lq wkh fdvh ri wkh Ehuqvwhlq
frsxodv1 Ilqdoo|/ zh lqwurgxfh d shuwxuedwlrq phwkrg lq rughu wr vshfli| xsshu wdlo ghshqghqfh1

814 Qhz qrq0sdudphwulf hvwlpdwruv iru � dqg �= wkh frqyhujhqfh sureohp

Lq wklv sdudjudsk/ zh xvh wkh irupxodv rewdlqhg iru Nhqgdoo*v wdx hw Vshdupdq*v ukr wr ghulyh qrq sdudphwulf
hvwlpdwruv1 Lqghhg/ zh h{dplqh wkh ydolglw| ri wkh iroorzlqj vwdwhphqwv=

Zh nqrz wkdw Eq +F, �$ F dqg Fq +F, �$ F zkhq q �$ 4 lq d fhuwdlq vhqvh1 Krzhyhu/
zh kdyh vkrzq wkdw � +'q +F,, @ � +(q +F,, @ 31 Wkh Ehuqvwhlq dqg fkhfnhuerdug dssur{0
lpdwlrqv grhv qrw suhvhuyh wkh xsshu wdlo ghshqghqfh1 Gr zh kdyh d vdph frqfoxvlrq
iru wkh Nhqgdoo*v wdx dqg wkh Vshdupdq*v ukr frqfrugdqfh phdvxuhvB Wkh dqvzhu lv
qr dv zh vkdoo vhh lq wkh vhtxho1

Wkhruhp 4; Ohw F eh d frsxod/ wkhq

( +'q +F,, �$ ( +F,

( +(q +F,, �$ ( +F, +87,

zkhq q �$ 41

Surri1 LqOl/Plnxvlqvnl/ Vkhuzrrg dqgWd|oru ^4<<:`/ lw lv vkrzq wkdw'q +F, �$ F dqg (q +F, �$ F

xqlirupo| rq ^3> 4`5/ wkdw lv wr vd| +iru h{dpsoh,

olp
q$4

vxs
+{>|,5^3>4`5

m'q +F, +{> |,�F +{> |,m @ 3 +88,

Vlqfh surshuwlhv ri Ohehvjxh*v lqwhjudo/ zh kdyh�����
]]

^3>4`5
'q +F, +{> |, g{g| �

]]
^3>4`5

F +{> |, g{g|

����� �$ 3 +89,

dqg wkxv

( +'q +F,, �$ ( +F, +8:,

Wkh dujxphqw lv wkh vdph iru wkh fkhfnhuerdug dssur{lpdwlrq (q +F,1
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Wkhruhp 4< Ohw F eh d frsxod/ wkhq

� +'q +F,, �$ � +F,

� +(q +F,, �$ � +F, +8;,

zkhq q �$ 41

Surri1 Uhfdoo wkh xqlirupo| frqyhujhqfh ri 'q +F, wr F/ lw lv vkrzq lq Ghkhxyhov ^4<;4` wkdw wklv lpsolhv
wkh zhdn frqyhujhqfh ri wkh suredelolw| phdvxuhv lqgxfhg e| 'q +F, wr wkh suredelolw| phdvxuh lqgxfhg e| F1
Dv F lv frqwlqrxv dqg erxqghg rq ^3> 4` 5/ zh kdyh]]

F g� +'q +F,, �$
]]

F g� +F, +8<,

Ohw � eh srvlwlyh uhdo qxpehu1 Iru q odujh/ zh kdyh����
]]

F g� +'q +F,,�
]]

F g� +F,

���� � �

5
+93,

Rq wkh rwkhu kdqg/ ehfdxvh ri wkh xqlirupo| frqyhujhqfh ri 'q +F, wr F/ zh kdyh dovr iru q odujh

vxs
+{>|,5^3>4`5

m'q +F, +{> |,�F +{> |,m � �

5
+94,

vr wkdw ����
]]

+'q +F,�F, g� +'q +F,,

���� � �

5

]]
g� +'q +F,, @

�

5
+95,

Zh frxog wkhq zulwh����
]]

'q +F, g� +'q +F,,�
]]

F g� +F,

����
@

����
]]

+'q +F,�F, g� +'q +F,, .

�]]
F g� +'q +F,,�

]]
F g� +F,

�����
� �

5
.

�

5
@ � +96,

Lw frphv wkdw ����
]]

'q +F, g� +'q +F,,�
]]

F g� +F,

���� $ 3 +97,

zkhq q �$ 4 dqg wklv frpsohwhv wkh surri1

Wr looxvwudwh wkhvh wzr wkhruhpv/ zh kdyh frpsxwhg wkh ydoxhv ri wkhvh hvwlpdwruv iru wkh Jdxvvldq frsxod
zlwk � @ 3=8 dqg wkh xsshu Iuìfkhw erxqg F.1 Pruhryhu/ zh kdyh uhsruwhg lq wkh �jxuh BB wkh ydoxhv wdnhq
e| wkh Qhovhq hvwlpdwruv +vhh Qhovhq ^4<<;` sdjh 4::,=

a( @
45

q5 � 4

q[
l@4

q[
m@4

�
F

�
l

q
>
m

q

�
� l

q

m

q

�
+98,

dqg

a� @
5q

q� 4

q[
l@5

q[
m@5

l�4[
s@4

m�4[
t@4

+�l>m +F,�s>t +F,��l>t +F,�s>m +F,, +99,

Iru wkhvh wzr frsxodv/ wkh frqyhujhqfh ri wkh Ehuqvwhlq dqg fkhfnhuerdug hvwlpdwruv lv pruh vorzo| wkdq wkh
Qhovhq rqhv1
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Iljxuh 9= Frqyhujhqfh ri wkh Qhovhq/ Ehuqvwhlq dqg fkhfnhuerdug hvwlpdwruv

815 Wkh � � 4 sureohp

Zh duh nqrz wu|lqj wr rewdlq d uhjxodu frsxod zklfk kdyh �{hg � dqg (1 Zh xvh Ehuqvwhlq frsxodv iru wkdw
sxusrvh1 Lq rughu wr frqvwuxfw d Ehuqvwhlq frsxod/ zh kdyh wr wkh gh�qh wkh pdwul{ G 5 Fq ru htxlydohqwo| wkh
pdwul{ D 5 Gq1 Ehfdxvh Gq lv d frqyh{ vhw/ zh frxog gh�qh D lq whupv ri wkh frqyh{ kxoo ri Gq1 Ohw xv ghqrwh
Sl wkh h{wuhph srlqwv ri Gq1 Wkdqnv wr Elunkr�*v wkhruhp +Kruq dqg Mrkqvrq ^4<<4`,/ zh frxog zulwh D dv
d srvlwlyh frqyh{ frpelqdwlrq ri Sl

D @
[
l

�lSl +9:,

zlwk
S

�l @ 4 dqg �l � 31 Ehfdxvh wkh frqyh{ kxoo ri Gq lv �qlwh dqg fruuhvsrqgv wr wkh vhw ri wkh shupxwdwlrq
pdwulfhv +�l, iru 4 � l � q$/ zh kdyh dovr

D @
q$[
l@4

�l�l +9;,

zlwk
Sq$

l@4 �l @ 4 dqg �l � 31 Lw frphv wkdw

G @
q$[
l@4

�lH�lH
A +9<,
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zlwk

H @
4s
q

5
999999997

3 3 � � � 3 3
4 3 3

4 4
1 1 1 3

111
111

1 1 1 3
111

4 4 � � � 4 3
4 4 � � � 4 4

6
::::::::8

+:3,

Iru d jlyhq sdlu +�> (,/ wkh yhfwru � @+�l, pxvw dovr pdwfk wkh iroorzlqj v|vwhp;AAAAAAAAAAA?
AAAAAAAAAAA=

� @ 4�
q$[
l@4

q$[
m@4

�l�m wu
�
�H�lHA�H�Am H

A
�

( @ 45
q$[
l@4

�l wu
�
�H�lHA

�� 6

q$[
l@4

�l @ 4

�l � 3

+:4,

Vlqfh wkhuh duh rqo| 6 htxdwlrqv iru q$ ghjuhhv ri iuhhgrp/ wkh iruphu v|vwhp pd| kdyh d vroxwlrq1 Rqfh zh
irxqg d vroxwlrq �/ wkh wzr sodfh ixqfwlrq

F +x> y, @
q[
l@4

q[
m@4

El>q +x,Em>q +y,gl>m +:5,

zlwk G @
Sq$

l@4 �lH�lH
A lv wkh fruuhvsrqglqj frsxod1 Ehfdxvh ( +'q +F,, �$ ( +F, dqg � +'q +F,, �$ ( +F,/

lw lv wkhruhwlfdoo| srvvleoh wr dwwdlq doo wkh srlqwv ri wkh erxqglqj � � ( uhjlrq +Qhovhq ^4<<;`/ sdjh 477, li
q lv vx!flhqwo| odujh1 Qhyhuwkhohvv/ hyhq li wkh suhylrxv sureohp lv txdgudwlf/ wkhuh duh vrph frpsxwdwlrqdo
gl!fxowlhv +iru h{dpsoh/ zlwk q htxdo wr :/ wkh glphqvlrq ri � lv 8373,1

816 Krz wr lqwurgxfh dq xsshu wdlo ghshqghqfhB

Ohw xv ehjlq zlwk d jhqhudo uhvxow zklfk h{sodlq zk| zh riwhq rewdlq � +F, @ 31

Ohppd 53 Ohw F eh d frsxod1 Vxssrvh F lv F4 rq wkh qhljkerukrrg ri +4> 4,/ wkhq � +F, @ 31

Surri1 E| yluwxh ri wkh k|srwkhvlv/ CF
C{

+4> 4, dqg CF
C|

+4> 4, h{lvw dqg ehfdxvh ri wkh suredelolvwlf lqwhusuh0
wdwlrq ri wkh sduwldo ghulydwlyhv/ zh kdyh

CF

C{
+4> 4, @ Su iY � 4 m X @ 4j

CF

C|
+4> 4, @ Su iX � 4 m Y @ 4j +:6,

zkhuh X dqg Y duh wzr xqlirup yduldeohv rq ^3> 4`1 Wkhq/ lw frphv wkdw

CF

C{
+4> 4, @

CF

C|
+4> 4, @ 4 +:7,

Ehfdxvh F lv F4/ zh kdyh

olp
x$4�

g

gx
F +x> x, @

CF

C{
+4> 4, .

CF

C|
+4> 4, @ 5 +:8,
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Zh rewdlq dovr wkh ghvluhg uhvxow

� +F, @ 5� olp
x$4�

g

gx
F +x> x, @ 3 +:9,

Uhpdun 54 Zh vkrzhg wkdw xqghu jhqhudo uhjxodulw| frqglwlrqv � +F, @ 31 Wklv lqfoxghv pdq| fdvhv iru zklfk
wkh surri lv pruh frpsolfdwhg +iru lqvwdqfh wkh jdxvvldq frsxod,1

Dv zh vdz deryh/ rxu dssur{lpdwlrqv ri frsxodv +Ehuqvwhlq/ fkhfnhuerdug, ohdg wr dq xsshu wdlo ghshqgdqfh
zklfk lv htxdo wr }hur1 Wklv fdq eh d uhdo sureohp lq �qdqfldo dssolfdwlrqv1 Lq wklv vhfwlrq/ zh wu| wr voljkwo|
prgli| wkh frsxod F lq rughu wr rewdlq d jrrg xsshu wdlo ghshqgdqfh1 Lq wklv gluhfwlrq/ zh sursrvh wr xvh d
shuwxuedwlrq phwkrg1 Wkh shuwxuedwlrq zloo qrw eh uhjxodu rq wkh qhljkerukrrg ri +4> 4, lq rughu wr kdyh � A 31
Ohw � +{> |, eh d 5 sodfh ixqfwlrq dqg gh�qh d qhz frsxod F3 dv iroorzv

F3 +x> y, @ F +x> y, . � +x> y, +::,

F3 lv wkhq d frsxod li zh yhuli| wkh wzr surshuwlhv=

41 wkh ydoxhv ri � +{> |, rq wkh vtxduh C^3> 4`5 duh 3>

51 wkh phdvxuh lqgxfhg e| F3 lv srvlwlyh1

9 Jhqhudwlqj qhz idplolhv ri frsxodv

914 Sduwlwlrq ri xqlw|

91414 Wkh pdlq uhvxow

Wkh iruphu wzr fdvhv +Ehuqvwhlq dqg fkhfnhuerdug dssur{lpdwlrqv, duh lq idfw rqo| h{dpsohv ri d pruh jhqhudo
idplo| ri frsxodv1 Wklv idplo| lv frqvwuxfwhg yld d sduwlwlrq ri xqlw|1 Wklv jhqhudolvdwlrq lv grqh lq Ol/
Plnxvlqvnl/ Vkhuzrrg dqg Wd|oru ^4<<:`1 Ohw xv uhfdoo wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 55
�
!4>=== >!q

� 5 O4 +^3> 4`, lv fdoohg d sduwlwlrq ri xqlw| li lw vdwl�hv wkh iroorzlqj vwdwhphqwv

41 !l +{, � 3>

51
] 4

3

!l +{, g{ @ 4
q
>

61
[q

l@4
!l +{, @ 4 iru doo { 5 ^3> 4`1

Zh kdyh wkhq wklv lpsruwdqw wkhruhp=

Wkhruhp 56 Ohw
�
!4>=== >!q

� 5 O4 +^3> 4`, eh d sduwlwlrq ri xqlw| dqg 5q +F, wkh wzr sodfh ixqfwlrq gh�qhg e|

5q +F, +x> y, @ q5
q[

l@4

q[
m@4

�l>m +F,

] x

3

!l +{, g{

] y

3

!m +{, g| +:;,

zkhuh �l>m +F, @ F
�
l
q
> m
q

��F
�
l�4
q

> m
q

��F
�
l
q
> m�4

q

�
.F

�
l�4
q

> m�4
q

�
1 Wkhq 5q +F, lv d frsxod1
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Surri1 Vhh Ol/ Plnxvlqvnl/ Vkhuzrrg dqg Wd|oru ^4<<:`1

Zh zloo qrz xvh wklv wkhruhp wr jhqhudwh qhz sdudphwulf idplolhv ri frsxodv1 Iru wklv/ lw vx!fhv wr wdnh
+�l>m,4�l>m�q d grxeo| vwrfkdvwlf pdwul{ +uhfdoo wkdw q�l>m +F, lv d grxeo| vwrfkdvwlf pdwul{, dqg frqvlghu wkh
wzr sodfh ixqfwlrq

F +{> |, @ q
q[
l@4

q[
m@4

�l>m

] {

3

!l +x, gx

] |

3

!m +y, gy +:<,

zlwk
�
!4>=== >!q

� 5 O4 +^3> 4`, d sduwlwlrq ri xqlw|1 F lv d frsxod dqg wkh sdudphwhuv duh �l>m1

Uhpdun 57 Wkh Ehuqvwhlq frsxod fruuhvsrqgv wr wkh iroorzlqj sduwlwlrq ri xqlw|

!l +{, @

�
q

l

�
{l +4� {,q�l +;3,

Iru wkh fkhfnhuerdug frsxod/ zh kdyh

!l +{, @ "l +{, +;4,

zkhuh "l vwdqgv iru wkh lqglfdwru ixqfwlrq ri
�
l�4
q

> l
q

�
1

91415 Dssolfdwlrqv

Vlplodu h{suhvvlrqv ri Vshdupdq*v ukr dqg Nhqgdoo*v wdx fdq hdvlo| eh ghulyhg iru wklv jhqhudo irup1 Ohw xv
gh�qh �l +{, dv iroorzv

�l +{, @

] {

3

!l +x, gx +;5,

Wkhq/ zh frxog vkrz wklv wkhruhp=

Wkhruhp 58 Ohw � 5 Pq zkhuh

�l>m @

] 4

3

!l +{,�m +{, g{ +;6,

wkhq wkh Nhqgdoo*v wdx dqg wkh Vshdupdq*v ukr dvvrfldwhg wr wkh frsxod lqgxfhg e| d sduwlwlrq ri xqlw| duh

� @ 4� 7q5 wu
�
����A

�
+;7,

dqg

( @ 6� 45q
�
4A����A4

�
+;8,

zkhuh 4 lv d yhfwru ri rqhv1

Surri1 Wkh frpsxwdwlrqv duh h{dfwo| wkh vdph dv wkh surriv iru Ehuqvwhlq dqg fkhfnhuerdug frsxodv1 Ohw
xv gh�qh wkh yhfwru � dv iroorzv

� @

�] 4

3

�l +x, gx

�
4�l�q

+;9,

4:



Wr jhw wkh h{suhvvlrq iru (/ lw vx!fhv wr uhpdun wkdw ( @ �A��/ 4A� @ �A dqg �4 @ 4
q
4� �1 Lqghhg/ zh kdyh

] 4

3

�l +x, gx @

] 4

3

3
C q[

m@4

!m +x, gx

4
D�l +x, gx

@
q[

m@4

] 4

3

!m +x,�l +x, gx +;:,

wkxv 4A� @ �A1 Zh dovr kdyh

+�4, @

3
C q[

m@4

] 4

3

!l +x,�m +x, gx

4
D

4�l�q

+;;,

Lw frphv wkdw

+�4,l @

] 4

3

x!l +x, gx

@

] 4

3

!l +x, gx�
] 4

3

�l +x, gx

@
4

q
� �l +;<,

Wkxv �4 @ 4
q
4� �1

Pdq| rwkhu sduwlwlrqv ri xqlw| duh ihdvleoh olnh

!l +{, @

�
q{. 5� l li { 5 �

l�5
q
> l�4

q

�
�q{. l li { 5 �

l�4
q
> l
q

� iru l � 5

dqg

!4 +{, @

;?
=

�q{. 4 li { 5 �
3> 4

q

�
3 li { 5 �

4
q
> 4� 4

q

�
q{. 4� q li { 5 �

4� 4
q
> 4
�

915 Wkh vshfldo fdvh ? ' 2

Zkhq q @ 5/ wkh jhqhudo irup ri wkh grxeo| vwrfkdvwlf pdwul{ lv�
� 4� �

4� � �

�
+<3,

zlwk � 5 ^3> 4`1 Zh gh�qh * +{, vxfk wkdw 3 � * +{, � 4/
U 4

3
* +{, g{ @ 4

5 1 Ohw !4 +{, @ * +{,/ !5 +{, @ 4�* +{,

dqg �+{, @

] {

3

* +x, gx1 Wkh jhqhudo irup ri wkh frsxod lv wkhq

F +{> |, @ 7 +5�� 4,� +{,� +|, . 5�{| . 5 +4� 5�, +{�+|, . |�+{,, +<4,

Wkh h{suhvvlrqv ri Nhqgdoo*v wdx dqg wkh Vshdupdq*v ukr ehfrph

� @ 5 +5�� 4, +4� 7D,5 +<5,

dqg

( @ 6 +5�� 4, +4� 7D,5 +<6,

4;



zkhuh D vwdqgv iru
U 4

3
�+x, gx1 Ehfdxvh ri wkh frqglwlrqv rq */ zh kdyh 4

; � D � 6
; 1 Zh uhpdun wkdw

�

(
@

5

6
+<7,

iru dq| sduwlwlrq ri rughu 51

Iru h{dpsoh/ iru * +{, @ vlq5
�
�
5{

�
/ zh rewdlq wkh frsxod

F� +{> |, @ {| .
5�� 4

�5
vlq +�{, vlq +�|, +<8,

iru zklfk

( @
7;

�5
+5�� 4, +<9,

dqg

� @
65

�5
+5�� 4, +<:,

Uhpdun 59 Li * +{, @ {/ wkhq zh kdyh �+{, @ 4
5{

51 Lw frphv wkdw wkh frsxod F lv wkh Iduolh0Jxpeho0
Prujhqvwhuq frsxod1

916 Wkh vshfldo fdvh ? ' �

Zh fdq dsso| wkh suhylrxv phwkrg wr jhw frsxodv zlwk pruh wkdq rqh sdudphwhu1 Ohw*v wdnh iru wkh pdwul{ �
wkh jhqhudo irup

� @

5
7 4� � � � � � � % � . � � . %

� . % 4� �� � � � � % �. �
� . � �. % 4� �� � � � � %

6
8 +<;,

zlwk �> �> �> %> � � 3 dqg � . � . � . % . � � 41 Dv wkh sduwlwlrq ri xqlw|/ zh wdnh wkh ixqfwlrqv !4/ !5 dqg

4� !4 . !51 Zh ghqrwh e| �l +{, @

] {

3

!l +x, gx1 E| dsso|lqj wkh irupxod +:;, zh jhw

F +{> |,

6
@ +5� �� � � 6� � 7� � 6%,�4 +{,�4 +|, . +4� 5�. � � 6� � 5�,�4 +|,�5 +{,

. +4� 5�. � � 6%� 5�,�4 +{,�5 +|, . +5� 7�� � � 6� � � � 6%,�5 +{,�5 +|,

. +�4 . �. 5� . 5� . %,{�4 +|, . +�4 . 5�. � . � . 5%,{�5 +|,

. +�4 . �. � . 5� . 5%, |�4 +{, . +�4 . 5�. 5� . � . %, |�5 +{, . +4� �� � � � � %,{|

+<<,

Dv dq h{dpsoh/ rqh fdq wdnh

!4 +{, @
7�

6

4

4 . {5

!5 +{, @
4

6
+433,

zklfk jlyhv

�4 +{, @
7�

6
dufwdq +{,

�5 +{, @
{

6
+434,

4<



Wkh dvvrfldwhg frsxod kdv wkh vlpsoh irup

F +{> |, @
4

6�5
^7 +�5 . �. � . 6� . 7� . 6%, +dufwdq +{, +�| � 7 dufwdq +|,, . �{ dufwdq +|,,`

� 4

6�5
+�8 . �. � . 6� . 7� . 6%,�5{| +435,

Lq idfw/ zh qrwlfh wkdw lq wklv vshfldo fdvh zh kdyh rqh sdudphwhu � @ �.�.6�.7�.6% dqg wkh frsxod zh*yh
mxvw rewdlqhg fdq eh uhzulwwhq dv iroorzv

F +{> |, @
4

6�5
�
7 +�5 . �, +dufwdq +{, +�| � 7 dufwdq +|,, . �{ dufwdq +|,, . +8� �,�5{|

�
Diwhu frpsxwdwlrq/ zh jhw wkh fruuhvsrqglqj Vshdupdq*v ukr dqg Nhqgdoo*v wdx

( @ � +�5 . �, +� � 7 oq^5`,5

�5

� @ �5 +�5 . �, +� � 7 oq^5`,5

6�5
+436,

Zh fdq qrwlfh wkdw rqfh djdlq zh kdyh wkh uhodwlrqvkls

� @
5

6
( +437,

Wklv uhodwlrqvkls lv vwulnlqj1 Lw pdnhv xv wklqn ri Qhovhq*v rshq txhvwlrq lq Gdoo*Djolr/ Nrw} dqg Vdolqhwwl
^4<<4`1 Kh frqvlghuhg d idplo| ri frsxodv iF� +{> |,j lqgh{hg e| wkh sdudphwhu � +srvvleo| pxowlglphqvlrqdo,
vxfk wkdw F�3 @ FB dqg F� lv d frqwlqxrxv ixqfwlrq ri � dw �31 Gr zh dozd|v kdyh wkh uhodwlrqvkls

olp
��$�3

g(

g�
@

6

5
+438,

iru vxfk idplolhvB Zh fdq zhdnhq wkh txhvwlrq dqg wu| wr vhh zkhwkhu wkh deryh uhodwlrqvkls krogv iru idplolhv
ri frsxodv iru zklfk wkh frsxod F�3 vdwlv�hv ( @ � @ 31 Iru wklv sxusrvh/ ohw xv frqvlghu wkh frsxod

F +{> |, @ 6��+{,A��+|, +439,

zkhuh � lv wkh grxeo| vwrfkdvwlf pdwul{ +<;, dqg � lv wkh 6 glphqvlrqdo yhfwru � @ +�l,4�l�6 zlwk

�l +{, @

] {

3

"l +x, gx +43:,

Lq idfw zh kdyh xvhg d fkhfnhuerdug phwkrg iru q @ 61 Diwhu frpsxwdwlrq/ zh rewdlq wkh iroorzlqj ydoxhv iru
wkh Vshdupdq*v ukr dqg wkh Nhqgdoo*v wdx

( @
7

<
+5� �� � � 6� � 7� � 6%,

� @
5

<

�
6� 9� . � +�8 . � . �,� 8%. % +� . �, . %5 . � +�5 . � . � . %, . � +�5 . � . � . � . %,

�
+43;,

Zh fdq hdvlo| vhh wkdw ( 9@ 6
5� 1 Zh zloo frqvlghu ihz vshfldo fdvhv1 Iluvw/ ohw xv frqvlghu wkh fdvh � @ � @ � @

% @ 31 Zh wkhq jhw d rqh sdudphwhu idplo| ri frsxod1 Lq wklv fdvh zh kdyh +3 � � � 4,

( @
;

<
� 49

<
�

� @
5

6
� 7

6
� +43<,
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Wkh udqjh ri ghshqghqfh iru wklv idplo| lv ( 5 ��;
< >

;
<

�
dqg � 5 ��5

6 >
5
6

�
1 Zh dovr kdyh wkh uhodwlrqvkls

( @
7

6
� +443,

Pruhryhu/ iru � @ 4
5 / zh kdyh ( @ � @ 3/ exw wkh fruuhvsrqglqj frsxod lv qrw wkh surgxfw frsxod1 Vr zh kdyh

rewdlqhg d idplo| ri frsxod F� +{> |, zklfk lv d frqwlqxrxv ixqfwlrq ri � rq ^3> 4`/ zklfk vdwlv�hv ( @ � @ 3 iru
� @ 4

5 / dqg zklfk grhv qrw vdwlvi| wkh uhodwlrqvkls olp��$ 4

5

g(
g� @ 6

5 1

Ohw*v wdnh rwkhu vshfl�fdwlrqv ri wkh sdudphwhuv1 Iru h{dpsoh/ ohw xv frqvlghu wkh fdvh � @ � @ � @ � @ 31
Zh wkhq jhw d rqh sdudphwhu idplo| iru zklfk +3 � % � 4,

( @
;

<
� 7

6
%

� @
5

6
� 43

<
%.

5

<
%5 +444,

Iru % @ 5
6 / ( @ 3 dqg � @ 53

;4 1 Li qrz zh wdnh � @ � @ % @ � @ 3/ zh kdyh d idplo| zlwk sdudphwhu � dqg iru
zklfk zh kdyh +3 � � � 4,

( @
;

<
� 7

6
�

� @
5

6
� 43

<
� +445,

Iru � @ 5
6 / zh kdyh ( @ 3 dqg � @ � 5

5: 1 Iru � @ 6
8 � @ 3/ dqg ( @ 7

78 1

Lq wkh �jxuh :/ zh kdyh uhsuhvhqwhg wkh � �( uhodwlrq iru gl�huhqw idplolhv zlwk rqo| rqh ru wzr sdudphwhuv1

: Xvlqj sduwlwlrqv ri xqlw| wr frqvwuxfw qhz Pdunry vxe0dojheudv

Ohw*v uhfdoo wkh gh�qlwlrq ri d sduwlwlrq ri xqlw|=

Gh�qlwlrq 5:
�
!4>=== >!q

� 5 O4 +^3> 4`, lv fdoohg d sduwlwlrq ri xqlw| li lw vdwl�hv wkh iroorzlqj vwdwhphqwv

41 !l +{, � 3>

51
] 4

3

!l +{, g{ @ 4
q
>

61
[q

l@4
!l +{, @ 4 iru doo { 5 ^3> 4`1

Wkh iroorzlqj ohppd lv wkh uhvxow zklfk jlyhv wkh lqwxlwlrq ri wkh pdlq uhvxow ri wklv vhfwlrq1

Ohppd 5; Ohw
�
!4>=== >!q

�
eh d sduwlwlrq ri xqlw| dqg ohw � eh d grxeo| vwrfkdvwlf pdwul{1 Wkhq

# @

5
97

#4
111
#q

6
:8 @ �

5
97

!4
111
!q

6
:8 +446,

lv dqrwkhu sduwlwlrq ri xqlw|1
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Iljxuh := � � ( gldjudp iru gl�huhqw idplolhv

Surri1 Ohw xv ghqrwh � @ +�l>m,4�l>m�q1 Zh wkhq kdyh iru doo l 5 i4> = = = > qj

#l +{, @
q[

m@4

�l>m!m +{, +447,

Lw lv hdv| wr fkhfn wkdw
�
#4>=== >#q

� 5 O4 +^3> 4`,1 Pruhryhu/ zh kdyh #l +{, � 3 dqg] 4

3

#l +{, g{ @
q[

m@4

�l>m

] 4

3

!l +{, g{

@
q[

m@4

�l>m � 4

q

@
4

q
+448,

ehfdxvh � lv d grxeo| vwrfkdvwlf pdwul{1 Zh qrwh dovr wkdw
q[

l@4

#l +{, @
q[

l@4

q[
m@4

�l>m!m +{,

@
q[

m@4

!m +{,

#
q[
l@4

�l>m

$

@
q[

m@4

!m +{,

@ 4 +449,
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Wklv frpsohwhv wkh surri1

Wklv uhvxow jlyhv xv wkh lghd wkdw li
�
!4>=== >!q

�
dqg i#4> = = = > #qj duh wzr sduwlwlrqv ri xqlw|/ wkhq wkh wzr

sodfh ixqfwlrq gh�qhg e|

q� �
�4 +{, � � � �q +{,

�597
�4 +|,

111
�q +|,

6
:8 +44:,

lv d frsxod/ zkhuh �l +{, @

] {

3

!l +x, gx dqg �l +{, @

] {

3

#l +x, gx1 Lq idfw/ wklv uhvxow lv dozd|v wuxh1

Sursrvlwlrq 5< Li
�
!4>=== >!q

�
dqg i#4> = = = > #qj duh wzr sduwlwlrqv ri xqlw|/ wkhq

F +{> |, @ q� �
�4 +{, � � � �q +{,

�597
�4 +|,

111
�q +|,

6
:8 @ q

q[
l@4

�l +{,�l +|, +44;,

lv d frsxod/ zkhuh �l +{, @

] {

3

!l +x, gx dqg �l +{, @

] {

3

#l +x, gx1

Surri1 Iluvw zh kdyh wr qrwlfh wkdw �l +4, @ �l +4, @ 4
q
/ �l +3, @ �l +3, @ 3 dqg

Sq
l@4�l +{, @Sq

l@4�l +{, @ {1 Wkh erxqghulqj frqglwlrqv duh vdwlv�hg=

F +{> 3, @ 3

F +3> |, @ 3

F +{> 4, @ q
q[
l@4

�l +{,�l +4, @
q[
l@4

�l +{, @ {

F +4> |, @ q
q[
l@4

�l +4,�l +|, @
q[

l@4

�l +|, @ | +44<,

Pruhryhu/ wkh phdvxuh lqgxfhg e| F kdv wkh iroorzlqj ghqvlw|

C5

C{C|
F +{> |, @ q

q[
l@4

!l +{,#l +|, � 3 +453,

dqg wklv frpsohwhv wkh surri1

Ohw*v ghqrwh e| &q wkh vhw

&q @
�
q��A�

�
@

+
q�

q[
l@4

�l +{,�l +|,

,
+454,

zlwk
�
!4>=== >!q

�
dqg i#4> = = = > #qj wzr sduwlwlrqv ri xqlw| dqg �l +{, @

] {

3

!l +x, gx dqg �l +{, @

] {

3

#l +x, gx1

&q lv d frpsdfw vxevhw ri frsxodv ixqfwlrqv1 Zh vkdoo vhh wkdw &q lv vwdeoh zlwk uhvshfw wr wkh �0surgxfw
lqwurgxfhg e| Gduvrz/ Qjx|hq dqg Rovhq ^4<<5`1 Wkh| frqvlghu wkh iroorzlqj surgxfw ri frsxodv

+D �E, +{> |, @

] 4

3

CD

C|
+{> v,

CE

C{
+v> |, gv +455,
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Wkh| vkrz wkdw iru dq| frsxodv D dqg E/ D�E lv vwloo d frsxod1 Qrz ohw xv h{dplqh wkh h�hfw ri wkh �0surgxfw
rq wkh vxevhw &q1 Zh wdnh D +{> |, @ qIA +{,J +|, dqg E +{> |, @ qKA +{,N +|,1 Wkhq zh kdyh

+D �E, +{> |, @ q5 �
] 4

3

IA +{, j +v,kA +v,N +|, gv +456,

zkhuh j +v, @ g
gvJ +v, dqg k +v, @ g

gvK +v,1 Wkxv/ lw frphv wkdw

+D �E, +{> |, @ q5 � IA +{,

�] 4

3

j +v,kA +v, gv

�
N +|,

@ q� IA +{,

�
q�

] 4

3

j +v,kA +v, gv

�
N +|, +457,

Zh fdq vkrz wkdw q� U 4

3 j +v,kA +v, gv lv d grxeo| vwrfkdvwlf pdwul{1 Lqghhg/ zh kdyh�
q�

] 4

3

j +v,kA +v, gv

�
@

�
q�

] 4

3

jl +v,km +v, gv

�
4�l>m�q

@ � @ ^�l>m `
4�l>m�q

+458,

li zh ghqrwh wkh wzr yhfwruv j +v, dqg k +v, e| j +v, @

5
97

j4 +v,
111

jq +v,

6
:8 dqg k +v, @

5
97

k4 +v,
111

kq +v,

6
:81 E| gh�qlwlrq/ j +v,

dqg k +v, duh wzr sduwlwlrqv ri xqlw|1 Pruhryhu/ zh kdyh
q[

m@4

�l>m @ q�
q[

m@4

] 4

3

jl +v,km +v, gv @ q�
] 4

3

jl +v,
q[

m@4

km +v, gv @ q�
] 4

3

jl +v, gv @ 4

q[
l@4

�l>m @ q�
q[
l@4

] 4

3

jl +v,km +v, gv @ q�
] 4

3

km +v,
q[
l@4

jl +v, gv @ q�
] 4

3

km +v, gv @ 4

+459,

Vr � @ q� U 4

3 j +v,k
A +v, gv lv d grxeo| vwrfkdvwlf pdwul{1 Qrwh wkdw

+D �E, +{> |, @ q� IA +{,

�
q�

] 4

3

j +v,kA +v, gv

�
N +|,

@ q� IA +{,�N +|, +45:,

E| dsso|lqj wkh ohppd 5;/ wkh sursrvlwlrq 5< dqg e| qrwlqj O +|, @ �N +|,/ wkhq zh ghgxfh wkdw q �
IA +{,O +|, lv d frsxod1 Vr +D �E, lv vwloo dq hohphqw ri &q1 Wkxv &q lv vwdeoh e| wkh �0surgxfw1 Vr &q lv d
Pdunry vxe0dojheud ri wkh dojheud ri doo frsxodv zlwk uhvshfw wr wkh �0surgxfw1

; Frqfoxvlrq

Lq wklv sdshu/ zh kdyh lqyhvwljdwhg wkh sureohp ri frsxodv dssur{lpdwlrq1 Zh kdyh vkrzq lq sduwlfxodu wkdw
frqfrugdqfhv phdvxuhv ri wkh Ehuqvwhlq dqg wkh fkhfnhuerdug frsxodv frqyhujh wr wkh wuxh rqh1 Krzhyhu/ wkhvh
dssur{lpdwlrqv gr qrw suhvhuyh wkh xsshu wdlo ghshqghqfh1

Wkhvh wzr dssur{lpdwlrqv duh d vshfldo fdvh ri sduwlwlrq ri xqlw|1 Lq wkh vhfrqg sduw ri wkh sdshu/ zh kdyh
vwxglhg wkh dvvrfldwhg idplolhv1 Pruhryhu/ zh kdyh vkrzq wkdw wkh vhw ri frsxodv lqgxfhg e| sduwlwlrq ri xqlw|
lv d Pdunry vxe0dojheud zlwk uhvshfw wr wkh �0surgxfw ri Gduvrz/ Qjx|hq dqg Rovhq ^4<<5`1 Lq d frplqj
sdshu/ zh vwxg| wklv vxe0dojheud lq d pruh ghwdlohg zd| +lq sduwlfxodu/ zh kdyh lqyhvwljdwhg wkh fkdudfwhul}dwlrq
ri vrph vshfldo hohphqwv vxfk dv wkh lghpsrwhqw hohphqwv/ wkh lqyhuwleoh hohphqwv/ dqg vr rq, dqg vkrz krz
sduwlwlrqv ri xqlw| frxog eh xvhg wr frqvwuxfw dssursuldwh Pdunry surfhvvhv1
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