
D qrwh derxw wkh frqmhfwxuh derxw Vshdupdq*v ukr dqg Nhqgdoo*v
wdx

Y1 Gxuuohpdq
Rshudwlrqv Uhvhdufk dqg Ilqdqfldo Hqjlqhhulqj/ Sulqfhwrq Xqlyhuvlw|/ XVD

D1 Qlnhjkedol
Xqlyhuvlw| Sdulv YL/ Iudqfh

W1 UrqfdoolW

Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ Fuìglw O|rqqdlv/ Iudqfh

Rfwrehu 56/ 5333

Devwudfw

Lq wklv sdshu/ zh frqvlghu wkh rshq txhvwlrq rq Vshdupdq*v ukr dqg Nhqgdoo*v wdx ri Qhovhq ^4<<4`1
Xvlqj d whfkqlfdo k|srwkhvlv/ zh fdq dqvzhu lq wkh srvlwlyh1 Rqh txhvwlrq uhpdlq rshq= krz fdq zh
xqghuvwdqg wkh whfkqlfdo k|srwkhvlvB Ehfdxvh wklv k|srwkhvlv lv qrw uljkw lq jhqhudo/ zh frxog �qg vrph
sdwkrorjlfdo fdvhv zklfk frqwudglfwv wkh Qhovhq*v frqmhfwxuh1

4 Qhovhq*v frqmhfwxuh

Zh frqvlghu wkh rshq txhvwlrq ri Qhovhq ^4<<4`=

Lw lv zhoo0nqrzq wkdw zkhq vdpsolqj iurp d elyduldwh srsxodwlrq lq zklfk [ dqg \ duh lqghshqghqw
+ru qhduo| vr,/ wkh vdpsoh vwdwlvwlf fruuhvsrqglqj wr ( lv derxw 83( odujhu wkdq wkdw fruuhvsrqglqj
wr � 1 ^111` vxssrvh iF� +{> |,j lv d idplo| ri frsxodv lqgxfhg e| wkh +srvvleo| pxowlglphqvlrqdo,
sdudphwhu � vxfk wkdw F�3 @ FB � wkh surgxfw frsxod � dqg F� lv d frqwlqxrxv ixqfwlrq ri � dw
�31 Iru doo vxfk idplolhv frqvlghuhg lq wklv vhfwlrq/ zh kdyh
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Grhv wklv dozd|v krog iru vxfk idplolhv ri frsxodvB

414 Wkh jhqhudo iudphzrun

Zh duh jlyhq d idplo| ri frsxodv lqgh{hg e| d sdudphwhu � 5 D � U
n zkhuh D lv d uhfwdqjoh frqwdlqlqj �31

zklfk fruuhvsrqg wr wkh fdvh F�3 @ FB1 Ohw xv ghqrwh F wkh vhw ri doo frsxodv1 Zh dvvxph wkdw wkh ixqfwlrq
� 5 D :�$ F� 5 F lv frqwlqxrxv1 Zh vkdoo dovr dvvxph wkdw (� 9@ 3 iru hyhu| � 5 D q i�3j1

Zh dvvxph hyhqwxdoo| wkdw iru hyhu| � lq D/ F� lv devroxwho| frqwlqxrxv zlwk uhvshfw wr Ohehvjxh*v phdvxuh1
Zh pdnh dovr wkh dvvxpswlrq wkdw C{F� C|F� lv lqwhjudeoh iru hyhu| � lq D1

WFruuhvsrqglqj dxwkru= Jurxsh gh Uhfkhufkh Rsìudwlrqqhooh/ Ehuf|0H{sr � Lpphxeoh Ehuf| Vxg � 7
i ìwdjh/ <3 txdl gh Ehuf|
� :8946 Sdulv Fhgh{ 45 � Iudqfh> H0pdlo dguhvv= wklhuu|1urqfdoolCfuhglwo|rqqdlv1iu
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415 Wkh whfkqlfdo k|srwkhvlv

Ohw �� +{> |, @ F� +{> |, � FB +{> |,1 Wkh uhvxow zh zloo vwdwh lq vhtxho krogv xqghu wkh iroorzlqj whfkqlfdo
k|srwkhvlv= ] 4

3

] 4

3

C{�� +{> |, C|�� +{> |,U 4
3

U 4
3
�� +{> |, g{g|

g{g| �$ 3 +5,

zkhq � �$ �31 Qrwh wkdw wklv h{suhvvlrq pdnhv vhqvh vlqfh zh dvvxph wkdw (� 9@ 3 iru hyhu| � 5 D q i�3j1 Lwv
xqghuvwdqglqj lv qrw fohdu iru wkh prphqw/ exw zh jlyh vrph edvlf h{dpsohv zkhuh lw lv vdwlv�hg=

� Zh dvvxph wkdw n @ 4 dqg �3 @ 31 Li �� +{> |, @ �i +{> |, iru vrph uhdo ixqfwlrq i / wkh h{suhvvlrq lq +5,
htxdov wr

�

] 4
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] 4
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C{i +{> |, C|i +{> |,U 4
3

U 4
3
i +{> |, g{g|

g{g| +6,

dqg whqgv wr 3 dv � �$ �31

� Zh dvvxph wkdw n @ 4 dqg �3 @ 31 Li C{F�> C|F� 5 F +^3> 4`� ^3> 4` > ^3> 4`, dqg F� duh gl�huhqwldeoh dw
srlqw �3/ wkhq

�� +{> |, @ �i +{> |, . r +�,

C��
C{

+{> |, @ �j{ +{> |, . r +�,

C��
C|

+{> |, @ �j| +{> |, . r +�, +7,

dqg wkh h{suhvvlrq lq +5, htxdov wr

�

] 4
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] 4
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^j{ +{> |, . r +4,` ^j| +{> |, . r +4,`U 4
3

U 4
3
^i +{> |, . r +4,` g{g|

g{g| +8,

zkhuh wkh r +4,*v duh xqlirup lq +{> |,1 Wkh k|srwkhvlv lv dovr vdwlv�hg1

� Zh gr qrw dvvxph wkdw n @ 41 Lq rughu wr vdwlvi| wkh k|srwkhvlv/ zh zdqw wr dsso| d olplw wkhruhp1 Ohw
xv gh�qh ' +{> |, dv iroorzv

' +{> |, @
C{�� +{> |, C|�� +{> |,U 4
3

U 4
3
�� +{> |, g{g|

+9,

Wkh k|srwkhvlv wkdw pxvw eh fkhfnhg duh wkhq ' +{> |, �$ 3 zkhq � �$ �3 iru doprvw doo +{> |, dqg
' +{> |, lv xqlirupo| lqwhjudeoh1

416 Wkh pdlq uhvxow

Wkhruhp 4 Zlwk wkh deryh iudphzrun dqg k|srwkhvlv/ zh vwdwh wkdw wkh dvvxpswlrq +4, krogv1

Surri1 Zh ghqrwh f wkh ghqvlw| ri wkh frsxod F� zklfk h{lvwv e| yluwxh ri wkh k|srwkhvlv1 Ehfdxvh
C{F� C|F� lv lqwhjudeoh/ zh fdq zulwh
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f +{> y, f +x> |, gy gxg{g|
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+f +{> y, f +x> |,� 4, gy gxg{g|
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++f +{> y,� 4, +f +x> |,� 4, . f +x> |,� 4 . f +{> y,� 4, gy gxg{g| +:,
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dqg zh dovr kdyh

( @ 45
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+f +x> y,� 4, gy gxg{g| +;,

Zh qhhg wkhq d ohppd1

Ohppd 5 Zh yhuli| wkdw] 4

3

] 4
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] |

3

+f +x> |,� 4, gy gxg{g| @
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] 4
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+f +{> y,� 4, gy gxg{g|

@ �
] 4

3

] 4

3

] {

3

] |

3

+f +x> y,� 4, gy gxg{g| +<,

Surri1 Zh �uvw suryh wkdw wkh �uvw whup htxdov wr wkh wklug rqh1 Wkh �uvw whup uhgxfhv wr] 4

3

] 4

3

] {

3

|f +x> |, gxg{g| � 4

7
+43,

Xvlqj Ixelql*v wkhruhp4 iru wkh wklug whup/ zh jhw] 4

3

] {

3

] 4

3

] 4

y

+f +x> y,� 4, g| gy gxg{ @

] 4

3

] {

3

] 4

3

+4� y, +f +x> y,� 4, gy gxg{
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3
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3

yf +x> y, gxg{gy � 4

7
+44,

Zh wkhq suryh wkdw wkh vhfrqg whup htxdov wr wkh wklug rqh1 Wkh vhfrqg whup uhgxfhv diwhu wzr xvhv ri Ixelql*v
wkhruhp wr ] 4

3

] 4

3

] |

3

] {

3

f +{> y, gxgy g| g{� 4
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] 4
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3

{f +{> y, gy g| g{� 4
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Xvlqj Ixelql*v wkhruhp lq wkh wklug h{suhvvlrq/ zh jhw] 4

3

] |

3

] 4

3

] 4

x

+f +x> y,� 4, g{gxgy g| @

] 4

3

] |

3

] 4

3

+4� x, +f +x> y,� 4, gxgy g|
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xf +x> y, gy gxg| � 4

7
+46,

dqg wklv frpsohwhv wkh surri ri wkh ohppd1
Xvlqj wkh uhvxow ri wkh ohppd dqg wkh fdofxodwlrqv pdgh iru � dqg (/ zh kdyh
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3

+f +{> y,� 4, +f +x> |,� 4, gy gxg{g|
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] 4
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] 4

3

C{�� +{> |, C|�� +{> |, g{g| +47,

dqg zh frqfoxgh wkdw wkh dvvxpswlrq +4, krogv dv vrrq dv wkh whfkqlfdo k|srwkhvlv +5, lv vdwlv�hg1

4Hyhu| txdqwlw| lv srvlwlyh khuh1
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5 Pruh uhvxowv

514 Wkh lqghshqghqw fdvh
�
(
@ 5

6
lv qrw wkh rqo| zd| wr jr frqwlqxrxvo| wr wkh lqghshqghqw frsxod1 Lq idfw dv zh vkdoo vhh/ wkhuh lv dqrwkhu

zd|1

Iru dq reylrxv uhdvrq/ zh zhuh lq wkh fdvh zkhuh ( 9@ 3 iru hyhu| � 5 D q i�3j1 Zh fdq zrqghu zkhwkhu zh
pd| frqwlqxrxvo| jr wr wkh lqghshqghqw frsxod zlwk ( @ 3 dqg � 9@ 31 Wkh dqvzhu lv jlyhq e| wkh iroorzlqj
idplo|

F� +x> y, @ xy .
�

65

#
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x� 4

5
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y � 4
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� 4
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#
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#�
x� 4
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.
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y � 4

5

�5
$
� 4

$
4k
+x� 4

5
,5.+y� 4

5
,5? 4
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l +48,

iru � 5 +�4> 4,1

515 Wkh fdvh zkhuh � ' f dqg � ' f

Zh kdyh vkrzq wkdw wkhuh duh rqo| wzr zd|v wr jr uhjxoduo| wr wkh lqghshqghqw frsxod1 Zh pd| eh
lqwhuhvwhg lq nqrzlqj zkhwkhu wklv uhpdundeoh surshuw| ri wkh lqghshqghqw frsxod krogv iru wkh pruh jhqhudo
fodvv ri frsxodv iru zklfk ( @ 3 dqg � @ 31 Wkh dqvzhu lv qr1

Zh fdq wu| wr gr wkh vdph zrun dv zh glg iru wkh lqghshqghqw frsxod1 Ohw FB eh wkh frsxod iru zklfk ( @ 3
dqg � @ 3 dqg F� eh d idplo| ri frsxodv gh�qhg dv iroorzv

F� +x> y, @ FB +x> y, . �i +x> y, +49,

zkhuh i lv d vxlwdeoh �shuwxuedwlrq�1 Wkh vdph fdofxodwlrqv ohdg wr wkh iroorzlqj htxdwlrq=

�

(
@

5

6

UU
L5
C5{>|F

B +x> y, i +x> y, gxgyUU
L5
i +x> y, gxgy

� �

6

UU
L5
C5{>|i +x> y, i +x> y, gxgyUU

L5
i +x> y, gxgy

+4:,

Wkh idfw wkdw C5{>|F
B +x> y, @ 4 iru wkh lqghshqghqw frsxod fdqqrw eh xvhg khuh1 Qhyhuwkhohvv/ zh jlyh dq

h{dpsoh zkhuh zh jr wr wkh iroorzlqj frsxod lq d yhu| xqxvxdo zd|1

Ohw F eh wkh wzr sodfh ixqfwlrq gh�qhg e|

F +x> y, @ xy . � ^x+x� 4,+5x� 4,` ^y+y � 4,+5y � 4,` +4;,

zlwk � 5 ^�4> 5`1

Wkhruhp 6 F lv d frsxod ixqfwlrq1

Surri1 Wkh idplo| jlyhq e| htxdwlrq +4;, lv d vxe0idplo| ri rqh gh�qhg e| Qhovhq ^4<<;`=

F +x> y, @ xy . xy+x� 4,y+y � 4, ^d. e+4� 5x,+4� 5y,` +4<,

zkhuh e 5 ^�4> 5` dqg d 5 U vxfk wkdw mdm � e . 4 iru e 5 ��4> 4
5

�
dqg mdm � s

9e� 6e5 iru e 5 �
4

5
> 5
�
1 Li zh vhw

d wr }hur/ lw frphv wkdw e � �4 iru e 5 ��4> 4
5

�
dqg e � 5 iru e 5 �

4

5
> 5
�
1 Wkh wzr sodfh ixqfwlrq +4;, lv dovr d

frsxod zlwk fxelf vhfwlrqv +vhh vhfwlrq 61518 ri Qhovhq ^4<<;`,1
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Lq �jxuh 4/ zh kdyh uhsuhvhqwhg wkh ghqvlw| ri wkh fxelf frsxod5 zlwk � htxdo uhvshfwlyho| wr �4/ �3=8/ 4
dqg 51 Wkh frqwrxuv ri ghqvlw| fruuhvsrqg wr �jxuh 51 Zh uhpdun wkdw wkh pdvv glvwulexwlrq lv v|pphwulf
derxw wkh srlqw

�
4

5
> 4
5

�
/ zklfk h{sodlq wkdw ( @ 3 dqg � @ 31 Lq rughu wr xqghuvwdqg pruh hdvlo| wklv ghshqghqfh

vwuxfwxuh/ zh kdyh sorwwhg wkh ghqvlw| ri wkh elyduldwh udqgrp yduldeohv +[>\ , zkhq wkh pdujlqv duh qrupdo
lq �jxuh 61

Iljxuh 4= Ghqvlw| ixqfwlrq iru wkh fxelf frsxod

Wkhruhp 7 Wkh Nhqgdoo*v wdx dqg wkh Vshdupdq*v ukr ri wkh fxelf frsxod +4;, lv 3 iru dq| ydoxh ri �1

Surri1 Li d frsxod F vdwlv�hv F +x> y, @ x � F +x> 4� y, ru F +x> y, @ y � F +4� x> y,/ zh nqrz wkdw
� @ ( @ 3 +vhh h{huflvh 814< ri Qhovhq ^4<<;`,1 Zh fdq fkhfn wkdw wkh fxelf frsxod vdwlvi| wkh wzr frqglwlrqv=

x�F +x> 4� y, @ x� ^x +4� y, . � ^x+x� 4,+5x� 4,` ^�y +4� y, +4� 5y,``

@ xy . � ^x+x� 4,+5x� 4,` ^y+y � 4,+5y � 4,`

@ F +x> y, +54,

Ohw FB @ F4 dqg

i +x> y, @ xy +4� x, +4� y, +x� 5y,

�
x� :49

4568
y

�
+55,

5zklfk lv htxdo wr

Y2

Y�Y�
� E�c �� ' � n k

�
S�2 3 S�n �

� �
S�2 3 S� n �

�
+53,
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Iljxuh 5= Frqwrxuv ri ghqvlw| iru wkh fxelf frsxod

Iljxuh 6= Suredelolw| ghqvlw| ixqfwlrq zlwk jdxvvldq pdujlqdov
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Diwhu urxwlqh fdofxodwlrqv/ lw wxuqv rxw wkdw

( @
9

94:8
� +56,

dqg

� @ � 9

94:8
� .

65<939

6764:8958
�5 +57,

Khuh � 5 +�4=5> 4=:,1 Zh kdyh uhsuhvhqwhg wkh frqwrxuv ri ghqvlw| ri wklv frsxod idplo| lq �jxuh 71 Wkh � � (
uhjlrq fruuhvsrqgv wr �jxuh 81

Iljxuh 7= Frqwrxuv ri ghqvlw| iru wkh cshuwxuehg* fxelf frsxod

516 D uhpdun rq wkh srzhu ri whvwv iru wkh lqghshqghqfh ri wzr udqgrp yduldeohv

Wkh h{dpsoh ri wkh fxelf frsxod +4;, vkrzv wkdw Nhqgdoo*v wdx dqg Vshudpdq*v ukr fdq qrw eh xvhg wr whvw
wkh lqghshqghqfh1 Zh pd| frqvlghu qrz wkh srzhu ri whvwv iru lqghshqghqfh li wkh frsxod ri wkh fruuhvsrqglqj
udqgrpv yduldeohv yhul�hv ( @ � @ 3 exw lv qrw wkh surgxfw frsxod1 Iru h{dpsoh/ li zh xvh wkh "5 whvw iru
frqwlqjhqf| wdeoh gdwd/ zh rewdlq �jxuh 9 iru wkh ghqvlw| ri wkh dvvrfldwhg whvw61 Lq sduwlfxodu/ zh uhpdun
wkh yhu| srru srzhu7 ri wkh "5 whvw zkhq � lv forvhg wr 31 Li zh xvh vwdqgdug ghshqghqfh phdvxuhv8 dv wkh
Vfkzhl}hu dqg Zro�*v � ru wkh Krh�glqj*v lqgh{ �5/ zh rewdlq d vlplodu uhvxow1 Zh kdyh uhsuhvhqwhg wkhp9 lq

6Wkh qxpehu ri revhuydwlrqv lv �{hg wr 53331 Wr exlog wkh wzr0zd| wdeoh/ zh frqvlghu 43 fodvvhv ri vdph ohqjwk1
7Iru k ' f�2D dqg 5333 revhuydwlrqv/ wkh srzhu ri wkh whvw lv htxdo wr 3144 zkhq wkh W|sh L huuru lv DI/ zklfk fruuhvsrqgv wr

wkh yhuwlfdo vrolg olqh lq �jxuh 91
8 vhh ^5`/ ^6` dqg ^9`1
9Zh kdyh
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I
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�k� +58,
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Iljxuh 8= � � ( uhjlrq ri wkh cshuwxuehg* fxelf frsxod

�jxuh :1 Iljxuh ; vkrzv wkh glvwulexwlrq ri wkh Krh�glqj*v lqgh{ hvwlpdwru edvhg rq wkh hpslulfdo frsxod: zlwk
583 revhuydwlrqv1 Zh uhpdun wkdw wkh srzhu ri wkh whvw; lv yhu| forvhg wr wkh W|sh L huuru zkhq � lv vpdoo$

Uhihuhqfhv

^4` Gdoo*Djolr/ J1/ V1 Nrw} dqg J1 Vdolqhwwl ^4<<4`/ Dgydqfhv lq Suredelolw| Glvwulexwlrqv zlwk Jlyhq
Pdujlqdov +Eh|rqg wkh Frsxodv,/ Noxzhu Dfdghplf Sxeolvkhuv/ Gruguhfkw

^5` Ilvkhu/ Q1L1 dqg S1N1 Vhq +Hgv1, ^4<<7`/ Wkh Froohfwhg Zrunv ri Zdvvlo| Krh�glqj/ Vsulqjhu Vhulhv lq
Vwdwlvwlfv/ Vsulqjhu0Yhuodj/ Qhz \run

^6` Krhiiglqj/ Z1 ^4<73`/ Pdvvwdelqyduldqwh Nruuhodwlrqwkhrulh/ Vfkuliwhq ghv Pdwkhpdwlvfkhq Lqvwlwxwv xqg
ghv Lqvwlwxwv i u Dqjhzdqgwh Pdwkhpdwln ghu Xqlyhuvlwçw Ehuolq/ 8/ 4;40566

dqg

j '
�

Se
�k� +59,

:Ohw 	� eh wkh hpslulfdo +ru Ghkhxyhov, frsxod1 Dq hvwlpdwru ri wkh Krh�glqj*v lqgh{ lv jlyhq e| wkh iroorzlqj irupxod
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yxxw bf

A 2 3 �
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A
c
|2

A

�
3 |�|2

A 2

�2
+5:,

zkhuh A lv wkh qxpehu ri revhuydwlrqv1
;Iru k ' f�2D dqg 583 revhuydwlrqv/ wkh srzhu ri wkh whvw lv htxdo wr 3139 zkhq wkh W|sh L huuru lv DI/ zklfk fruuhvsrqgv wr

wkh yhuwlfdo vrolg olqh lq �jxuh ;1

;



Iljxuh 9= "5 whvw iru lqghshqghqfh dqg wkh fxelf frsxod

Iljxuh := Ghshqghqfh phdvxuhv ri wkh fxelf frsxod

<



Iljxuh ;= � whvw iru lqghshqghqfh dqg wkh fxelf frsxod

^7` Qhovhq/ U1E1 ^4<<4`/ Frsxodv dqg dvvrfldwlrq/ lq J1 Gdoo*Djolr/ V1 Nrw} dqg J1 Vdolqhwwl +Hgv1,/ Dgydqfhv
lq Suredelolw| Glvwulexwlrqv zlwk Jlyhq Pdujlqdov +Eh|rqg wkh Frsxodv,/ Noxzhu Dfdghplf Sxeolvkhuv/ Gru0
guhfkw

^8` Qhovhq/ U1E1 ^4<<;`/ Dq Lqwurgxfwlrq wr Frsxodv/ Ohfwxuhv Qrwhv lq Vwdwlvwlfv/ 46</ Vsulqjhu Yhuodj/ Qhz
\run

^9` Vfkzhl}hu/ E1 dqg H1 Zroii ^4<;4`/ Rq qrqsdudphwulf phdvxuhv ri ghshqghqfh iru udqgrp yduldeohv/
Dqqdov ri Vwdwlvwlfv/ </ ;:<0;;8
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