
D vlpsoh wudqirupdwlrq ri frsxodv

Y1 Gxuuohpdq/ D1 Qlnhjkedol ) W1 UrqfdoolW

Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh
Fuìglw O|rqqdlv

Iudqfh

Mxo| 64/ 5333

Devwudfw

Zh vwxg| krz frsxodv surshuwlhv duh prgl�hg diwhu vrph vxlwdeoh wudqvirupdwlrqv1 Lq sduwlfxodu/ zh
vkrz wkdw xvlqj dssursuldwh wudqvirupdwlrqv shuplwv wr �w wkh ghshqghqfh vwuxfwxuh lq d ehwwhu zd|1

4 Lqwurgxfwlrq
Frsxodv lv rqh ri wkh prvw surplvlqj wrro iru �qdqfldo prghoolqj1 Erx|ì/ Gxuuohpdq/ Qlnhjkedol/ Ul0
erxohw dqg Urqfdool ^5333` uhylhz gl�huhqw �qdqfldo sureohpv dqg vkrz krz frsxodv frxog khos wr vroyh
wkhp1 Iru h{dpsoh/ wkh| xvhg frsxodv iru rshudwlrqdo ulvn phdvxuhphqw dqg wkh vwxg| ri pxowlglphqvlrqdo
vwuhvv vfhqdulrv1 Rqh ri wkh gl!fxow| lv lq jhqhudo wkh fkrlfh ri wkh frsxod1 Gxuuohpdq/ Qlnhjkedol dqg
Urqfdool ^5333` suhvhqw vrph surfhgxuhv wr �qg wkh crswlpdo* frsxod lq d jlyhq fodvv F1 Wkh| duh gl�huhqw
phwkrgv wr frqvwuxfw wkh frsxod ixqfwlrq +vhh wkh fkdswhu 6 ri Qhovhq ^4<<;`,1 Wkh prvw idprxv frqvwuxfwlrq
lv edvhg rq wkh iroorzlqj frpsrvlwlrq

F +x> y, @ *�4 +* +x, . * +y,, +4,

zlwk * d F5 ixqfwlrq dqg * +4, @ 3/ *3 +{, ? 3 dqg *33 +{, A 3 iru doo 3 � { � 41 Vxfk frsxodv duh fdoohg
Dufklphghdq frsxodv +Jhqhvw dqg PdfNd| ^4<;9`,1 Wkh| sod| dq lpsruwdqw uroh/ ehfdxvh wkh| duh yhu|
cwudfwdeoh*1 Plnxvl�qvnl dqg Wd|oru ^5333` h{whqg wklv frqvwuxfwlrq wr frsxodv zlwk wkh irup F +x> y, @
*�4 +* +x,� * +y,, zkhuh � ghqrwhv d frqwlqxrxv dvvrfldwlyh rshudwlrq1 Wkh frqvwuxfwlrq ri qhz idplolhv ri
frsxodv lv dq lpsruwdqw �hog ri uhvhdufk1

Wkh dlp ri wklv duwlfoh lv wr lqwurgxfh d vlpsoh wudqvirupdwlrq ri frsxodv zklfk shuplwv wr jhqhudwh qhz
idplolhv � wklv wudqvirupdwlrq kdv ehhq suhylrxvo| suhvhqwhg e| Fkulvwldq Jhqhvw lq wkh frqihuhqfh
�Glvwulexwlrqv zlwk Jlyhq Pdujlqdov dqg Vwdwlvwlfdo Prghoolqj� +Edufhorqd/ Mxo| 4:053/ 5333,1
Lq d �uvw vhfwlrq/ zh �qg qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh wudqviruphg frsxod ehlqj d frsxod wrr1 Lq
wkh vhfrqg vhfwlrq/ zh h{soruh wkh h�hfw ri wkh wudqvirupdwlrq rq wkh ghshqghqfh vwuxfwxuh1 Dqg lq wkh odvw
vhfwlrq/ zh vkrz krz wkh wudqvirupdwlrq surfhgxuh frxog eh xvhg wr �w wkh hpslulfdo ghshqghqfh vwuxfwxuh lq
d ehwwhu zd|1

WFruuhvsrqglqj dxwkru= Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ Ehuf|0H{sr � Lpphxeoh Ehuf| Vxg � 7
i ìwdjh/ <3 txdl gh Ehuf|
� :8946 Sdulv Fhgh{ 45 � Iudqfh> H0pdlo dguhvv= wklhuu|1urqfdoolCfuhglwo|rqqdlv1iu
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5 Krz wr jhqhudwh qhz idplolhv ri frsxodvB

Lq wklv vhfwlrq/ zh olplw rxuvhoyhv wr wkh fdvh ri 50glphqvlrqdo frsxodv1 Ohw F eh d frsxod1 Jlyhq d elmhfwlrq
� = ^3> 4` $ ^3> 4`/ zh fdq qrz gh�qh F� rq ^3> 4`5 e|

F� +{> |, @ ��4 +F +� +{, > � +|,,, +5,

Zh fdq �qg qhfhvvdu| dqg vx!flhqw frqglwlrqv iru F� +x> y, ehlqj d frsxod e| lqwurgxflqj vwurqjhu frqglwlrqv
iru �1

Wkhruhp 4 +Vwurqj frqglwlrqv, Dvvxph wkdw � eh d frqfdyh F4�gl�hrprusklvp iurp `3> 4^ rqwr `3> 4^/ wzlfh
ghulydeoh dqg frqwlqrxv iurp ^3> 4` rqwr ^3> 4` vxfk wkdw � +3, @ 3 dqg � +4, @ 4/ wkhq F� lv d frsxod1

Wkhruhp 5 +Zhdn frqglwlrqv, Dvvxph wkdw � eh d F4�gl�hrprusklvp iurp `3> 4^ rqwr `3> 4^/ wzlfh ghulydeoh
rq `3> 4^ dqg frqwlqrxv iurp ^3> 4` rqwr ^3> 4` vxfk wkdw � +3, @ 3 dqg � +4, @ 4/ wkhq F� lv d frsxod li dqg rqo|
li

C5F

C{C|
+x> y, � �33

�
��4 +F +x> y,,

�
^�3 +��4 +F +x> y,,,`5

CF

C{
+x> y,

CF

C|
+x> y, +6,

iru hyhu| +x> y, zkhuh wkh ghulydwlyhv ri F h{lvw1

Surri1 Lw lv vx!flhqw wr suryh wkh vhfrqg uhvxow ehfdxvh lq wkh fdvh zkhuh � lv frqfdyh/ zh wulyldoo| kdyh

�33
�
��4 +F +x> y,,

�
^�3 +��4 +F +x> y,,,`5

CF

C{
+x> y,

CF

C|
+x> y, � 3 +7,

dqg wkhuhiruh wkh frqglwlrq lv pdwfk dv vrrq dv F lv d frsxod1 Lq rughu wr suryh wkh vhfrqg wkhruhp/ dvvxph
wkdw F� lv d frsxod1 E| gh�qlwlrq/ zh kdyh

� +F� +{> |,, @ F +� +{, > � +|,, +8,

dqg e| grlqj +{> |, @ +3> 3, dqg +{> |, @ +4> 4,/ zh rewdlq wkh qhfhvvdu| frqglwlrq wkdw � +3, @ 3 dqg � +4, @ 41
Wkh frqwlqxlw| ri � dqg wkh dvvxpswlrq wkdw � eh d F4�gl�ìrprusklvp lpso| wkdw �3 A 31 Dw hyhu| +x> y,
zkhuh wkh ghulydwlyhv ri F h{lvw/ zh frpsxwh wkh furvv0ghulydwlyh ri F�

C5F�

C{C|
+x> y, @

�3 +x,�3 +y,

�3 +��4 +F +� +x, > � +y,,,,
�%

C5F

C{C|
+� +x, > � +y,,� �33

�
��4 +F +� +x, > � +y,,,

�
^�3 +��4 +F +� +x, > � +y,,,,`5

CF

C{
+� +x, > � +y,,

CF

C|
+� +x, > � +y,,

&

+9,

Wkh frqglwlrq lv wkhq qhfhvvdu|1 Rq wkh rwkhu kdqg/ e| lqwhjudwlqj wkh furvv0ghulydwlyh ehwzhhq 3 ? {4 � {5 ? 4
dqg 3 ? |4 � |5 ? 4/ zh jhw

F� +{5> |5,�F� +{4> |5,�F� +{5> |4, .F� +{4> |4, � 3 +:,

Vlqfh � +3, @ 3 dqg � +4, @ 4/ zh rewdlq

F� +{> 3, @ 3

F� +{> 4, @ {

F� +3> |, @ 3

F� +4> |, @ | +;,

wklv vkrzv xv wkdw lqhtxdolw| +:, krogv iru hyhu| 3 � {4 � {5 � 4 dqg 3 � |4 � |5 � 4/ dqg wklv frpsohwhv wkh
surri1
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Uhpdun 6 Frqglwlrqv rq � vhhp yhu| frpsolfdwhg exw wkh| hqgrz xv/ dv zh vkdoo vhh lq wkh vhtxho/ zlwk d odujh
idplo| ri ihdvleoh ixqfwlrqv � vxfk dv { :$ q

s
{ ru { :$ vlq

�
�
5{

�
1 Pruhryhu/ zh frxog ghgxfh qhz ixqfwlrqv iurp

h{lvwlqj rqhv/ ehfdxvh � +{, @ +�4 � �5, +{, dqg � +{, @ 4 � ��44 +4� {, yhuli| wkh dvvxpswlrqv ri wkh wkhruhp
+4,1

Uhpdun 7 Wkdqnv wr wkh h{suhvvlrq +9,/ zh ghgxfh wkdw wkh ghqvlw| ixqfwlrq f� +x> y, dvvrfldwhg wr wkh frsxod
F� lv

f� +x> y, @
�3 +x,�3 +y,

�3 +F� +x> y,,

%
f +� +x, > � +y,,� �33 +F� +x> y,,

^�3 +F� +x> y,,`
5

CF

C{
+� +x, > � +y,,

CF

C|
+� +x, > � +y,,

&
+<,

zkhuh f +x> y, lv wkh ghqvlw| ri F1 Qrwh dovr wkdw wkh frqglwlrqdo glvwulexwlrqv kdyh wkh iroorzlqj irup

Su iY � y m X @ xj @
�3 +x,

�3 +��4 +F +� +x, > � +y,,,,

CF

C{
+� +x, > � +y,, +43,

Vlpxodwlrq ri yduldwhv zlwk glvwulexwlrq F� lv wkhq vwudljkwiruzdug wkdqnv wr d qxphulfdo urrw �qglqj surfhgxuh1

H{dpsoh 8 +Iudqn frsxod, Wkh Iudqn frsxod kdv wkh iroorzlqj irup

F +x> y, @ ���4 oq

�
4

4� h��
��
4� h��

�� �
4� h��x

� �
4� h��y

���

Dvvxph wkdw � +{, @ {
4

� zlwk � � 41 � yhul�hv wkh wkhruhp +4, dqg lw frphv wkdw F� +x> y, lv d frsxod1 Wkh
fruuhvsrqglqj ghqvlw| ixqfwlrq lv wkhq

f� +x> y, @
�x�yF� +x> y, h��+�x.�y,

�xy
�
�F� +x> y,

�5
#

4

+4� h��, h{s
����F� +x> y,

�
$5

�
�
�
�
4� h��

�
�F� +x> y,� +4� �,

�
4� h���y

� �
4� h���x

��
+44,

zlwk

F� +x> y, @

�
���4 oq

�
4

4� h��
��
4� h��

�� �
4� h���x

� �
4� h���y

�����

+45,

zkhuh �x @ x
4

� / �y @ y
4

� dqg �F� +x> y, @ F� +x> y,
4

� 1 Lq wkh �jxuh 4/ zh kdyh uhsuhvhqwhg wkh ghqvlw| frqwrxuv
ri gl�huhqw pxowlyduldwh glvwulexwlrqv jhqhudwhg e| wkh Iudqn Frsxod1 Zh kdyh vhw � htxdo wr 81:696 +wkh
fruuhvsrqglqj Nhqgdoo*v wdx lv wkhq htxdo wr 318,1 Zkhq wkh pdujlqv duh xqlirup +ohiw dqg wrs txdgudqw,/ zh
rewdlq gluhfwo| wkh ghqvlw| ri wkh frsxod1 Lq wkh rwkhu txdgudqw/ wkh pdujlqv duh jdxvvldq/ Vwxghqw ru ��vwdeoh
glvwulexwlrqv1 Zh kdyh uhsruwhg wkh frqwrxu sorwv ri wkh wudqviruphg frsxod lq wkh �jxuh 5 dqg 6 lq wkh fdvhv
� @ 6 dqg � @ :1 Zh uhpdun fohduo| wkdw wklv wudqvirup ixqfwlrq kdv dq lpsruwdqw lpsdfw rq wkh ghshqghqfh
vwuxfwxuh1 Qrwh pruhryhu wkdw wkh wudqviruphg frsxod ehorqjv wkhq wr d wzr0sdudphwhu idplo|1 Lq wkh dsshqgl{/
zh suhvhqw dqrwkhu wudqvirup ixqfwlrqv dqg looxvwudwh judsklfdoo| wkh lpsdfw rq wkh ghshqghqfh vwuxfwxuh1

Zh lqwurgxfh qrz wkh qrwdwlrqv J dqg JB zklfk uhsuhvhqw wkh vhwv ri wkh ixqfwlrqv � wkdw yhuli| uhvshfwlyhoh|
wkh k|srwkhvlv ri wkh wkhruhp +4, dqg +5,1 Ehiruh vwxg|lqj wkh lpsdfw rq wkh ghshqghqfh phdvxuhv/ zh fdq wu|
wr nqrz pruh joredoo| derxw wklv wudqvirupdwlrq1 Wklv vhhpv wr eh d gl!fxow lvvxh1 Zh duh rqo| deoh wr vwdwh
wkh iroorzlqj uhpdunv1
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Iljxuh 4= Frqwrxuv ri ghqvlw| iru Iudqn frsxod

Iljxuh 5= Frqwrxuv ri ghqvlw| iru wkh wudqvirphg Iudqn frsxod zlwk � @ 6
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Iljxuh 6= Frqwrxuv ri ghqvlw| iru wkh wudqvirphg Iudqn frsxod zlwk � @ :

Wkhruhp 9 � 5 J exw zh dovr dvvxph wkdw � lv d F5 +^3> 4` > ^3> 4`, ixqfwlrq wkhq F lv dq Dufklphghdq frsxod
li dqg rqo| li F� lv dq Dufklphghdq frsxod1

Surri1 Vxssrvh F lv dq Dufklphghdq frsxod/ wkhq F +x> y, @ *�4 +* +x, . * +y,, iru d jlyhq *1 Zh kdyh

F� +x> y, @ +* � �,�4 ++* � �, +x, . +* � �, +y,, +46,

Ehfdxvh � 5 J/ * � � kdv wkh vdph surshuwlhv dv * +* lv d F5 ixqfwlrq zlwk * +4, @ 3/ *3 +{, ? 3 dqg *33 +{, A 3
iru doo 3 � { � 4,1 Lw frphv wkdw * � � lv wkh Dufklphghdq jhqhudwru ri F�1 Rq wkh rwkhu kdqg vxssrvh wkdw
F� lv dq Dufklphghdq frsxod/ wkhq iru doo +x> y, 5 ^3> 4`/

��4 +F +� +x, > � +y,,, @ *�4 +* +x, . * +y,, +47,

Ehfdxvh � lv d elmhfwlrq iru doo +x> y, 5 ^3> 4`/ lw frphv wkdw

F +x> y, @
�
* � ��4

��4 ��
* � ��4

�
+x, .

�
* � ��4

�
+y,

�
+48,

dqg F lv dq Dufklphghdq frsxod zlwk wkh jhqhudwru * � ��41

Fruroodu| : Dq| Dufklphghdq frsxod F +x> y, @ *�4 +* +x, . * +y,, fdq eh uhzulwwhq dv d wudqviruphg frsxod
ri wkh lqghshqgdqw frsxod FB zlwk � @ h{s � ��*�4

�
1

Fruroodu| ; Ohw F eh d frsxod1 Gh�qh F +F, @
�
F� m � 5 J dqg � lv d F5 +^3> 4` > ^3> 4`, ixqfwlrq

�
1 Li F lv dq

Dufklphghdq frsxod/ wkhq F +F, lv wkh vhw ri doo Dufklphghdq frsxodv1

Ohppd < Ohw F. eh wkh xsshu Iuìfkhw Erxqg1 Wkhq/ F +F., @ iF.j1
Surri1 Wklv uhvxow lv reylrxv ehfdxvh ri wkh prqrwrqlflw| ri � � plq+�+x,> �+y,, @ �+plq+x> y,,1
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6 Ghshqghqfh surshuwlhv ri wkh wudqviruphg frsxod

Zh duh qrz lqwhuhvwhg lq nqrzlqj pruh derxw wkh wudqiruphg frsxod1 Ohw xv orrn �uvw dw wkh Nhqgdoo*v wdx ri
wkh wudqviruphg frsxod1

Wkhruhp 43 � 5 J dqg dvvxph wkdw CF
C{

CF
C|

lv lqwhjudeoh dqg wkdw iru doo { 5 ^3> 4`/ 3 ? � � �3 +{, � � ? .4/
wkhq zh kdyh

4 .
� � 4

�5
� �� � 4 .

� � 4

�5
+49,

Surri1 Zh xvh wkh iroorzlqj gh�qlwlrq ri Nhqgdoo*v wdx

� @ 7

] ]
^3>4`5

F+x> y,
C5F

C{C|
+x> y, gxgy � 4 +4:,

Wkdqnv wr wkh Juhhq*v irupxod wr rewdlq dqrwkhu wudfwdeoh h{suhvvlrq iru �

� @ 7

#]
C^3>4`5

F+x> y,
CF

C{
+x> y, g� �

] ]
^3>4`5

CF

C{
+x> y,

CF

C|
+x> y, gxgy

$
� 4 +4;,

dqg wkh �uvw whup fdq eh hydoxdwhg +vhh Qhovhq ^4<<;`,

� @ 4� 7

] ]
^3>4`5

CF

C{
+x> y,

CF

C|
+x> y, gxgy +4<,

Zlwk wklv h{suhvvlrq zh fdq hdvlo| ghulyh dq h{suhvvlrq iru �� e| wkh wkh fkdqjh ri yduldeoh irupxod

�� @ 4� 7

] ]
^3>4`5

CF
C{

+x> y, CF
C|

+x> y,

^�3 +��4 +F +x> y,,,`5
gxgy +53,

Xqghu wkh dvvxpswlrqv rq �/ zh kdyh wkh iroorzlqj lqhtxdolwlhv iru doo { 5 ^3> 4`/

4

�
� 4

�3 +��4 +{,,
� 4

�
+54,

{

�
� ��4 +{, � {

�
+55,

dqg wkh uhvxow lv wkhq hdvlo| ghulyhg1

Wkhruhp 44 � 5 J dqg dvvxph wkdw iru doo { 5 ^3> 4`/ 3 ? � � �3 +{, � � ? .4/ wkhq zh kdyh

�. 6

�6 � 6 � �� � �. 6

�6
� 6 +56,

Surri1 Zh xvh wkh iroorzlqj gh�qlwlrq ri Vshdupdq*v ukr

� @ 45

] ]
^3>4`5

F +x> y, gxgy � 6 +57,

Zlwk wklv h{suhvvlrq zh fdq hdvlo| ghulyh dq h{suhvvlrq iru �� e| wkh fkdqjh ri yduldeoh irupxod

�� @ 45

] ]
^3>4`5

��4 +F +x> y,,

�3 +��4 +x,, �3 +��4 +y,,
gxgy � 6 +58,
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Xvlqj wkh lqhtxdolwlhv +54, dqg +55,/ zh rewdlq

4

�6 +�. 6, � �� . 6 � 4

�6
+�. 6, +59,

dqg wklv frpsohwhv wkh surri1

Rqh lqwhuhvwlqj ihdwxuh ri rxu wudqvirupdwlrq lv wkdw lw grhv qrw fkdqjh wkh wdlo ghshqghqfhv ri wkh lqlwldo
frsxod F1 Vr/ zh fdq frqfhqwudwh xsrq prgli|lqj wkh Nhqgdoo*v wdx ru wkh Vshdupdq*v ukr zlwkrxw fkdqjlqj
wkh wdlo ghshqghqfhv1 Ohw*v �uvw uhfdoo wkh gh�qlwlrq ri wkh xsshu wdlo ghshqghqfh phdvxuh +Mrh ^4<<:`,1 Ohw
F1eh d frsxod dqg � +F, eh gh�qhg dv

� +F, @ olp
x$4�

�F +x> x,

4� x

@ � olp
x$4�

g

gx
�F +x> x, +5:,

zkhuh �F +x> y, @ 4 � x � y .F +x> y,1 � +F, lv fdoohg wkh xsshu wdlo ghshqghqfh phdvxuh ri F dqg F lv vdlg
wr kdyh xsshu wdlo ghshqghqfh li � +F, h{lvwv dqg lv vwulfwo| juhdwhu wkdq }hur/ wklv wr vd| � +F, 5 `3> 4`1 Li
� +F, @ 3/ zh vd| wkdw F kdv qr xsshu wdlo ghshqghqfh1 Ohw*v ghqrwh � +F�, wkh xsshu wdlo ghshqghqfh ri wkh
wudqviruphg frsxod F� +{> |, @ ��4 +F +� +{, > � +|,,,1 Zh kdyh wkh iroorzlqj lqwhuhvwlqj uhvxow4 =

Wkhruhp 45 Li wkh olplw � +F, h{lvwv/ wkhq zh kdyh

� +F�, @ � +F, +5;,

Surri1 Zh kdyh

� +F, @ 5� olp
x$4�

g

gx
F +x> x, +5<,

dqg

� +F�, @ 5� olp
x$4�

g

gx
F� +x> x,

Qrwh wkdw

g

gx
F +x> x, @

C

Cx
F +x> x, .

C

Cy
F +x> x, +63,

dqg

g

gx
F� +x> x, @

�3 +x,

�3 +��4 +F +x> x,,,

�
C

Cx
F +� +x, > � +x,, .

C

Cy
F +� +x, > � +x,,

�
+64,

Vr/ dv zh dvvxphg wkdw olpx$4�
g
gxF +x> x, h{lvwv dqg dv ��4 +4, @ � +4, @ 4/ zh kdyh e| wkh fodvvlfdo wkhruhp

ri olplw frpsrvlwlrq

olp
x$4�

g

gx
F� +x> x, @ olp

x$4�

g

gx
F +x> x, +65,

khqfh zh rewdlq wkh ghvluhg uhvxow1
4Zh dovr kdyh d vlplodu uhvxow iru wkh orzhu wdlo ghshqghqfh phdvxuh/ zklfk lv lqyduldqw xqghu wkh �0wudqvirupdwlrq ri wkh frsxod

�1

:



Wr looxvwudwh wkhvh surshuwlhv/ zh frqvlghu wkh wzr0glphqvlrqdo vwxghqw frsxod +Erx|ì/ Gxuuohpdq/
Qlnhjkedol/ Ulerxohw dqg Urqfdool ^5333`,1 Ohw xv ghqrwh � dqg � wkh sdudphwhuv1 Zh frxog wkhq vkrz
wkdw +Hpeuhfkwv/ PfQhlo dqg Vwudxpdqq ^4<<<`,

� +F, @ 5�w�.4

�s
� . 4

s
4� �s
4 . �

�
+66,

zkhuh �w lv wkh wdlo ri d xqlyduldwh vwxghqw glvwulexwlrq1 Zh kdyh uhsuhvhqwhg lq wkh �jxuh 7 wkh fruuhvsrqglqj
xsshu wdlo ghshqghqfh dqg wkh ixqfwlrq � +x, @ Su iX4 A xmX5 A xj @ +4� x,�4 �F +x> x, iru wkh vwxghqw frsxod
zlwk � @ 3 dqg � @ 41 Iru wkh wudqviruphg vwxghqw frsxod/ zh kdyh wdnhq �4 +{, @

s
{/ �5 +{, @ 8

s
{ dqg

�6 +{, @ vlq
�
�
5{

�
1 Zh uhpdun h�hfwlyho| wkdw wkh olplwv duh wkh vdph +exw lwv frqyhujhqfh wr wklv olplw lv yhu|

gl�huhqw5,1

Iljxuh 7= Txdqwloh0ghshqghqw phdvxuh � +x,

7 Ilwwlqj wkh ghshqghqfh vwuxfwxuh zlwk wkh wudqviruphg frsxod

Lq rqh suhylrxv zrun +Gxuuohpdq/ Qlnhjkedol dqg Urqfdool ^5333`,/ zh frqvlghu wkh sureohp wr �qg wkh
crswlpdo* frsxod lq d jlyhq fodvv F1 Wkh lghd lv wkh iroorzlqj1 Ohw aF eh wkh hpslulfdo frsxod +Ghkhxyhov
^4<:<`,1 Ohw �F eh �qlwh vxevhw ri frsxodv + �F � F,/ wkhq zh duh lqwhuhvwhg lq nqrzlqj zklfk rqh ri wkh frsxodv
lq �F �wv ehvw wkh ghshqghqfh vwuxfwxuh ri gdwd lq wkh vhqvh ri d jlyhq glvwdqfh1 Wkh sureohp khuh lv gl�huhqw1
Vxssrvh wkdw zh kdyh irxqg d frsxodF zklfk frxog eh frqvlghuhg dv d jrrg fdqglgdwh wr pdwfk wkh ghshqghqfh
vwuxfwxuh ri wkh gdwd1 Krz wr �qg d wudqviruphg ixqfwlrq � vxfk wkdw zh frxog lpsuryh wkh dghtxdf| ri F� wr
wkh hpslulfdo frsxod aF1 Zh looxvwudwh wklv sureohp e| wzr h{dpsohv1

5Zh kdyh lqglfdwhg zlwk wkh grwwhg olqhv wkh txdqwloh0ghshqghqw phdvxuh iru wkh Iuìfkhw erxqgv1

;



714 Wkh � � � h{dpsoh

Qhovhq ^4<<;` suhvhqwv vrph uhodwlrqvklsv ehwzhhq wkh phdvxuhv � dqg (1 Wkh| frxog eh vxppdul}hg e| d
erxqglqj uhjlrq E +�> (, gh�qhg e|

+�> (, 5 E +�> (, +,
+

6��4
5 � ( � 4.5���5

5 � � 3
�5.5��4

5 � ( � 4.6�
5 � � 3

+67,

Zh kdyh uhsuhvhqwhg wklv uhjlrq lq wkh �jxuh 81 Pruhryhu/ Qhovhq ^4<<;` suhvhqwv vrph dujxphqwv wr vkrz
wkdw zh frxog wklqn wkdw wkh erxqgv frxog qrw eh lpsuryhg1 Krzhyhu/ zkhq zh frpsxwh wkh � � ( uhjlrq ri d
odujh qxpehu ri idplolhv/ lw dsshduv wkdw lw lv gl!fxow wr dwwdlq dq| srlqwv ri wkh erxqgdu| uhjlrq1 Iru h{dpsoh/
zh kdyh uhsruwhg lq wkh �jxuh wkh ��( uhjlrq ri wkh 43 frsxod idplolhv6 suhvhqwhg lq Mrh ^4<<:`1 Wkhvh idplolhv
duh wkh prvw srsxodu dqg wkh prvw xvhg lq frsxod prghoolqj1 Qhyhuwkhohvv/ zh uhpdun wkdw zh frxog qrw �qg
d frsxod zklfk ehorqjv wr wkhvh idplolhv vxfk wkdw � dqg ( fruuhvsrqgv wr wkh srlqwv D/ E/ F ru G1 Lq idfw/ wkh
dwwdlqdeoh uhjlrq lv yhu| wklq1

Iljxuh 8= Erxqglqj uhjlrq iru � dqg (

Wkh txhvwlrq lv qrz wkh iroorzlqj= frxog zh �qg d frsxod F� +x> y, vxfk wkdw zh dwwdlq wkhvh srlqwv1 Wkh

dqvzhu lv sduwldoo| |hv71 Iru h{dpsoh/ li zh xvh wkh jdxvvldq frsxod zlwk � +{, @ vlq
�
�
5{

4

�

�
dqg � 5 ^4>.4^/

wkh � � ( uhjlrq lv vkliwhg wr wkh ohiw dqg wr wkh wrs +vhh wkh �jxuh 9,1 Zh wkhq rewdlq vrph frsxodv wkdw yhuli|
� � 3 dqg ( A 31

6 h{fhsw wkh idplo| E<1
7 Lq idfw/ wkhuh h{lvw |hw frsxodv zklfk dwwdlq wkh erxqgdu| uhjlrqv1 Wkh| duh wkh vkx"hv ri Plq +Plnxvl�qvnl/ Vkhuzrrg dqg

Wd|oru ^4<<5`,1 Qhyhuwkhohvv/ wkhvh frsxodv duh yhu| vshfldo ehfdxvh wkh vxssruw frqvlvwv ri olqh vhjphqwv1 Pruhryhu/ wkh| duh qrw
sdudphwulf1

<



Iljxuh 9= � � ( uhjlrq ri wkh wudqviruphg Qrupdo frsxod

715 Wkh �% �� b h{dpsoh

Ohw a� dqg a� eh wkh hpslulfdo phdvxuhv dvvrfldwhg wr wkh gdwd1 Lpdjlqh wkdw zh zdqw wr �w erwk wkh Nhqgdoo*v wdx
dqg wkh xsshu wdlo ghshqghqfh1 Zh frxog gh�qh d �qlwh vxevhw ri frsxodv �F dqg �qg wkh frsxod zklfk pdwfkhv
wkh wzr revhuyhg phdvxuhv1 Krzhyhu/ wkdw uhtxluhv d orw ri frpsxwdwlrqv1 Dqrwkhu srvvlelolw| lv wr �qg d frsxod
F vxfk wkdw � @ a� dqg wkhq �qg wkh ixqfwlrq � 5 J vxfk wkdw zh �w wkh revhuyhg Nhqgdoo*v wdx1 Wklv wzr vwhsv
prghoolqj lv srvvleoh ehfdxvh wkh wudqvirupdwlrq suhvhuyhv wkh xsshu wdlo ghshqghqfh +� +F�, @ � +F,,1

Zh frqvlghu wkh h{dpsoh ri wkh Pduvkdoo0Ronlq frsxod/ zklfk lv gh�qhg lq wkh iroorzlqj zd|

F +x> y, @ x4��4y4��5 plq +x�4 > y�5, +68,

zlwk +�4> �5, 5 ^3> 4`51 Zh kdyh � @ �4�5 +�4 � �4�5 . �5,
�4/ ( @ 6�4�5 +5�4 � �4�5 . 5�5,

�4 dqg � @
plq +�4> �5, +Olqgvnrj ^5333`,1 Zh kdyh uhsuhvhqwhg lq wkh �jxuh : wkh fruuhvsrqglqj � � ( � � uhjlrq dqg
wkh wudqviruphg uhjlrq zlwk � +{, @ vlq

�
�
5{

�
1 Iru � � �3�

�
@ 4

6

�
dqg ( � (3�

�* 4
5

�
/ zh frxog qrz �qg d frsxod

zklfk jlyhv wkh vdph xsshu wdlo ghshqghqfh/ exw zlwk d vpdoohu � ru d eljjhu (1

8 Frqfoxvlrq

Lq wklv sdshu/ zh kdyh lqyhvwljdwhg d qhz dssurdfk wr frqvwuxfw frsxod idplolhv1 Wklv dssurdfk kdv dq lqwhuhvwlqj
surshuw|/ ehfdxvh lw fkdqjhv ghshqghqfh phdvxuhv olnh wkh Nhqgdoo*v wdx ru wkh Vshdupdq*v ukr/ zlwkrxw fkdqj0
lqj wkh xsshu +ru orzhu, wdlo ghshqghqfh1 Wklv �0wudqvirupdwlrq frxog wkhq eh xvhg lq d �2 (� � sureohpdwlf/
iru h{dpsoh lq �qdqfldo prghoolqj ri dvvhw uhwxuqv1
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Iljxuh := � � (� � uhjlrq ri wkh Pduvkdoo0Ronlq dqg wkh �0wudqviruphg frsxodv

Uhihuhqfhv

^4` Erx|ì/ H1/ Y1 Gxuuohpdq/ D1 Qlnhjkedol/ J1 Ulerxohw dqg W1 Urqfdool ^5333`/ Frsxodv iru �qdqfh
� D uhdglqj jxlgh dqg vrph dssolfdwlrqv/ Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ Fuìglw O|rqqdlv/ Zrunlqj
Sdshu

^5` Ghkhxyhov/ S1 ^4<:<`/ Od irqfwlrq gh gìshqgdqfh hpslultxh hw vhv sursulìwìv � Xq whvw qrq sdudpìwultxh
g*lqgìshqgdqfh/ Dfdgìplh Ur|doh gh Ehojltxh � Exoohwlq gh od Fodvvh ghv Vflhqfhv � 8h Vìulh/ 98/ 5:705<5

^6` Gxuuohpdq/ Y1/ D1 Qlnhjkedol/ dqg W1 Urqfdool ^5333`/ Zklfk frsxod lv wkh uljkw rqhB/ Jurxsh gh
Uhfkhufkh Rsìudwlrqqhooh/ Fuìglw O|rqqdlv/ Zrunlqj Sdshu

^7` Hpeuhfkwv/ S1/ PfQhlo/ D1M1 dqg G1 Vwudxpdqq ^4<<<`/ Fruuhodwlrq dqg ghshqghqf| lq ulvn pdqdjh0
phqw = surshuwlhv dqg slwidoov/ Ghsduwhphqw ri Pdwkhpdwln/ HWK]/ ] ulfk/ Zrunlqj Sdshu

^8` Jhqhvw/ F1/ N1Jkrxgl dqg O1S1 Ulyhvw ^4<<;`/ Glvfxvvlrq ri �Xqghuvwdqglqj uhodwlrqvklsv xvlqj frsxodv/
e| Hgzdug Iuhhv dqg Hploldqr Ydogh}�/ Qruwk Dphulfdq Dfwxduldo Mrxuqdo/ 6/ 476047<1

^9` Jhqhvw/ F1 dqg M1 PdfNd| ^4<;9`/ Wkh mr| ri frsxodv= Elyduldwh glvwulexwlrqv zlwk xqlirup pdujlqdov/
Dphulfdq Vwdwlvwlfldq/ 73/ 5;305;6

^:` Mrh/ K1 ^4<<:`/ Pxowlyduldwh Prghov dqg Ghshqghqfh Frqfhswv/ Prqrjudskv rq Vwdwlvwlfv dqg Dssolhg
Suredelolw|/ :6/ Fkdspdqq ) Kdoo/ Orqgrq

^;` Olqgvnrj/ I1 ^5333`/ Prghoolqj ghshqghqfh zlwk frsxodv dqg dssolfdwlrqv wr ulvn pdqdjhphqw/ UlvnOde
Uhvhdufk Sdshu

^<` Plnxvl�qvnl/ S1/ K1 Vkhuzrrg dqg P1G1 Wd|oru ^4<<5`/ Vkx"hv ri plq/ Vwrfkdvwlfd/ 46/ 940:7
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^43` Plnxvl�qvnl/ S1 dqgP1G1Wd|oru ^5333`/ D uhpdun rq dvvrfldwlyh frsxodv/ iruwkfrplqj lq Frpphqwdwlrqhv
Pdwkhpdwlfdh Xqlyhuvlwdwlv Fdurolqdh

^44` Qhovhq/ U1E1 ^4<<;`/ Dq Lqwurgxfwlrq wr Frsxodv/ Ohfwxuhv Qrwhv lq Vwdwlvwlfv/ 46</ Vsulqjhu Yhuodj/ Qhz
\run

Dsshqgl{ � Vrph vshfldo ixqfwlrqv � E%�

Zh suhvhqw qrz vrph ixqfwlrqv wkdw ehorqj wr J1 Wkhq/ zh vkrz judsklfdoo| krz wkhvh ixqfwlrqv wudqvirup wkh
uhsduwlwlrq ri wkh suredelolw| pdvvhv ri wkh frsxod1

Sdudphwhuv � E%� �3� E%�

4 q D � %
4

� %q

5 [ t�?
�
Z
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Z
@hUt�? E%�

6 [
e

Z
@hU|@? E%� |@?

�
Z
e
%
�

7 Eq�c q2� M U2
n

| E%� ' Eq� n q2�% Eq�%n q2�
3� q�% Eq� n q2 3 q�%�

8 s M u� Eofc �d� c s E%� D fc s � E%� $ f
�U

�

f
s E|� _|

�
3� U %

f
s E|� _| [

Qrwh wkdw zh frxog rewdlq rwkhu ixqfwlrqv e| frqyh{ frpelqdwlrq1 Iru h{dpsoh/ � 5 J zlwk � +{, @ +�7 � �4, +{, @
+�4 . �5,{

4

�6

�
�4{

4

�6 . �5

��4

1 Zh kdyh uhsruwhg lq wkh �jxuhv ;�47 wkh frqwrxu sorwv ri wkh wudqviruphg Iudqn

frsxod dqg wkh wudqviruphg glvwulexwlrq8 1 Zh xvh wkh �uvw h{dpsoh ri wkh vhfrqg vhfwlrq1 Zh uhpdun wkdw wkh
uhsduwlwlrq ri wkh pdvv suredelolw| fkdqjhv frqvhtxhqwo| wkdqnv wr wkh fkrlfh ri wkh ixqfwlrq �1 Zh frxog h{0
sodlq wkdw ehfdxvh wkh wudqvirupdwlrqv zloo lqwurgxfh vrph glvwruwlrqv1 Iru h{dpsoh/ wkh| zloo sxw pruh pdvvhv
rq wkh orzhu ru xsshu fruqhu1

Iljxuh ;= Frqwrxuv ri ghqvlw| iru wkh wudqvirphg Iudqn frsxod zlwk ( +{, @ vlq
�
�
5{

�
8Wkh sdudphwhuv q� dqg q2 duh vhw wr � dqg f�f2D lq �jxuh 46/ dqg f�D dqg � lq �jxuh 471
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Iljxuh <= Frqwrxuv ri ghqvlw| iru wkh wudqvirphg Iudqn frsxod zlwk vlq
�
�
5

8
s
{
�

Iljxuh 43= Frqwrxuv ri ghqvlw| iru wkh wudqvirphg Iudqn frsxod zlwk ;

t
7
�
dufwdq + 5

s
{,
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Iljxuh 44= Frqwrxuv ri ghqvlw| iru wkh wudqvirphg Iudqn frsxod zlwk ( +{, @ | +{, +�4 @ 4/ �5 @ 3=358,

Iljxuh 45= Frqwrxuv ri ghqvlw| iru wkh wudqvirphg Iudqn frsxod zlwk ( +{, @
s
| +

s
{, +�4 @ 4/ �5 @ 3=358,
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Iljxuh 46= Frqwrxuv ri ghqvlw| iru wkh wudqvirphg Iudqn frsxod zlwk ( +{, @ |
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Iljxuh 47= Frqwrxuv ri ghqvlw| iru wkh wudqvirphg Iudqn frsxod zlwk ( +{, @
t
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�
vlq
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